
Lecture Notes in Computer Science 2709
Edited by G. Goos, J. Hartmanis, and J. van Leeuwen



3
Berlin
Heidelberg
New York
Barcelona
Hong Kong
London
Milan
Paris
Tokyo



Terry Windeatt Fabio Roli (Eds.)

Multiple
Classifier Systems

4th International Workshop, MCS 2003
Guildford, UK, June 11-13, 2003
Proceedings

1 3



Series Editors

Gerhard Goos, Karlsruhe University, Germany
Juris Hartmanis, Cornell University, NY, USA
Jan van Leeuwen, Utrecht University, The Netherlands

Volume Editors

Terry Windeatt
University of Surrey, Centre for Vision, Speech and Signal Processing
Guildford, Surrey, GU2 7XH, UK
E-mail: T.Windeatt@surrey.ac.uk

Fabio Roli
University of Cagliari, Dept. of Electrical and Electronic Engineering
Piazza D’Ami, 09123 Cagliari, Italy
E-mail: roli@diee.unica.it

Cataloging-in-Publication Data applied for

A catalog record for this book is available from the Library of Congress

Bibliographic information published by Die Deutsche Bibliothek
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data is available in the Internet at <http://dnb.ddb.de>.

CR Subject Classification (1998): I.5, I.4, I.2.10, I.2, F.1

ISSN 0302-9743
ISBN 3-540-40369-8 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer-Verlag. Violations are
liable for prosecution under the German Copyright Law.

Springer-Verlag Berlin Heidelberg New York
a member of BertelsmannSpringer Science+Business Media GmbH

http://www.springer.de

© Springer-Verlag Berlin Heidelberg 2003
Printed in Germany

Typesetting: Camera-ready by author, data conversion by Olgun Computergrafik
Printed on acid-free paper SPIN 10928745 06/3142 5 4 3 2 1 0



Preface

The theory and practice of Multiple Classifier Systems (MCS) and related meth-
ods address the issues surrounding the optimality of decision-making in a multi-
ple classifier framework. What contributes to the fascination of this field is that
solutions have been developed by many diverse research communities, including
machine learning, neural networks, pattern recognition, and statistics. The aim
of the series of workshops on MCS is to create a common international forum
for researchers of the diverse communities working in the field. The common
thread running through the different approaches is the exploitation of methods
involving several classifiers to obtain a better estimate of the optimal decision
rule than can be obtained by trying to optimize the design of a single classifier.

The present volume contains the proceedings of the International Work-
shop on Multiple Classifier Systems MCS 2003 held at the University of Sur-
rey, Guildford, Surrey, UK (June 11–13, 2003), which was organized to pro-
vide a forum for researchers to exchange views and report their latest results.
It follows its predecessors: the third workshop, MCS 2002, held in the Hotel
Chia Laguna, Cagliari, Italy (June 24–26, 2002, Springer, ISBN 3-540-43818-
1); the second workshop, MCS 2001, held in Robinson College, Cambridge, UK
(July 2–4, 2001, Springer, ISBN 3-540-42284-6); and the first workshop, MCS
2000, held in Santa Margherita di Pula, Sardinia, Italy (June 21–23, 2000,
Springer, ISBN 3-540-67704-6).

This volume presents 40 papers selected by the scientific committee and or-
ganized into seven thematic sessions dealing with boosting, combination rules,
multi-class methods, fusion schemes and architectures, neural network ensem-
bles, ensemble strategies, and applications. The workshop program was enriched
by invited talks from Jerry Friedman (Stanford University, USA) and Mohamed
Kamel (University of Waterloo, Canada), the latter’s paper appearing as the
first in this volume.

The workshop was sponsored by the University of Surrey, UK and the Univer-
sity of Cagliari, Italy and was cosponsored by the International Association for
Pattern Recognition through its Technical Committee TC1: Statistical Pattern
Recognition Techniques. We also wish to express our gratitude to all those who
helped to organize MCS 2003. First of all our thanks are due to the members
of the Scientific Committee who selected the best papers from a large num-
ber of submissions to create excellent technical content. Special thanks are due
to the members of the Organizing Committee, Josef Kittler, Rachel Gartshore,
Giorgio Fumera and Giorgio Giacinto, for their indispensable contributions to
local organization and Web site management.

June 2003 Terry Windeatt
Fabio Roli
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Data Dependence in Combining Classifiers

Mohamed S. Kamel and Nayer M. Wanas

Pattern Analysis and Machine Intelligence lab
Department of Systems Design Engineering

University of Waterloo
Waterloo, Ontario, Canada, N2L-3G1
{mkamel,nwanas}@pami.uwaterloo.ca

Abstract. It has been accepted that multiple classifier systems provide
a platform for not only performance improvement, but more efficient
and robust pattern classification systems. A variety of combining meth-
ods have been proposed in the literature and some work has focused on
comparing and categorizing these approaches. In this paper we present
a new categorization of these combining schemes based on their depen-
dence on the data patterns being classified. Combining methods can be
totally independent from the data, or they can be implicitly or explicitly
dependent on the data. It is argued that data dependent, and especially
explicitly data dependent, approaches represent the highest potential
for improved performance. On the basis of this categorization, an ar-
chitecture for explicit data dependent combining methods is discussed.
Experimental results to illustrate the comparative performance of some
combining methods according to this categorization is included.

1 Introduction

The use of multiple classifiers has gained momentum in the recent years [1,2,3],
and researchers have continuously argued for the benefits of using multiple classi-
fiers to solve complex recognition problems [4]. It might be noted that a key issue
in the use of multiple classifier systems is utilizing classifiers that demonstrate
misclassification on different patterns. While most of the literature focus on new
approaches to combine classifiers, little work has been focusing on categorizing
these approaches.

The basic categorization of multiple classifier systems has been by the method
these classifiers are arranged. The two basic categories in this regard are the serial
suite and the parallel suite. The parallel expert architecture consists of a set of
classifiers that are consulted in parallel. The decision of the various experts
are combined by the fusion module. The experts, in this case, are capable of
independent and simultaneous operation. On the other hand, the serial suite
consists of a set of classifiers arranged in series, or in tandem. This architecture
is well suited to deal with situations where the different experts have a ternary
decision scheme. A scheme in which they can be undecided on the input pattern
they are presented with. If the current expert is undecided, information is passed
to the next expert in the sequence. The experts have to have a varying ability of

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 1–14, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



2 Mohamed S. Kamel and Nayer M. Wanas

generalizations. While parallel architectures are the most popular, there are also
some complicated combinations of these basic schemes that can also be used,
such as parallel-serial or serial-parallel architectures.

Multiple classifiers can also be categorized based on the method of map-
ping between the input and output of the fusion module. This mapping may be
linear or non-linear. Linear combination are the simplest approaches, in which
a weighting factor is assigned to the output of each expert being combined.
This weighting factor can be specific to the input pattern, or can be specific to
the expert. Weighted average, fuzzy integrals are among the linear combination
methods. Non-linear methods include approaches such as the majority, or max-
imum votes. The feature-based approach [8], stacked generalization [9], or rank
based methods [10], which involve a more complex mapping of the input, also
use a nonlinear mapping in the combining method.

Combining methods can be divided into two different classes depending
on the representation methodology. The classifiers can all use the same rep-
resentation, and hence the classifiers themselves should be different. In multi-
representation approaches [4] the different classifiers use different representations
of the same inputs. This can be due to the use of different sensors or different
features extracted from the same data set. Another categorization of classifier
combining methods can be based on whether they encourage specialization in
certain areas of the feature space, such are modular approaches [7]. Ensemble
of classifiers [11,12,13] do not encourage such specialization and hence the clas-
sifiers themselves must have different classification powers. In other words, in
an ensemble each base classifier can be used alone to provide a solution to the
input pattern, while, a modular approach would need the coordination of all
the classifiers to present a complete solution. Sharkey [5,6] presented an account
of categorization of the various multiple classifier approaches. The basis of the
categorization is the distinction between ensemble and modular approaches, as
well as differentiating between cooperative and competitive approaches. Some
research has also focused on comparing different types of multiple classifier sys-
tems, such as the work of Auda and Kamel [7] which focuses on modular ap-
proaches. In this work we are interested in shedding some light on how various
combining methods depend on the data patterns being classified.

2 Data Dependence

Combining schemes can be categorized based on their dependence on the data
patterns. They may be implicitly or explicitly dependent on the data, or lack
any dependence on the data.

2.1 Data Independent Approaches

Voting methods that don’t show any dependence on the data include methods
such as the maximum, median, minimum, product and average votes [4,14,15].
The rank based methods, such as the borda count, are also independent of the
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data. All such methods solely rely on the output of the base classifiers to produce
a final representative decision irrespective of the pattern being classified. In a
sense we can represent the confidence cij , of a classifier i in a given input pattern
x being a member in class yj , ∀j ∈ ∆ = {1, 2, · · · , K} as a probability

cij(x) = P (yj |x) (1)

Then the data independent combining scheme will take the form

Q(x) = Fj(cij(x)) (2)

Where Q is the final class assigned using the mapping Fj of the combining ap-
proach. In the case of the average vote, the function Fj would be a linear map-
ping, while, the product, maximum and majority votes would be represented
by a nonlinear mapping. Although such simple aggregation rules compete with
more complex aggregation schemes involving second-level training, they are sus-
ceptible to incorrect estimates of the confidence by the individual classifiers.
These confidences might be generated when using undertrained or overtrained
sub-optimal classifiers. Another key issues that pertain to the combining of such
classifiers, as well as other ensemble approaches, is the production of diverse
classifiers. Methods for creating or selecting classifiers for combining [6] depend
on the over-production of classifiers and applying diversity measures or selection
heuristics to choose which classifiers to use.

2.2 Data Dependent Approaches

Trained combining methods, in general, are data dependent [16]. This depen-
dency can be either implicit or explicit. Implicit dependencies include methods
that train the combiner on the global performance of the data. The weighted
average [17,18], fuzzy integrals [19] and belief theory approaches [20] can be cate-
gorized as implicitly data dependent. In these approaches, the combiner is trained
on how the base classifiers perform collectively on a set of training data. Boost-
ing [21] can also be categorized as implicitly data dependent since it depends
on clustering the data patterns into general clusters while training. Boosting,
however, is different in the sense that the dependence is inherent in the classi-
fiers rather than in the combining method. Behaviour-Knowledge Space (BKS)
method [22] also clusters the data into a defined number of BKS units, and
in turn can also be considered implicitly data dependent. Modular approaches
and static classifier selection methods, such that certain classifiers are specified
for certain regions can be considered implicitly data dependent [7]. The prede-
fined regions in which the classifiers are expected to excel are pre-defined during
training and do not dynamically change. Methods that post-process the output
of the base classifiers, or contain second-level training, while only considering the
desired final output are implicitly data dependent. Such methods also include
the stacked generalization approach [9], and hierarchical fusion [23,24]. Evolu-
tionary algorithms [24,25] and Decision templates [26] have also been used to
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determine the weights assigned to the different base classifiers, they in turn can
be considered implicitly data dependent.

Dynamic Classifier Selection (DCS) [27], in which the choice of the base
classifier is made during the classification phase, can be considered an explicitly
data dependent approach. This is in contrast to static selection, in which the the
input pattern is not considered when making the selection. In dynamic selection
the “competence” of each classifier is estimated in the vicinity of the input
pattern being classified. Woods et al. [28] used the DCS approach, in which the
local accuracy is utilized to select the classifier of choice for a given pattern,
while Giancinto and Roli [29] use a DCS approach based on multiple classifier
behaviour (MCB). Both these approaches are explicitly data dependent. The
mixture of experts [30], where the choice of the classifier is based on both its
output and the input pattern being classified. Song et al. [31], use partial context
maximum posterior (PCMP) decision rule, that includes contextual information
about the pattern being classified. The feature-based approach [8] dynamically
assigns weights to the individual classifier based on a given input pattern. Rather
than making a selection, these weights are used to combine the output of the
base classifiers in a non-linear mapping. The architecture learns these weights
through a training phase and applied them to future patterns.

Implicitly Data Dependent Representation: Implicity dependent appro-
aches can be represented by the following form

Q(x) = Fj(wij(cij(x)), cij(x)) (3)

Where the weights, wij , assigned to any output cij depend on the output of
the base classifiers. In the following we describe some of the key implicitly data
dependent approaches in terms of the above representation.

– Weighted Average: Combining of the various classifiers is constructed by
forming weighted sums of the classifier outputs. In this case, the combina-
tion weight wij , are obtained by minimizing the mean squared error of the
correlation matrix. These weights need to be estimated from observed data.
The function Fj , generally takes the form of the maximum operator across
the various classes. Collinearity amongst the base classifiers can sometimes
undermine the robustness of this approach.

– Fuzzy Integral: For a given input x, a fuzzy measure vector is calculated for
each class. The measure is a combination of the the vectors associated with
each classifier for a given class. The weights, wij , are generated by applying
the fuzzy integral. The fuzzy measure that is most widely used is the Sugeno
λ-fuzzy measure. The final output class is the one that maximizes the value
of the fuzzy integral, hence, once again the function Fj is the maximum
operator. Several researches have shown dramatic improvement using fuzzy
integrals, but other data sets have shown it to perform poorly. It is safe to
say that it is not a universal solution to combining classifiers.
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– Dempster Shafer Approach: A belief in the final output class is gener-
ated based on the decisions of the individual base classifiers. For any given
output of the base classifiers, dependent on the input pattern, the degree
of belief in each class is generated to be the weight wij . Fj assigns, using
the maximum operator, the winning class to that which yields the largest
belief. This method has generally been reported to produce good results, but
involves more complex calculations compared to other approaches.

– Boosting: is a method of combining weak classifiers. Classifiers and train-
ing sets are obtained in a deterministic way. Boosting adaptively changes the
distribution of the training set based upon the performance of sequentially
constructed classifiers. Each classifier re-weights the training set, such that
the following classifier would preferably choose previously mis-classified pat-
terns in its training set. The algorithm requires that each classifier performs
better than a random guess for it to be effective. In this case the weighting
function, wij and the combining function, Fj , are blended together into a
selection mechanism. The classifier expected to produce the suitable gener-
alization for a given pattern is selected (In other words assigned a weight
wi = 1, while all other classifiers are assigned a weight wm = 0, m �= i).
Boosting, generally requires large amounts of data to be effective. It also
can be paralyzed, when adding more classifiers rather than yield improved
performance, degrades the existing level of accuracy.

– Behaviour-Knowledge Space (BKS): The decisions generated by each
classifier are compared against a lookup table of all possible decision com-
binations. The class label most often encountered amongst the elements of
this table during training is assigned a weight wj = 1, while all other classes
are assigned a weight wm = 0, m �= j. to the given pattern. The BKS is
prone to overtraining because it required large amounts of data to be prop-
erly composed. Generally, the BKS will perform well on the training data,
while performing poorly on the testing data.

– Decision Templates (DT): Similar to the BKS, the DT approach gener-
ates a template for given combination of classifier decision outputs. A sim-
ilarity measure is used to compare the decision patterns of a certain given
input to the templates previously generated, hence assigning weights wj for
every class. The DT are less likely to be overtrained than the BKS, but they
still rely on the presence of large training sets.

– Stacked Generalization: is an attempt to minimize the generalization er-
ror using the classifiers in higher layers to learn the type of errors made by
the classifiers immediately below (As seen in figure 1). From this perspective
stacked generalization can be seen as an extension to model selection meth-
ods such as cross validation, which uses a “winner takes all” strategy. The
single classifier with the lowest cross-validation error is selected. The idea be-
hind stacked generalization is that there may be more intelligent ways to use
a set of classifiers. The role of the higher classifiers is to learn how previous
classifier have made mistakes, in which classes they agree or disagree, and
then use this knowledge for making predictions. The higher level classifier
can also be viewed as predicting the weights wij , while the combining func-
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Fig. 1. Two-level stacked generalization architecture

tion, Fj , is the maximum operator. Again, the second-level and subsequent
level training would be possible when large quantities of data be available.
It is also prune to error due to unrealistic confidence by certain members of
the base classifiers.

Explicitly Data Dependent Representation: In the case of either selection
or combination explicitly dependent approaches can be defined as

Q(x) = Fj(wij(x), cij(x)). (4)

Explaining some of the explicitly data-dependent approaches in terms of the
above representation follows.

– Dynamic Classifier Selection by Local Accuracy (DCS LA): esti-
mates the accuracy of each classifier in local regions of the feature space.
These regions are determined by k-NN approach using training data. If
k = 1, then DCS LA becomes equivalent to the BKS approach. The larger
the value of k the more accurate an estimate that is generated for any
given input pattern. However, the computational cost increases with the
increased value of k. The classifier with the most patterns in the local region
of the new pattern is selected. Therefore, the combination can be defined as
Q(x) = maxj(wi(x) ∗ cij(x)), or the function Fj is the maximum operator,
and the weights are assigned to the classifiers as the result of the clustering.

– Dynamic Classifier Selection based on Multiple Classifier
Behaviour (DCS MCB): tries to correct this dependence on the value of
k. Determining the value of k is done dynamically depending on the degree
of similarity the pattern considered is to neighbouring training patterns.
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– Hierarchical Mixture of Experts (HME): is generally considered a
modular approach (Figure 2). The various base classifiers are experts in
local areas of the feature space, and classifier selection is done based on this
pre-defined distribution. The misclassification of one classifier would imme-
diately affect the overall performance of the approach.

The explicitly data dependent approaches presented above all perform classi-
fier selection in local subspaces. The weights in these approaches demonstrate a
dependence on the input pattern, while the implicitly data dependent approaches
use weights that are dependent on the classifier output. In the following we will
discuss the feature based approach [8] which combines these two dependencies
together.

3 Feature Based Decision Aggregation Architecture

The feature based architecture [8], is a data dependent approach. It is a hier-
archical architecture (Shown in Figure 3), that is composed of three different
modules. The classifier ensembles, the detector module and finally the aggrega-
tion module. In the following the various components of this architecture will
be introduced (We will also summarize the adaptive training algorithm of the
classifier ensembles in this section).

3.1 Classifier Ensembles

Each individual classifier, Ci, produces some output representing its interpreta-
tion of the input yi = fi(x). We are interested in utilize sub-optimal classifiers in
the proposed architecture, to make the development overhead of such a system
worthwhile. The output of the classifiers are interpreted as a value and a confi-
dence. These two values are used by the detectors and final aggregation schemes.
The members of the ensemble could be trained independently, or they can be
trained using the adaptive training algorithm proposed by Wanas et. al. [32].
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Classifier 1

Classifier 2

Classifier N

Fusion

Classifier

INPUT

FINAL

DECISION

Detector

Fig. 3. Feature Based Architecture

3.2 Detector Module

The detectors uses the output of the ensemble of classifiers along with the input
features to generate weights for the different classifiers. These weights reflect
the degree of confidence in each classifier, this confidence is donated by Di. The
training of this module is performed on the training set after the individual
classifiers are trained. These weights are then used in combining the output of
the classifier ensemble.

3.3 The Aggregation Module

The aggregation procedure represents the fusion layer of all the different outputs
to generate a more competent output. The aggregation procedure uses the de-
tectors’ output to guide the means of combining different classification results.
The aggregation scheme can be divided into two phases: a learning phase and a
decision making phase. The learning phase assigns a weight factor to each input
to support each decision maker. This weighting factor represents a confidence
in the output of each classifier. These confidences are then aggregated using
standard classifier-combining methods.

Normally, each component is trained independently. This may lead to having
each component optimized and achieve a high accuracy, while the final classifica-
tion doesn’t reflect this improvement. The presence of harmful collinearity or the
correlation between the errors made by the component classifiers in an ensemble
reduces the effectiveness of the ensemble itself [33]. The modules might also be
over or under trained, and how these modules perform can only be determined
through a process of testing the performance on a verification set. While the
literature has suggested the use of overproduction of classifiers then perform-
ing a selection [29,34,35], based on the Evolving training algorithm suggested
by Wanas et. al., adaptive training is performed. This algorithm, allows the en-
semble to develop a diversity among themselves. Hence, reducing the correlation
between the errors made by members of the ensemble. Similar to boosting, the
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algorithm allows re-training to focus on misclassified patterns. However, this re-
training is performed on the classifier itself rather than adding more members to
the ensemble as suggested in boosting. The detector and aggregation modules,
in turn, have the re-training focused on feature sub-spaces with higher overall
misclassifications. It also provides means to determine the duration for which the
detector and aggregation modules should be trained. The algorithm is shown in
Figure 4.

Let K be the number of classifiers in the ensemble, and M be the number of
elements in the training set. Each classifier member of the ensemble is denoted by
Ci, 1 ≤ i ≤ K, whereas the detector and the aggregation network are denoted by
D,and A respectively. To avoid having the generalization ability of the classifier
skewed by re-training, we maintain a ratio of correctly classified entries in the re-
training set. This ratio is based on the pre-set modifier constant P . This modifier
is normally between 10% to 45% and based on its own performance, is allowed
to change for each classifier. This change is brought about by adding a factor δ
that is calculated for each classifier. A real value constant Γ is assigned to be
the threshold for minimum improvement in the performance of any component,
CF . If the change is less than Γ , the training is terminated for this classifier.
The algorithm is terminated when all the individual components do not require
any further training.

The final classification output in the feature-based approach can be repre-
sented as

Q(x) = Fj(wij(x, cij), cij(x)). (5)

where the weights wij are dependent on both the input pattern being classified
and the individual confidence outputs of the classifiers. The detector provides a
learning module for assigning these weights. The aggregation module is repre-
sented by Fj , where the combination of the weights wij and the confidence levels
cij is performed. Based on this representation, the feature-based approach is a
combination of both implicitly and explicitly data dependent approaches.

4 Results

In all the tests presented in this investigation, we compose an ensemble of five
classifiers. Each classifier is a one-hidden layer backpropagation neural network
with ten sigmoidal hidden units. These classifiers are trained using the error
backpropagation algorithm. The training set is divided into five different parts.
Each classifier in the ensemble is trained by using four parts of the training set,
but a different part is omitted each time, which renders the different training sets
partially disjointed. Each classifier is trained for 1000 epochs, and is tested on
the verification set every 100 epochs. Next, the network instance that provides
the best classification is saved.

The detector and aggregation modules are trained on the generated ensemble.
Again, both modules are one-hidden layer backpropagation neural networks with
ten sigmoidal hidden units. The classifiers are trained with the error backpropa-
gation algorithm. The detector and aggregation modules are trained separately,



10 Mohamed S. Kamel and Nayer M. Wanas

i k

DONE
i
 = TRUE

Train C
i

Evaluate C
i

CF
i
 > CF

i_best

Save Ci

CF
i_best

 = CF
i

CF
i
-CF

i-1
 < 

DONE
i
=TRUE

i=i+1

YES

YES

NO

YES

NO

NO

i k
Evaluate System

on Train
i

DONE
i
=TRUE i

DONE=TRUE

Train

Aggregation

Select new

Training data

YES

NO

YES

Compose

training files

i k

CF
i
 =0

CF
i_best

 =0

i
=0,

i = i +1

NO
YES

Initilize

DONE = TRUE

Train

Evaluate and

compose

training

END

START

YES

NO

(a)

(b)

(c) (d)

Evaluate

Train

Initialize
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Table 1. Error rates for the different data sets using various combining approaches

Data Set 20 Class Clouds Satimages
Single Net 13.82 ± 1.16 10.92 ± 0.08 14.06 ± 1.33
Oracle 5.42 ± 1.30 5.43 ± 0.11 5.48 ± 0.18

Data Independent Approaches

Maximum 12.52 ± 1.53 11.20 ± 0.11 15.26 ± 0.47
Majority 11.76 ± 0.57 10.85 ± 0.05 14.03 ± 0.07
Average 11.75 ± 0.81 10.78 ± 0.03 13.79 ± 0.05
Borda 11.83 ± 0.70 10.85 ± 0.05 14.42 ± 0.12
Nash 11.72 ± 0.94 11.16 ± 0.14 16.75 ± 2.96

Implicitly Data Dependent Approaches

Weighted Average 11.44 ± 0.64 10.81 ± 0.05 13.69 ± 0.06
Bayesian 11.40 ± 0.30 10.83 ± 0.04 14.05 ± 0.15
Fuzzy Integral 12.55 ± 1.62 11.17 ± 0.03 15.35 ± 0.49

Explicitly Data Dependent

Feature-based 8.01 ± 0.19 10.06 ± 0.13 12.33 ± 0.14

and with the EVOL algorithm. For each set of ensembles, detector and aggre-
gation modules are repeated six times. This experiment is conducted on two
different sets of values for the learning rate and momentum (lr/m = 0.9/0.01
and 0.4/0.5). Then, the classification results are averaged across these different
parameters and different runs. The algorithm uses the parameters P = 0.35 and
Γ = 0.1. It may be noted that no parameter optimization is performed for the
trained networks. The parameters of all the networks are maintained for all the
classifiers that are trained. To reduce any external factors, the models are set up
using the same platform, language, and implementation of the neural networks.

In this work, we use three different data sets to demonstrate the effectiveness
of the feature-based architecture. These data sets are the Gaussian 20-Class
problem [7], Clouds data, and Satimage database [36]. Table 1 compares average
classification error of various combining approaches on the different data sets
used.

We note that despite that the members of the ensemble generated by the
adaptive algorithm demonstrate a deteriorated performance (compared to the
single net), the combination approach yields improved results. This is due to
the focused training achieved by the algorithm to improve the combined output
rather than the individual classifier. The algorithm avoids the need for overpro-
duction of classifiers to achieve a suitable level of diversity among the ensemble.

We can also note from the results that data dependent techniques generally
perform better than data independent approaches. Although no clear winner
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can be found within these approaches that consistently outperforms other ap-
proaches. The feature based approach, on the other hand, produces results that
are consistently higher than other approaches.

5 Conclusions

We have presented a categorization of the various combining methods based
on their demonstration of data dependence. Simple techniques, which don’t ex-
hibit data dependence are vulnerable to incorrect confidence estimates. Static
selection of classifiers in combining, or other approaches that are implicitly data
dependent access the performance of each classifier on all of the feature-space
or in comparison to one another. While this enhances the ability of the combin-
ing system to produce more reliable results, it doesn’t take into account local
superiority of certain classifiers. Such superiority enhances the performance of
explicitly data dependent approaches. Most of the explicitly data dependent ap-
proaches focus on classifier selection methods, while the feature based approach
presents a classifier combining approach. The feature based approach uses an
Evolving training algorithm to enhance the diversity among the members of the
ensemble, hence reducing harmful correlation among the classifiers.

Empirically, we find that in a direct comparison, the data dependent tech-
niques perform better than data independent approaches. While the superiority
of the explicitly data dependent approaches, namely the feature based approach,
is also demonstrated showing at least 8% improvement over the single net per-
formance.
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Abstract. AdaBoost [5] is a well-known ensemble learning algorithm
that constructs its constituent or base models in sequence. A key step
in AdaBoost is constructing a distribution over the training examples
to create each base model. This distribution, represented as a vector,
is constructed to be orthogonal to the vector of mistakes made by the
previous base model in the sequence [7]. The idea is to make the next
base model’s errors uncorrelated with those of the previous model. Some
researchers have pointed out the intuition that it is probably better to
construct a distribution orthogonal to the mistake vectors of all the pre-
vious base models, but that this is not always possible [7]. We present an
algorithm that attempts to come as close as possible to this goal in an
efficient manner. We present experimental results demonstrating signif-
icant improvement over AdaBoost and the Totally Corrective boosting
algorithm [7], which also attempts to satisfy this goal.

1 Introduction

AdaBoost [5] is one of the most well-known and highest-performing ensemble
classifier learning algorithms [4]. It constructs a sequence of base models, where
each model is constructed based on the performance of the previous model on
the training set. In particular, AdaBoost calls the base model learning algorithm
with a training set weighted by a distribution1. After the base model is created,
it is tested on the training set to see how well it learned. We assume that the
base model learning algorithm is a weak learning algorithm [6]; that is, with
high probability, it produces a model whose probability of misclassifying an
example is less than 0.5 when that example is drawn from the same distribution
that generated the training set. The point is that such a model performs better
than random guessing2. The weights of the correctly classified examples and
1 If the base model learning algorithm cannot take a weighted training set as input,

then one can create a sample with replacement from the original training set accord-
ing to the distribution and call the algorithm with that sample.

2 The version of AdaBoost that we use was designed for two-class classification prob-
lems. However, it is often used for a larger number of classes when the base model
learning algorithm is strong enough to have an error less than 0.5 in spite of the
larger number of classes.

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 15–24, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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misclassified examples are scaled down and up, respectively, so that the two
groups’ total weights are 0.5 each. The next base model is generated by calling
the learning algorithm with this new weight distribution and the training set.
The idea is that, because of the weak learning assumption, at least some of
the previously misclassified examples will be correctly classified by the new base
model. Previously misclassified examples are more likely to be classified correctly
because of their higher weights, which focus more attention on them. Kivinen
and Warmuth [7] have shown that AdaBoost scales the distribution with the goal
of making the next base model’s mistakes uncorrelated with those of the previous
base model. It is well-known that ensembles need to have low correlation in their
base models’ errors in order to perform well [11].

Given this point, we would think, as was pointed out in [7], that AdaBoost
would perform better if the next base model’s mistakes were uncorrelated with
those of all the previous base models instead of just the previous one. It is
not always possible to construct a distribution consistent with this requirement.
However, we can attempt to find a distribution that comes as close as possible
to satisfying this requirement. Kivinen and Warmuth [7] devised the Totally
Corrective algorithm (TCA), which attempts to do this. However, they do not
present any empirical results. Also, they hypothesize that this algorithm will
overfit and; therefore, not perform well. This paper presents a new algorithm,
called AveBoost, which has the same goal as the TCA. In particular, AveBoost
calculates the next base model’s distribution by first calculating a distribution
the same way as in AdaBoost, but then averaging it elementwise with those
calculated for the previous base models. In this way, AveBoost takes all the
previous base models into account in constructing the next model’s distribution.
In Section 2, we review AdaBoost and describe the TCA. In Section 3, we state
the AveBoost algorithm and describe the sense in which our solution is the best
one possible. In Section 4, we present an experimental comparison of AveBoost
with AdaBoost and the TCA. Section 5 summarizes this paper and describes
ongoing and future work.

2 AdaBoost and Totally Corrective Algorithm

Figure 1 shows AdaBoost’s pseudocode. AdaBoost constructs a sequence of base
models ht for t ∈ {1, 2, . . . , T}, where each one is constructed based on the per-
formance of the previous base model on the training set. In particular, AdaBoost
maintains a distribution over the m training examples. The distribution d1 used
in creating the first base model gives equal weight to each example (d1,i = 1/m
for all i ∈ {1, 2, . . . , m}). AdaBoost now enters the loop, where the base model
learning algorithm Lb is called with the training set and d1

3. The returned
model h1 is then tested on the training set to see how well it learned. Training
examples misclassified by the current base model have their weights increased
3 As mentioned earlier, if Lb cannot take a weighted training set as input, then we can

give it a sample drawn with replacement from the original training set according to
the distribution d induced by the weights.
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AdaBoost({(x1, y1), . . . , (xm, ym)}, Lb, T )
Initialize d1,i = 1/m for all i ∈ {1, 2, . . . , m}.
For t = 1, 2, . . . , T :

ht = Lb({(x1, y1), . . . , (xm, ym)},dt).
Calculate the error of ht : εt =

∑
i:ht(xi)�=yi

dt,i.
If εt ≥ 1/2 then,

set T = t − 1 and abort this loop.
Calculate distribution dt+1:

dt+1,i = dt,i ×
{

1
2(1−εt)

if ht(xi) = yi

1
2εt

otherwise.

Output the final hypothesis:
hfin(x) = argmaxy∈Y

∑
t:ht(x)=y log 1−εt

εt
.

Fig. 1. AdaBoost algorithm: {(x1, y1), . . . , (xm, ym)} is the training set, Lb is the base
model learning algorithm, and T is the maximum allowed number of base models

Totally Corrective AdaBoost({(x1, y1), . . . , (xm, ym)}, Lb, T )
Initialize d1,i = 1/m for all i ∈ {1, 2, . . . , m}.
For t = 1, 2, . . . , T :

ht = Lb({(x1, y1), . . . , (xm, ym)},dt).
Calculate the mistake vector ut:

ut,i =
{

1 if ht(xi) = yi

−1 otherwise.

If dt · ut ≤ 0 then,
set T = t − 1 and abort this loop.

Calculate distribution dt+1:
Initialize d̂1 = d1.
For j = 1, 2, . . .:

qj = argmaxqj∈{1,2,...,t} |d̂j · uqj |.
α̂j = ln

(
1+d̂j·uqj

1−d̂j·uqj

)
.

For all i ∈ {1, 2, . . . , m},
d̂j+1,i = 1

Ẑj
d̂j,iexp(−α̂juqj ,i),

where Ẑj =
∑m

i=1 d̂j,iexp(−α̂juqj ,i).
Output the final hypothesis:

hfin(x) = argmaxy∈Y

∑
t:ht(x)=y log 1−εt

εt
.

Fig. 2. Totally Corrective Boosting algorithm: {(x1, y1), . . . , (xm, ym)} is the training
set, Lb is the base model learning algorithm, and T is the maximum allowed number
of base models
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for the purpose of creating the next base model, while correctly-classified train-
ing examples have their weights decreased. More specifically, if ht misclassifies
the ith training example, then its new weight dt+1,i is set to be its old weight
dt,i multiplied by 1

2εt
, where εt is the sum of the weights of the examples that

ht misclassifies. AdaBoost assumes that Lb is a weak learner, i.e., εt < 1
2 with

high probability. Under this assumption, 1
2εt

> 1, so the ith example’s weight
increases (dt+1,i > dt,i). On the other hand, if ht correctly classifies the ith ex-
ample, then dt+1,i is set to dt,i multiplied by 1

2(1−εt)
, which is less than one by

the weak learning assumption; therefore, example i’s weight is decreased. Note
that dt+1 is already normalized:

m∑

i=1

dt+1,i =
1

2εt

m∑

i=1

dt,iI(ht(xi) �= yi) +
1

2(1 − εt)

m∑

i=1

dt,iI(ht(xi) = yi)

=
1

2εt
εt +

1
2(1 − εt)

(1 − εt) = 1.

Under distribution dt+1, the total weight of the examples misclassified by ht

and those correctly classified by ht become 0.5 each. This is done so that, by
the weak learning assumption, ht+1 will classify at least some of the previously
misclassified examples correctly. As shown in [1], this weight update scheme is
equivalent to the usual scheme [5] but is intuitively more clear. The loop con-
tinues, creating the T base models in the ensemble. The final ensemble returns,
for a new example, the one class in the set of classes Y that gets the highest
weighted vote from the base models.

Construct a vector ut ∈ [−1, 1]m such that the ith element ut,i = 1 if ht clas-
sifies the ith training example correctly (ht(xi) = yi) and ut,i = −1 otherwise.
Kivinen and Warmuth [7] pointed out that AdaBoost finds dt+1 by minimizing
∆(dt+1,dt) subject to dt+1 · ut = 0, where ∆(a, b) is a distance measure such
as relative entropy. That is, the new distribution is created to be orthogonal to
the mistake vector of ht, which can be intuitively described as wanting the new
base model’s mistakes to be uncorrelated with those of the previous model. This
naturally leads to the question of whether one can improve upon AdaBoost by
constructing dt+1 to be orthogonal to the mistake vectors of all the previous
base models h1, h2, . . . , ht (i.e., dt+1 · uq = 0 for all q ∈ {1, 2, . . . , t}). However,
there is no guarantee that a probability distribution dt+1 exists that satisfies
all the constraints. Even if a solution exists, finding it appears to be a very
difficult optimization problem [7]. The Totally Corrective Algorithm (figure 2)
attempts to solve this problem using an iterative method. The initial parts of
the algorithm are similar to AdaBoost: it uses the same d1 as AdaBoost in cre-
ating the first base model and the next statement checks that the base model
error is less than 0.5. The difference is in the method of calculating the weight
distribution for the next base model. The TCA starts with some initial distri-
bution such as d1. It then repeatedly finds the qj ∈ {1, 2, . . . , t} yielding the
highest |d̂j ·uqj |, and then projects the current distribution onto the hyperplane
defined by d̂j · uqj = 0. This is similar to so-called row action optimization
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AveBoost({(x1, y1), . . . , (xm, ym)}, Lb, T )
Initialize d1,i = 1/m for all i ∈ {1, 2, . . . , m}.
For t = 1, 2, . . . , T :

ht = Lb({(x1, y1), . . . , (xm, ym)},dt).
Calculate the error of ht : εt =

∑
i:ht(xi)�=yi

dt,i.
If εt ≥ 1/2 then,

set T = t − 1 and abort this loop.
Calculate orthogonal distribution:

For i = 1, 2, . . . , m:

ct,i = dt,i ×
{

1
2(1−εt)

if ht(xi) = yi

1
2εt

otherwise

dt+1,i =
tdt,i + ct,i

t + 1

Output the final hypothesis:
hfin(x) = argmaxy∈Y

∑
t:ht(x)=y log 1−εt

εt
.

Fig. 3. AveBoost algorithm: {(x1, y1), . . . , (xm, ym)} is the training set, Lb is the base
model learning algorithm, and T is the maximum allowed number of base models

methods [3]. Kivinen and Warmuth show that, if there is a distribution that
satisfies all the constraints, then at most 2 ln m

γ2 iterations are needed so that

maxqj∈{1,2,...,t} |d̂j · uqj | ≤ γ for any γ > 0. Of course, as mentioned earlier, we
cannot generally assume that there is a distribution that satisfies all the con-
straints, in which case the bound is invalid. In fact, we are not even guaranteed
to reduce maxqj∈{1,2,...,t} |d̂j · uqj | at each iteration. To make the TCA usable
for our experiments, we have added two stopping criteria not present in the
original algorithm. Define vt,j = maxqj∈{1,2,...,t} |d̂j · uqj |. The algorithm stops
if either |vt,j − vt,j−1| < 0.0001 or both j > m and vt,j > vt,j−1. The first
constraint requires that the maximum dot product change by some minimum
amount between consecutive iterations. The second constraint requires that, af-
ter iterating at least as many times as the number of training examples, the
maximum dot product not increase. These are heuristic criteria devised based
on our experiments with this algorithm.

3 AveBoost Algorithm

Figure 3 shows our new algorithm, AveBoost. Just as in AdaBoost, AveBoost
initializes d1,i = 1/m for all i ∈ {1, 2, . . . , m}. Then it goes inside the loop,
where it calls the base model learning algorithm Lb with the training set and
distribution d1 and calculates the error of the resulting base model h1. It then
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calculates c1, which is the distribution that AdaBoost would use to construct
the next base model. However, AveBoost averages this with d1 to get d2, and
uses this d2 instead. Note that the ct’s for all t ∈ {1, 2, . . . , T} do not need to be
normalized because they are calculated the same way as the dt’s in AdaBoost,
which we showed to be distributions in Section 2. Showing that the dt’s in
AveBoost are distributions is a trivial proof by induction. For the base case, d1
is constructed to be a distribution. For the inductive part, if dt is a distribution,
then dt+1 is a distribution because it is a convex combination of dt and ct.

Returning to the algorithm, the loop continues for a total of T iterations.
Then the base models are combined using the same weighted averaging used in
AdaBoost. The vector dt+1 is a running average of d1 and the vectors cq for
q ∈ {1, 2, . . . , t}, which are orthogonal to the mistake vectors of the previous t
base models (uq for q ∈ {1, 2, . . . , t}), respectively. For ease of exposition, define
c0 � d1 and u0 to be any vector in [−1, 1]m such that its elements sum to zero.
Then we have dt+1 = 1

t+1

∑t
q=0 cq. This dt+1 has the least average Euclidian

distance to the vectors cq for q ∈ {0, 1, . . . , t}. That is, dt+1 is the solution d that
minimizes the least-squares error

∑t
q=0

∑m
i=1(cq,i −di)2. In this sense, AveBoost

finds a solution that does the best job of balancing among the t constraints
cq · uq = 0 with much less computational cost than an optimization method
such as that used in the TCA.

AveBoost can be seen as a relaxed version of AdaBoost. When training ex-
amples are noisy and therefore difficult to fit, AdaBoost is known to increase
the weights on those examples to excess and overfit them [4] because many con-
secutive base models may not learn them properly. AveBoost tends to mitigate
this overfitting by virtue of its averaging process. For this reason, we expect the
range of training example weights to be narrower for AveBoost than AdaBoost.
AveBoost’s averaging process limits the range of training set distributions that
are explored, which we expect will increase the average correlations among the
base models. However, we expect their average accuracies to go up. We also hy-
pothesize that AveBoost will tend to show greater advantage over AdaBoost for
small numbers of base models. When AveBoost creates a large ensemble, the last
few training set distributions cannot be too different from each other because
they are prepared by averaging over many previous distributions.

4 Experimental Results

In this section, we compare AdaBoost, the TCA, and AveBoost on the nine UCI
datasets [2] described in Table 1. We ran all three algorithms with three different
values of T , which is the maximum number of base models that the algorithm is
allowed to construct: 10, 50, and 100. Each result reported is the average over 50
results obtained by performing 10 runs of 5-fold cross-validation. Table 1 shows
the sizes of the training and test sets for the cross-validation runs.

Table 2 shows how often AveBoost significantly outperformed, performed
comparably with, and significantly underperformed AdaBoost and the TCA.
For example, with 10 Naive Bayes base models, AveBoost significantly outper-
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Table 1. The datasets used in the experiments

Data Set Training Test Inputs Classes
Set Set

Promoters 84 22 57 2
Balance 500 125 4 3

Breast Cancer 559 140 9 2
German Credit 800 200 20 2
Car Evaluation 1382 346 6 4

Chess 2556 640 36 2
Mushroom 6499 1625 22 2
Nursery 10368 2592 8 5
Connect4 54045 13512 42 3

Table 2. Performance of AveBoost

Compared to Base Model 10 50 100
AdaBoost Naive Bayes +6=1-2 +4=3-2 +4=2-3

Totally Corrective Naive Bayes +6=2-1 +6=2-1 +6=2-1
AdaBoost Decision Trees +2=7-0 +2=5-2 +2=5-2
AdaBoost Decision Stumps +2=6-1 +2=4-3 +2=3-4

formed4 AdaBoost on six of the datasets, performed comparably on one dataset,
and performed significantly worse on two, which is written as “+6=1-2.” Fig-
ure 4 compares the error rates of AdaBoost and AveBoost with Naive Bayes base
models. In all the plots presented in this paper, each point marks the error rates
of two algorithms when run with the number of base models indicated in the
legend and a particular dataset. The diagonal line in the plots contain points
at which the two algorithms have equal error. Therefore, points below/above
the line correspond to the error of the algorithm indicated on the y-axis be-
ing less than/greater than the error of the algorithm indicated on the x-axis,
respectively. The scales for each plot were adapted for the error rates shown;
therefore, they are different across the plots. We can see that, for Naive Bayes
base models, AveBoost performs much better than AdaBoost overall. Figure 5
shows that AveBoost performs substantially better than the TCA. We examined
the runs of the TCA in more detail and often found the overfitting that Kivinen
and Warmuth thought would happen. Due to this poor performance, we did not
continue experimenting with the TCA for the rest of this paper.

We compare AdaBoost and AveBoost using decision tree and decision stump
base models in figures 6 and 7, respectively. With decision trees, AveBoost per-
forms somewhat better than AdaBoost. With decision stumps, the differences in
error rates vary much more, with AveBoost sometimes performing worse than
AdaBoost.

We now analyze the performances of AdaBoost and AveBoost in more depth.
Due to space limitations, we discuss our results with only Naive Bayes base mod-
4 We use a t-test with α = 0.05 to compare all the classifiers in this paper.
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Fig. 4. Test set error rates of AdaBoost
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els and for only two datasets: Promoters and Breast Cancer. We chose these two
because the performances of AveBoost relative to AdaBoost are very different
for these two datasets. On Promoters, AveBoost significantly outperformed Ad-
aBoost, while on Breast Cancer, they performed comparably for 10 and 100 base
models and AveBoost performed worse for 50 base models. Table 3 gives the re-
sults of our comparison. The top half of the table gives the Promoters dataset
results while the bottom half gives the Breast Cancer results. For each dataset,
the first row states the maximum allowed number of base models (this is T in
Figures 1-3). The second row gives the average number of base models actually
constructed over the 50 runs (recall that each algorithm has a stopping crite-
rion that can result in fewer base models than what the user selects). AveBoost
uses much fewer base models than AdaBoost on the Promoters dataset, but we
found no correlation between number of base models and performance. The next
two rows state the average ensemble performances on the training and test sets.
Next are the average correlations of the outputs of all pairs of base models on
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Table 3. Detailed comparison of AveBoost and AdaBoost on Promoters and Breast
Cancer

PROMOTERS AdaBoost NB AveBoost NB
Max. Base Models 10 50 100 10 50 100
Avg. Base Models 10 50 100 9.9 43.32 72.22
Ens. Train Perf. 0.9993 1.0 1.0 0.9998 1.0 1.0
Ens. Test Perf. 0.7736 0.8109 0.8455 0.8418 0.8600 0.8618

Avg. Corr. Train 0.3319 0.2901 0.2813 0.6229 0.5511 0.4277
Avg. Corr. Test 0.1877 0.1422 0.1395 0.4541 0.5159 0.5245
Base Train Perf. 0.7878 0.7597 0.7555 0.8917 0.9052 0.9085
Base Test Perf. 0.6514 0.6204 0.6210 0.7490 0.7613 0.7640

Min. Example Wt. 5.85e-05 3.40e-08 7.67e-10 0.0046 0.0024 0.0019
Max. Example Wt. 0.1748 0.2528 0.2821 0.0644 0.0670 0.0671
Sdev. Example Wt. 0.0177 0.0212 0.0217 0.0089 0.0098 0.0100
BREAST CANCER AdaBoost NB AveBoost NB
Max. Base Models 10 50 100 10 50 100
Avg. Base Models 10 50 99.52 10 48.46 93.48
Ens. Train Perf. 0.9973 0.9998 1.0 0.9892 0.9985 0.9991
Ens. Test Perf. 0.9509 0.9506 0.9445 0.9509 0.9483 0.9470

Avg. Corr. Train 0.6409 0.4955 0.4638 0.9146 0.8688 0.7864
Avg. Corr. Test 0.6338 0.4960 0.4650 0.9210 0.9033 0.8958
Base Train Perf. 0.8918 0.8465 0.8340 0.9723 0.9727 0.9715
Base Test Perf. 0.8639 0.8209 0.8091 0.9429 0.9351 0.9324

Min. Example Wt. 7.06e-06 8.66e-15 4.96e-24 6.62e-04 3.25e-04 2.40e-04
Max. Example wt. 0.0934 0.1413 0.1643 0.0360 0.0434 0.0446
Sdev. Example Wt. 0.0073 0.0087 0.091 0.0039 0.0053 0.0056

the training and test sets. As expected, the correlations are higher for AveBoost
than AdaBoost. However, the average training and test accuracies of the base
models are also higher, as shown by the next two rows for each dataset. We then
calculated, for each training example, the minimum and maximum weights ever
assigned to it, and the standard deviation of all the weights assigned to it. The
next three rows give the average, over all the training examples, of these minima,
maxima, and standard deviations. As anticipated, the ranges of the weights for
AveBoost are much lower than for AdaBoost.

5 Conclusions

We presented AveBoost, a boosting algorithm that trains each base model using
a training example weight vector that is based on the performances of all the
previous base models rather than just the previous one. We discussed the theo-
retical motivation for this algorithm and demonstrated empirical results that are
superior overall to AdaBoost and the TCA that has the same goal as AveBoost.

We are currently analyzing AveBoost theoretically. The algorithmic stability-
based framework [9] intuitively seems the most promising because of AveBoost’s
averaging process. We plan to empirically analyze the algorithms presented here
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for all the datasets in the style of Table 3 for a longer version of this paper. We
also plan to devise synthetic datasets with various levels of noise to observe if
AveBoost is more robust to noise than AdaBoost as we have hypothesized. Ad-
ditionally, it has been pointed out [8,10] that ensembles work best when they are
somewhat anti-correlated. We attempted to exploit this by implementing several
boosting algorithms that, at each iteration, change the base model weights so
that the correctly classified examples’ weights add up to slightly less than 0.5.
This scheme occasionally performed better and occasionally performed worse
than AdaBoost. Depending on the available running time, it may be possible to
create classifiers using several of these weight adjustment schemes and use the
ones that look most promising for the dataset under consideration.
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Abstract. Three AdaBoost variants are distinguished based on the
strategies applied to update the weights for each new ensemble mem-
ber. The classic AdaBoost due to Freund and Schapire only decreases
the weights of the correctly classified objects and is conservative in this
sense. All the weights are then updated through a normalization step.
Other AdaBoost variants in the literature update all the weights be-
fore renormalizing (aggressive variant). Alternatively we may increase
only the weights of misclassified objects and then renormalize (the sec-
ond conservative variant). The three variants have different bounds on
their training errors. This could indicate different generalization perfor-
mances. The bounds are derived here following the proof by Freund and
Schapire for the classical AdaBoost for multiple classes (AdaBoost.M1),
and compared against each other. The aggressive variant and the less
popular of the two conservative variants have lower error bounds than
the classical AdaBoost. Also, whereas the coefficients βi in the classical
AdaBoost are found as the unique solution of a minimization problem
on the bound, the aggressive and the second conservative variants have
monotone increasing functions of βi (0 ≤ βi ≤ 1) as their bounds, giving
infinitely many choices of βi.

1 Introduction

AdaBoost is an algorithm for designing classifier ensembles based on maintaining
and manipulating a distribution of weights on the training examples. These
weights are updated at each iteration to form a new training sample on which a
new ensemble member is constructed.

Looking at the variety of implementations and interpretations, it seems that
AdaBoost is rather a concept than a single algorithm. For example, a subject
of debate has been the resampling versus reweighing when the distribution of
weights has to be applied in order to derive the next ensemble member. Not
only has the question not been resolved yet but sometimes it is impossible to
tell from the text of a study which of the two methods has been implemented.

In this paper we are concerned with another “technicality”: the way of up-
dating the coefficients at each step. This detail is not always mentioned in the
AdaBoost studies although as we show later, it makes a difference at least to
the theoretical bounds of the algorithm.

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 25–34, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Table 1. Three teaching strategies and the respective change in the weights w before
the renormalization step

Strategy Name w – correct w – wrong

Reward - Punishment Aggressive Smaller Larger

Reward - No-action Conservative.1 Smaller The same

No-action - Punishment Conservative.2 The same Larger

There are three general teaching strategies shown in Table 1, which we, hu-
mans, experience since an early age. In the case of a successful outcome of an
experiment, we can either be rewarded or no action be taken. In the case of an
unsuccessful outcome, the possibilities are no-action or punishment. Obviously,
if no action is taken in both cases, nothing will be learned from the experience.
Thus there are three possible combinations which we associate with the three
AdaBoost variants.

Error bounds on the training error have been derived in [3] for the Conserva-
tive.1 version. Following this proof, here we prove error bounds on the training
error for the Aggressive and Conservaitve.2 version.

The rest of the paper is organized as follows. A general AdaBoost algorithm
and the three variants are presented in Section 2. Section 3 contains the deriva-
tion of the bounds on the training error. A comparison is given in Section 4.

2 AdaBoost Variants

The generic algorithm of AdaBoost is shown in Figure 1.
Many versions of the above algorithm live under the same name in the liter-

ature on machine learning and pattern recognition. We distinguish between the
following three (see Table 1)

Aggressive AdaBoost [2, 4, 5] ξ(ljk) = 1 − 2ljk;
Conservative.1 AdaBoost [1, 3] ξ(ljk) = 1 − ljk;
Conservative.2 AdaBoost ξ(ljk) = −ljk.

(5)

The algorithm in Figure 1 differs slightly from AdaBoost.M1 [3] in that we do
not perform the normalization of the weights as a separate step. This is reflected
in the proofs in the next section.

3 Upper Bounds of Aggressive, Conservative.1
and Conservative.2 AdaBoost

Freund and Schapire prove an upper bound on the training error of AdaBoost [3]
first for the case of two classes and (Conservative.1, ξ(ljk) = 1−ljk). We will prove
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ADABOOST

Training phase

1. Given is a data set Z = {z1, . . . , zN}.
Initialize the parameters

· w1 = [w1, . . . , wN ], the weights, w1
j ∈ [0, 1],

∑N

j=1 w1
j = 1.(

Usually w1
j = 1

N

)
.

· D = ∅, the ensemble of classifiers.
· L, the number of classifiers to train.

2. For k = 1, . . . , L
· Take a sample Sk from Z using distribution wk.
· Build a classifier Dk using Sk as the training set.
· Calculate the weighted error of Dk by

εk =
N∑

j=1

wk
j ljk, (1)

(
ljk = 1 if Dk misclassifies zj and ljk = 0, otherwise.

)
.

· If εk = 0 or εk ≥ 0.5, the weights wk
j are reinitialized to 1

N
.

· Calculate
βk =

εk

1 − εk
, where εk ∈ (0, 0.5), (2)

· Update the individual weights

wk+1
j =

wk
j β

ξ(lj
k
)

k∑N

i=1 wk
i β

ξ(li
k
)

k

, j = 1, . . . , N. (3)

where ξ(ljk) is a function which specifies which of the Boosting variants we use.

3. Return D and β1, . . . , βL.

Classification phase

4. Calculate the support for class ωt by

µt(x) =
∑

Dk(x)=ωt

ln

(
1
βk

)
. (4)

5. The class with the maximal support is chosen as the label for x.

Fig. 1. A generic description of the Boosting algorithm for classifier ensemble design

the bound for c classes straight away and derive from it the bounds for c classes
for the Aggressive version and the Conservative.2 version.

The following Lemma is needed within the proof.
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Lemma. Let a ≥ 0 and r ∈ [0, 1]. Then

ar ≤ 1 − (1 − a)r. (6)

Proof. Take ar to be a function of r for a fixed a ≥ 0. The second derivative

∂2 (ar)
∂r2 = ar(ln a)2, (7)

is always nonnegative, therefore ar is a convex function. The righthand side of
inequality (6) represents a point on the line segment through points (0, 1) and
(1, a) on the curve ar, therefore (6) holds for any r ∈ [0, 1].

Theorem 1. (Conservative.1) ξ(ljk) = 1 − ljk Let ε be the ensemble training
error and let εi, i = 1, . . . , L be the weighted training errors of the classifiers in
D, as in (1). Then

ε < 2L
L∏

i=1

√
εi(1 − εi). (8)

Proof. After the initialization, the weights are updated to

w2
j =

w1
j β

(1−l1j )
1∑N

k=1 w1
kβ

(1−l1
k
)

1

(9)

Denote the normalizing coefficient at step i by

Ci =
N∑

k=1

wi
kβ

(1−lik)
i (10)

The general formula for the weights is

wt+1
j = w1

j

t∏
i=1

β
(1−lij)
i

Ci
. (11)

Denote by Z(−) the subset of elements of the training set Z which are misclas-
sified by the ensemble. The ensemble error, weighted by the initial data weights
w1

j is

ε =
∑

zj∈Z(−)

w1
j . (12)

(If we assign equal initial weights of 1
N to the objects, ε is the proportion of

misclassifications on Z made by the ensemble.)
Since at each step, the sum of the weights in our algorithm equals one,

1 =
N∑

j=1

wL+1
j ≥

∑
zj∈Z(−)

wL+1
j =

∑
zj∈Z(−)

w1
j

L∏
i=1

β
(1−lij)
i

Ci
. (13)
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For the ensemble to commit an error in labeling of some zj , the sum of
weighted votes for the wrong class label in (4) must be higher than any other
score, including that of the right class label. Let us split the set of L classifiers
into three subsets according to their outputs for a particular zj ∈ Z

Dw ⊂ D, the set of classifiers whose output is the winning (wrong) label;
D+ ⊂ D, the set of classifiers whose output is the true label;
D− ⊂ D, the set of classifiers whose output is another (wrong) label.

The support for the winning class is
∑

Di∈Dw

ln
(

1
βi

)
≥

∑
Di∈D+

ln
(

1
βi

)
(14)

Add on both sides
∑

Di∈Dw(.) +
∑

Di∈D−(.) to get

2
∑

Di∈Dw

ln
(

1
βi

)
+

∑
Di∈D−

ln
(

1
βi

)
≥

L∑
i=1

ln
(

1
βi

)
(15)

Then add
∑

Di∈D−(.) on the left side of the inequality. For the inequality
to hold, the added quantity should be positive. To guarantee this, we require
that all the terms in the summation are nonnegative, i.e., ln

(
1
βi

)
≥ 0, which is

equivalent to βi ≤ 1.
Then the lefthand side of (15) is twice the sum of all weights for the wrong

classes, i.e.,

2
L∑

i=1

lij ln
(

1
βi

)
≥

L∑
i=1

ln
(

1
βi

)
, (16)

L∑
i=1

ln (βi)
−lij ≥

L∑
i=1

ln (βi)
− 1

2 (17)

L∏
i=1

β
(1−lij)
i ≥

L∏
i=1

β
1
2
i . (18)

Taking (13), (18) and (12) together,

1 ≥
∑

zj∈Z(−)

w1
j

L∏
i=1

β
(1−lij)
i

Ci
(19)

≥

 ∑

zj∈Z(−)

w1
j


 L∏

i=1

β
1
2
i

Ci
= ε ·

L∏
i=1

β
1
2
i

Ci
. (20)

Solving for ε,

ε ≤
L∏

i=1

Ci

β
1
2
i

. (21)
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From the Lemma,

Ci =
N∑

k=1

wi
kβ

(1−lik)
i ≤

N∑
k=1

wi
k

(
1 − (1 − βi)(1 − lik)

)
(22)

=
N∑

k=1

wi
k

(
βi + lik − βil

i
k)

)
(23)

= βi

N∑
k=1

wi
k +

N∑
k=1

wi
klik − βi

N∑
k=1

wi
klik (24)

= βi + εi − βiεi = 1 − (1 − βi)(1 − εi). (25)

Combining (21) and (25)

ε ≤
L∏

i=1

1 − (1 − βi)(1 − εi)√
βi

. (26)

The next step is to find βi’s that minimize the bound of ε in (26). Setting
the first derivative to zero and solving for βi, we obtain

βi =
εi

1 − εi
. (27)

The second derivative of the righthand side at βi = εi

1−εi
is positive, therefore

the solution for βi is a minimum of the bound. Substituting (27) into (26) leads
to the thesis of the theorem

ε < 2L
L∏

i=1

√
εi(1 − εi). (28)

To illustrate the upper bound we generated a random sequence of individual
errors εk ∈ (0, 0.5). for L = 50 classifiers. Plotted in Figure 2 is the average from
1000 such runs with one standard deviation on each side.

Note that the ensemble error is practically 0 at L = 30. Hoping that the
generalization error will follow a corresponding pattern, in many experimental
studies AdaBoost is run up to L = 50 classifiers.

To gurarantee βi < 1, AdaBoost re-initializes the weights to 1
N if εi ≥ 0.5.

Freund and Schapire argue that having an error greater than half is too strict
a demand for a multiple-class weak learner Di. Even though the concern about
the restriction being too severe is intuitive, we have to stress that εk is not the
conventional error of classifier Dk. It is its weighted error. This means that if we
applied Dk on a data set drawn from the problem in question, its (conventional)
error could be quite different from εk, both ways: larger or smaller.
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Fig. 2. A simulated upper bound of the training error of AdaBoost as a function of
the number of classifier L and random individual errors in (0, 0.5). The average of 1000
simulation runs is plotted with one standard deviation on each side

Theorem 2. (Aggressive) ξ(ljk) = 1 − 2ljk Let ε be the ensemble training error
and let εi, i = 1, . . . , L be the weighted training errors of the classifiers in D as
in (1). Then

ε ≤
L∏

i=1

1 − (1 − βi)(1 − 2εi). (29)

Proof. The proof matches that of Theorem 1 up to inequality (16). The only

difference is that β
(1−lij)
i is replaced by β

(1−2lij)
i . Adding

∑
i ln(βi) on both sides

of (16), and taking the exponent, we arrive at

L∏
i=1

β
(1−2lij)
i ≥ 1. (30)

From (20),

1 ≥
∑

zj∈Z(−)

w1
j

L∏
i=1

β
(1−2lij)
i

Ci
≥


 ∑

zj∈Z(−)

w1
j


 L∏

i=1

1
Ci

= ε ·
L∏

i=1

1
Ci

. (31)

Solving for ε,

ε ≤
L∏

i=1

Ci. (32)

Using the Lemma

ε ≤
L∏

i=1

1 − (1 − βi)(1 − 2εi). (33)
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The curious finding here is that the bound is linear on βi. The first derivative
is positive if we assume ε < 0.5, therefore the smaller the βi, the better the bound.
We can solve

1 − (1 − βi)(1 − 2εi) ≤ 2
√

εi(1 − εi) (34)

for βi to find out for which values the Aggressive bound is better than the
Conservative.1 bound. If we restrict εi within (0, 0.2) and use

βi =

√
εi(1 − εi) − 2εi

1 − 2εi
, (The restrcition guarantees β > 0) (35)

then we reduce the error bound of Conservative.1 by a factor of 2L, i.e.,

ε <

L∏
i=1

√
εi(1 − εi). (36)

Theorem 3. (Conservative.2) ξ(ljk) = −ljk Let ε be the ensemble training
error and let εi, i = 1, . . . , L be the weighted training errors of the classifiers in
D as in (1). Then for

βi =
εi(1 − εi)

1 + εi

2

, (37)

ε <

L∏
i=1

√
εi(1 − εi). (38)

Proof. The proof follows these of Theorems 1 and 2 with β
(−lij)
i instead of

β
(1−lij)
i .

From (20) and (17),

1 ≥
∑

zj∈Z(−)

w1
j

L∏
i=1

β
(−lij)
i

Ci
≥


 ∑

zj∈Z(−)

w1
j


 L∏

i=1

β
− 1

2
i

Ci
= ε ·

L∏
i=1

1
Ci

√
βi

. (39)

Solving for ε,

ε ≤
L∏

i=1

Ci

√
βi. (40)

Using the Lemma

ε ≤
L∏

i=1

(1 + εi − βiεi)
√

βi (41)

The bound has a maximum for βi = 1+εi

3εi
but it is outside the range of

interest (the interval [0, 1]) for βi. If we pick βi as in (37) and substitute into
(41), the upper bound (38) is derived. As with the aggressive AdaBoost, this
bound is better by a factor of 2L and can be made arbitrarily better.
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(1 − (1 − β)(1 − 2ε)) (1−(1−β)(1−ε))√
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(1 + ε − βε)
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Fig. 3. Upper bounds on the training error for AdaBoost (one term in the product)
for the three variants
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Fig. 4. Upper bounds on the training error for AdaBoost (one term in the product)
for the three variants

4 Comparison

Figure 3 illustrates the bounds for the three AdaBoost versions as functions of
β ∈ [0, 1]. One term of the product is considered for each plot, so βi = β, εi = ε,
and U is the contribution of that term to the total error bound. ε was varied from
0 to 0.5. A gray line was plotted for each value of ε as a function U(β). Do not
be mislead by the scale: the most popular version (Conservative.1) has the worst
bound. For reference we also plotted solid black lines for ε = {0.05, 0.25, 0.45}.
For the Conservative.1 version, the minima of U found by β = ε

1−ε for the three
values of ε are plotted as dots and encircled.

Figure 4 shows U(β) for three values of ε. The bounds of the three AdaBoost
versions are given on the same plot. The plots show that the conventional Con-
servative.1 version has the largest bound of the three AdaBoost variants.

5 Conclusions

Three AdaBoost variants are detailed and the error bounds on the training er-
rors are derived (following the proof by Freund and Schapire [3] of the version
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called here Conservative.1). We found that the Aggressive and Conservative.2
versions have smaller error bounds. More importantly, whereas the bound U(β)
for Conservative.1 version has a unique minimum for β = ε

1−ε , the Aggressive
and Conservative.2 AdaBoost are monotone for β ∈ [0, 1]. This gives infinitely
many choices for better error bounds than Conservative.1. Theorems 2 and 3
prove the bounds and give suggestions for β. An important point to be em-
phasized here is that the training error bounds do not guarantee anything about
generalization. The results from this study that can be useful in real experiments
are the suggestion for β (equations (35) and (37)) which guarantee training error
bounds lower by a factor of 2L than the training error bound of the conventional
AdaBoost version (Conservative.1).
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Abstract. Boosting algorithms are a means of building a strong ensem-
ble classifier by aggregating a sequence of weak hypotheses. In this paper
we consider three of the best-known boosting algorithms: Adaboost [9],
Logitboost [11] and Brownboost [8]. These algorithms are adaptive, and
work by maintaining a set of example and class weights which focus the
attention of a base learner on the examples that are hardest to classify.
We conduct an empirical study to compare the performance of these al-
gorithms, measured in terms of overall test error rate, on five real data
sets. The tests consist of a series of cross-validatory samples. At each val-
idation, we set aside one third of the data chosen at random as a test set,
and fit the boosting algorithm to the remaining two thirds, using binary
stumps as a base learner. At each stage we record the final training and
test error rates, and report the average errors within a 95% confidence
interval. We then add artificial class noise to our data sets by randomly
reassigning 20% of class labels, and repeat our experiment. We find that
Brownboost and Logitboost prove less likely than Adaboost to overfit in
this circumstance.

1 Introduction

Boosting algorithms have their origins in the analysis of the theory surrounding
the PAC (Probably Approximately Correct) learning model first introduced by
Valiant in 1984 [23].

In the PAC framework, a data set is said to be strongly (PAC) learnable
if there exists a classifier that can achieve an arbitrarily low error rate for
all instances in the set. A weak learnable set requires only that the algorithm
marginally outperform random guessing in terms of overall error rate. Kearns
and Valiant [14] later proposed that these two definitions of learnability might
be equivalent, and that this might be proven if it were shown to be possible to
transform a weak learner into an arbitrarily strong one.

Schapire published the first hypothesis boosting algorithm in 1990 [20]. The
more robust Boost-by-Majority (BBM) algorithm [7] was introduced by Freund
at around the same time. The essential property of any boosting algorithm is
that it is possible to derive an upper bound on the final training error rate. Both
these precursor algorithms defined this upper bound in terms of γ, which is an
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amount by which the weak learner is guaranteed to outperform random guessing
(so that in the two-class case, the weak learner would have to be guaranteed to
yield an error rate below 1

2 − γ).
In practice it is usually unreasonable to assume that a base learning algorithm

can always outperform a fixed error rate, and indeed the definition of a weak
learner only requires that it should outperform random guessing by an arbitrarily
small amount.

In 1995 Freund and Schapire published an adaptive algorithm known as Ad-
aboost [9], which makes no prior assumptions about the base learner and has
been the focus of much subsequent research. Adaboost is short for Adaptive
Boosting, and the algorithm is characterised by the adaptive way that it gen-
erates and combines weak hypotheses. A monotonically decreasing upper bound
on the training error can be derived, based on the performance of the individ-
ual component hypotheses. Thus if the base learner can consistently outperform
random guessing, and we iterate long enough, we can eventually achieve any
arbitrarily small error rate. It is also possible to derive an approximate upper
bound for the the error rate of the fitted aggregate hypothesis when presented
with new data.

It was subsequently observed [11] that Adaboost is in effect approximating a
stagewise additive logistic regression model by optimising an exponential crite-
rion. This leads us to new variants of Adaboost that fit additive models directly.
One such variant is Logitboost, which uses the Newton-like steps to optimise the
loss criterion.

In general terms, it has been observed that boosting algorithms do not tend
to overfit within the number of iterations for which they are likely to be run.
They are, however, particularly susceptible to class noise (where we take this to
mean that a proportion of class labels have been redefined at random - but note
that many authors use an alternative definition). Since the examples hardest to
classify are very likely to be these noisy data, weak hypotheses induced at later
iterations when such examples dominate will tend to be given undue influence in
the final combined hypothesis, leading to a poor generalisation performance. In
his empirical comparison of methods for constructing ensembles of decision trees
[5], Dietterich concluded that ‘the performance of Adaboost can be destroyed
by classification noise’.

Brownboost [8], introduced by Freund and based on his Boost-by-Majority
algorithm, may help to address this problem. It is derived by considering what
happens to the BBM algorithm if the example reweighting is assumed to happen
in continuous time. This leads us to an adaptive algorithm that resembles Ad-
aboost, but which incorporates an extra parameter (the time parameter) that
roughly corresponds to the proportion of noise in the training data. Because the
algorithm knows in advance for how long it is to be run, it will not attempt to
fit examples that are unlikely to be learnable in the remaining time. These are
likely to be the noisy examples, so given a good estimate of the time parameter
Brownboost is capable of avoiding overfitting. It can be shown [8] that Adaboost
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is a special case of Brownboost in the limit as the time parameter is allowed to
tend to infinity.

In this paper, we conduct a series of empirical tests on four real data sets,
using implementations of the Adaboost, Logitboost and Brownboost algorithms.
We report our results in terms of overall test error rate. We then randomly
reassign one in five class labels in each of the datasets and rerun the tests.

In Sections 2, 3 and 4 of this paper, we briefly describe each of the three
boosting algorithms in turn. In setting out the Adaboost and Brownboost al-
gorithms, we adopt notation that is consistent with the work of Freund and
Schapire. The multi-class Logitboost algorithm is quoted from Friedman [11].
In Section 5, we describe our empirical study in detail, and report our findings.
Finally, in Section 6 we summarise our conclusions.

2 Adaboost

Adaboost was the first adaptive boosting algorithm, and has received a good
deal of attention since being introduced by Freund and Schapire in [9].

Our multi-class version of the algorithm uses the Hamming decoding and
Error-Correcting Output Codes (ECOC) method of Allwein et al. (see [2] for
a full description of this). The algorithm that we use is equivalent to the Ad-
aboost.MH algorithm described in [22], and is an analogue of our own multi-class
extension to the Brownboost algorithm [16].

Adaboost works by fitting a base learner to the training data using a vector
or matrix of weights. These are then updated by increasing the relative weight
assigned to examples that are misclassified at the current round. This forces
the learner to focus on the examples that it finds harder to classify. After T
iterations the output hypotheses are combined using a series of probabilistic
estimates based on their training accuracy.

The Adaboost algorithm may be characterised by the way in which the hy-
pothesis weights α are selected, and by the example weight update step. At
iteration i, if γi is the gain of the weak learner over random guessing, then the
hypothesis weight is chosen so that

αi =
1
2
ln(

1 + γi

1 − γi
).

The weight update at step i multiplies the weights by an exponential function
of the confidence of the prediction times the true label value, scaled by −αi.

In our multi-class adaptation of the algorithm, we maintain a separate weight
for every example and class label. When calling our base learner, we take account
of the possibility that this will either fit a binary (two-class) model, or a model
that returns separate independent predictions for each of the k class labels. In
the latter case, we assume that our coding matrix is the k×k matrix with 1 in all
diagonal entries, and -1 everywhere else. We assume that hypotheses generated
by base learners output confidence-rated predictions that are real values in the
range [−1, 1].
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Adaboost Algorithm (Multi-Class Version)

Inputs:
ECOC Matrix: The k × � coding matrix M.
Training Set: A set of m labelled examples: T = (xn, yn), n = 1, ..., m where xn ∈ R

d and
yn ∈ {y1, y2, ..., yk}. Each yn is associated via the matrix M with a set of � binary labels
{λn

1 , ..., λn
� }, where λn

j ∈ {−1, 1}, j = 1, ..., �.
Weights: An m× � vector of initial weights, say, W1,j(xn, yn) = 1

m� , n = 1, ..., m, j = 1, ..., �
WeakLearn – A weak learning algorithm.

Do for i = 1, 2, ..., T

1. Binary base learner: Call Weaklearn � times j = 1, ..., �, each time passing it the
weight distribution defined by normalizing Wi,j(xn, yn) for fixed j, and the training
data set alongside the binary labels defined by column j of the matrix M.
Multi-class base learner: Call Weaklearn, passing it the training data and
the full set of weights.

Receive from Weaklearn a set of � hypotheses, hi,j(x), which have some advantage
over random guessing

∑m
n=1

∑�
j=1 Wi,j(xn,yn)(hi,j(xn)λn

j )∑m
n=1

∑�
j=1 Wi,j(xn,yn)

= γi > 0, n = 1, ..., m, j = 1, ..., �.

2. Select αi = 1
2 ln

(
1+γi
1−γi

)
.

3. Weight update: Wi+1,j(xn, yn) =
Wi,j(xn,yn)exp(−αi�n

j hi,j(xn))∑m
n=1

∑�
j=1 Wi,j(xn,yn)

.

Output Final hypotheses: pj(x) = sign
(∑N

i=1 αihi,j(x)
)
, j = 1, ..., �.

Fig. 1. A multi-class Adaboost algorithm

3 Logitboost

The Logitboost algorithm [11] is based on the observation that Adaboost is in
essence fitting an additive logistic regression model to the training data. An
additive model is an approximation to a function F (x) of the form

F (x) =
M∑

m=1

cmfm(x)

where the cm are constants to be determined and the fm are basis functions.
If we assume that F (x) is the mapping that we seek to fit as our strong

aggregate hypothesis, and the f(x) are our weak hypotheses, then it can be shown
that the two-class Adaboost algorithm is fitting such a model by minimising the
criterion

J(F ) = E(e−yF (x))

where y is the true class label in {−1, 1}. Logitboost minimises this criterion by
using Newton-like steps to fit an additive logistic regression model to directly
optimise the binomial log-likelihood

−log(1 + e−2yF (x)).

This multi-class version of the algorithm is quoted from [11].
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Logitboost Algorithm (Multi-Class Version)

1. Start with weights wi,j = 1/N, i = 1, ..., N, j = 1, ..., J, Fj(x) = 0 and
pj(x) = 1/J ∀j.

2. Repeat for m = 1, 2, ..., M :

(a) Repeat for j = 1, ..., J:
i. Compute working responses and weights for the jth class

zi,j =
y∗

i,j−pj(xi)

pj(xi)(1−pj(xi))

wi,j = pj(xi)(1− pj(xi))

ii. Fit the function fmj(x) by a weighted least-squares regression of zij

to xi with weights wij .

(b) Set fmj(x)← J−1
J (fmj(x)− 1

J

∑J
k=1 fmk(x)), and Fj(x)← Fj(x) + fmj(x).

(c) Set pj(x) = e
Fj(x)

∑J
k=1 eFk(x) , enforcing the condition

∑J
k=1 Fk(x) = 0.

3. Output the classifier argmaxjFj(x).

Fig. 2. The multi-class Logitboost Algorithm, quoted from [11]

4 Brownboost

Brownboost is a continuous-time adaptive version of the Boost-by-Majority al-
gorithm. Here we quote our own multi-class extension to this algorithm [16].

The derivation of the algorithm is beyond the scope of this paper, but we
briefly summarise some of its key points.

The ‘total time’ parameter, c, sets the total amount of time for which the
algorithm is set to run. At each iteration a quantity t is subtracted from this,
and the algorithm terminates when the remaining time s reaches 0.

For every example (xn, yn) and class j, the algorithm maintains a margin.
These are all initially set to 0, and at iteration i they are updated to:

ri+1,j(xn, yn) = ri,j(xn, yn) + αihi,j(xn)λn
j

where λn
j is the label related to the example for class j by the ECOC matrix.

The hypothesis weights αi are derived by solving a differential equation, and
the weight updates are a function of these and the margin.

We can relate the parameter c to the final training error ε of the strong
hypothesis via

ε = 1 − erf(
√

c) (4.1)

where ‘erf’ is the error function. Thus we can select c to guarantee any desired
final error.
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Brownboost Algorithm (Multi-Class Version)

Inputs:
ECOC Matrix: The k × � coding matrix M.
Training Set: A set of m labelled examples: T = (xn, yn), n = 1, ..., m where xn ∈ R

d and
yn ∈ {y1, y2, ..., yk}. Each yn is associated via the matrix M with a set of � binary labels
{λn

1 , ..., λn
� }, where λn

j ∈ {−1, 1},j = 1, ..., �.
WeakLearn – A weak learning algorithm.
c – a positive real valued parameter.
ν > 0 – a small constant used to avoid degenerate cases.

Data Structures:
prediction value: With each example we associate a set of real valued margins.
The margin of example (xn, yn) for label λn

j on iteration i is denoted ri,j(xn, yn). The
initial value of all margins is zero: r1,j(xn, yn) = 0, n = 1, ..., m, j = 1, ..., �.

Initialize ‘remaining time’ s1 = c.
Do for i = 1, 2, ...

1. Associate with each example and label a positive weight

Wi,j(xn, yn) = e−(ri,j(xn,yn)+si)
2/c, n = 1, ..., m, j = 1, ..., �,

2. Binary base learner: Call Weaklearn � times j = 1, ..., �, each time passing it the
weight distribution defined by normalizing Wi,j(xn, yn) for fixed j, and the training
data set alongside the binary labels defined by column j of the matrix M.
Multi-class base learner: Call Weaklearn, passing it the training data and
the full set of weights.

Receive from Weaklearn a set of � hypotheses hi,j(x) which have some advantage
over random guessing

∑m
n=1

∑�
j=1 Wi,j(xn,yn)(hi,j(xn)λn

j )∑m
n=1

∑�
j=1 Wi,j(xn,yn)

= γi > 0.

3. Let γ, α and t be real valued
variables that obey the following differential equation:

dt
dα = γ =

∑m
n=1

∑�
j=1 exp(− 1

c
(ri,j(xn,yn)+αhi,j(xn)λn

j +si−t)2)hi,j(xn)λn
j∑n

n=1
∑�

j=1 exp(− 1
c
(ri,j(xn,yn)+αhi,j(xn)λn

j
+si−t)2)

where ri,j(xn, yn), hi,j(xn) and si are constants in this context.
Given the boundary conditions t = 0, α = 0 solve the set of equations to find
ti = t∗ > 0 and αi = α∗ such that either γ∗ ≤ ν or t∗ = si.

4. Margin update: ri+1,j(xn, yn) = ri,j(xn, yn) + αihi,j(xn)λn
j .

5. Update ‘remaining time’ si+1 = si − ti.

Until si+1 ≤ 0

Output Final hypotheses: pj(x) = erf
( ∑N

i=1 αihi,j(x)√
c

)
, j = 1, ..., �.

Fig. 3. A multi-class Brownboost algorithm based on [8]

5 The Experiments

We conducted a series of tests using the four data sets summarised in Table 1.
All of these data sets, with the exception of Credit were taken from the UCI
Machine Learning Repository [1] and are available online.
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Table 1. Summary table for the data sets used in experiments

Data Class
Set Entries Attributes Classes Distribution

Wisconsin 699 9 2 241,458

Credit 500 – 2 –

KRKP 500 36 2 276,224

Wine 178 13 3 59,71,48

Balance 625 4 3 288,49,288

The Credit data set is a credit scoring data set of the type commonly found
in commercial banking. Details of these data have been omitted from Table 1
for commercial reasons.

Wisconsin is the well-known diagnostic data set for breast cancer compiled
by Dr William H. Wolberg, University of Wisconsin Hospitals [15].

King-Rook vs King-Pawn (KRKP) is a two-class data set based on chess
endgames.

The Wine data, based on a chemical analysis of Italian wines, and Balance
data, which records the results of a psychological experiment, are three-class data
sets which have been included to test the multi-class versions of the algorithms.

In order to ensure algorithmic convergence in the time available, the Credit
and KRKP data sets were each curtailed to 500 examples. Indicator variables
were substituted for categorical variables where these occurred (see [12], Section
9.7 for more details).

We constructed a noisy version of each data set by assigning a randomly
chosen, incorrect class label to 20% of training examples.

We implemented Adaboost, Logitboost and Brownboost in Matlab, using a
purpose–written binary stump algorithm as our base learner.

Each experiment consisted of 100 trials. At each trial, one third of the data
examples were selected at random and set aside as a test set. The remaining two
thirds of examples were used to train the algorithm. We recorded the final error
rates of the output hypothesis on both the training and test data.

We trained Adaboost and Logitboost on the original data to give us a bench-
mark for our comparison (recall that Adaboost is equivalent to Brownboost when
the final training error is set to 0).

We then trained all three algorithms on the noisy data.
In all trials Adaboost was allowed to run until its training error matched the

expected training error rate of that data set, or for a maximum of 100 iterations.
We used the one-against-all approach, so our coding matrix was the k×k matrix
whose diagonal entries are all 1, with all other entries -1.

Logitboost was also allowed to run until its training error matched the ex-
pected error rate, or up to a maximum of 100 iterations. We avoided numerical
instabilities in this algorithm using the prescriptions in [11].
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Table 2. Error rates for Adaboost and Logitboost on the unmodified data sets, 95%
confidence intervals, 0% artificial class noise

0% Artificial Class Noise

Adaboost Logitboost

Data Set Training Error Test Error Training Error Test Error

Wisconsin 0.034 ± 0.002 0.048 ± 0.003 0.020 ± 0.001 0.040 ± 0.002

Credit 0.078 ± 0.002 0.105 ± 0.005 0.084 ± 0.002 0.085 ± 0.003

KRKP 0.030 ± 0.002 0.051 ± 0.003 0.039 ± 0.002 0.049 ± 0.003

Wine 0.000 ± 0.000 0.039 ± 0.005 0.000 ± 0.000 0.053 ± 0.006

Balance 0.076 ± 0.002 0.185 ± 0.005 0.089 ± 0.002 0.106 ± 0.004

Table 3. Error rates for Adaboost, Logitboost and Brownboost on the data sets with
20% artificial class noise, 95% confidence intervals

20% Artificial Class Noise

Adaboost Logitboost Brownboost

Data Set Training Error Test Error Training Error Test Error Training Error Test Error

Wisconsin 0.216 ± 0.003 0.238 ± 0.005 0.206 ± 0.002 0.231 ± 0.004 0.188 ± 0.001 0.230 ± 0.004

Credit 0.239 ± 0.003 0.316 ± 0.010 0.241 ± 0.002 0.259 ± 0.006 0.177 ± 0.002 0.289 ± 0.005

KRKP 0.216 ± 0.004 0.269 ± 0.005 0.212 ± 0.003 0.240 ± 0.007 0.182 ± 0.001 0.243 ± 0.004

Wine 0.186 ± 0.002 0.279 ± 0.011 0.189 ± 0.001 0.255 ± 0.010 0.165 ± 0.003 0.248 ± 0.010

Balance 0.214 ± 0.003 0.337 ± 0.006 0.204 ± 0.002 0.235 ± 0.006 0.158 ± 0.002 0.280 ± 0.006

For Brownboost, we calculated the appropriate values for c using equation
4.1.

The training and test loss and error rates for each trial are recorded for a
95% confidence interval in Tables 2 and 3.

6 Discussion of Results and Conclusions

It appears that Logitboost was able to outperform Adaboost in terms of test
error rate on all the unmodified data sets, despite achieving a higher training
error rate on three of the five (and the same training error rate of zero on the
wine data set, which is much smaller than the others). We speculate that since in
implementation Logitboost imposes an upper limit on the magnitude of weight
updates, since large updates can lead to numerical instabilities, it may be more
resistant to overfitting. This is similar to the thinking behind the Madaboost
(Modified Adaboost) algorithm of Domingo and Watanabe [6].

Broadly speaking, our results bear out claims that Adaboost is especially
susceptible to class noise, while providing strong evidence that Brownboost is
particularly robust in such situations. We were very surprised that Logitboost
compares so favourably with Brownboost, clearly outperforming it on the credit
and balance data sets, and appearing to do so on the KRKP data set (although
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the confidence intervals here overlap, as with the Wisconsin data). This may sim-
ply be due to the fact that Logitboost always terminated with a higher training
error than Brownboost (since training loss does not quite equate to training er-
ror, Brownboost tends to overshoot the target error rate of 0.2). But it may be
that Logitboost is itself especially robust to this kind of noise.

It is immediately evident from the test error rates in Tables 2 and 3 that
the introduction of class noise to real data seriously impairs the generalisation
performance of Adaboost. This would appear to tally with the observations made
by Dietterich in [5].

When implementing Brownboost, we were able to calculate the value of c
directly given our prior knowledge. Of course, in a real situation we would be
very unlikely to know the level of class noise in advance. It remains to be seen
how difficult it would prove to estimate c in practice.
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Abstract. Multi Net Systems have become very popular during the last
decade. A great variety of techniques have been proposed: many of them
resulting in excellent performance in recognition tasks. In this paper, we
will show that focusing on the hardest patterns plays a crucial role in
Adaboost, one of the most widely used multi net systems. To do this, we
use a novel technique to illustrate how Adaboost effectively focuses its
training in the regions near the decision border. Then we propose a new
method for training multi net systems that shares this property with
Adaboost. Both schemes are shown, when tested on three benchmark
datasets, to outperform single nets and an ensemble system in which
the training sets are held constant, and the component members differ
only as a result of randomness introduced during training. Their better
performance supports the notion of the beneficial effects that can result
from an increasing focus on hard patterns.

1 Introduction

During the last decade there has been an increasing interest in combining Arti-
ficial Neural Networks. As discussed in [1], the theoretical advantages of multi
net systems are numerous: high performance, fast training, improved under-
standability and easier design, among others. A number of different methods for
combining neural nets have been proposed; methods which explore different is-
sues such as specializing the base networks on certain regions of the input space
(the divide-and-conquer approach) or using committees of redundant nets all
of which offer a different solution to the same task. Closely related to this, is
the issue of selecting the best network to use depending on the input pattern
or, alternatively, fusing the outputs of all the component nets. Among all the
approaches that have been proposed in the literature, in this paper we will pay
attention to those fusing the outputs of all the classifiers forming the multi net
system, and, in particular, to Adaboost [2].
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The idea of boosting classifiers was first proposed by Schapire [3], as a way to
improve the performance of any “weak” learning algorithm that obtains solutions
which are simply better than a random guess. A more convenient algorithm for
boosting classifiers, Adaboost.M1, was proposed in [2] and then improved in [4]
(RealAdaboost). Adaboost works by refining the border of classification each
time a base learner is added to the scheme, increasing the importance of the
patterns that are hardest to classify.

To explain the good performance of Adaboost, the authors of the method
originally proved that a bound on the training error is reduced as the number
of nets in the Adaboost scheme grows. The fact that Adaboost concentrates on
the hardest to classify patterns also seems to be very important, as Breimann
[1] points out. Breimann [1] presents an alternative method (Arc-x4), that also
focuses on the hardest patterns, and whose performance is similar to that of
Adaboost. Later studies [5], [6] explained Adaboost’s good performance in terms
of its aggressive reduction of the margin of classification.

In this paper we will present a further investigation of the relevance of fo-
cusing on the hardest patterns for an explanation of the good performance of
Adaboost. Towards this objective, we will first use a novel method to illustrate
how Adaboost’s reweighting scheme effectively serves to increase the importance
of the patterns near the border of classification. Then, we will propose a new
training scheme for multi net classifiers (based on Wald’s Sequential Test [7])
which sequentially removes the easiest patterns from the training dataset, and
so, also focuses on the difficult regions. We will show that it is possible to fuse the
outputs of these base learners in an Adaboost manner obtaining performances
similar to those of RealAdaboost. We will also show the superior performance
of both systems in comparison to a third multi net approach that does not con-
centrate on the hard patterns. In addition, some advantages that the sequential
scheme has over Adaboost will be identified and discussed. Finally, we will ex-
tend the idea of sequentially removing patterns to speed up the classification
phase of the multi net systems that are considered in the paper.

The rest of the paper is organized as follows: the next Section reviews the
RealAdaboost algorithm and includes some graphics showing how it focuses on
the difficult instances. Then Section 3 introduces our sequential training algo-
rithm. An extension of these ideas is presented in Section 4 with the objective of
speeding up the classification phase. Section 5 is devoted to some experiments
to compare the effectiveness of RealAdaboost, the Sequential scheme, and a sim-
pler multinet system that does not vary the training set. Finally we present some
conclusions, and outline plans for future work.

2 Boosting Classifiers: RealAdaboost (RA)

RealAdaboost (RA in the following) is a boosting algorithm which is able to
improve the performance of a set of base learners with outputs in the real domain.
We will use the implementantion described in [4].
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To build up the RA classifier, it is necessary to train T base learners, each
one implementing a function ot(x) : X → [−1, 1] for t = 1, . . . , T . In order to
introduce diversity, we train the classifiers to minimize different error functions:

E2
t =

l∑
i=1

Dt(i) (ti − ot(xi))
2 (1)

where l is the size of the training dataset, ti ∈ {−1, 1} is the target for pattern
xi, and Dt(i) is a weight associated to the i-th pattern and the t-th classifier. In
this way, diversity is introduced by giving different weights to the patterns for
each base classifier.

All weights are initialized to the same value (D1(i) = 1/l, ∀i = 1, . . . , l, so∑l
i=1 D1(i) = 1), and the first base learner is trained. Then, at each round, RA

increases the weights of patterns having a higher error in the last classifier:

Dt+1(i) = (Dt(i) exp(−αtyiot(xi))) /Zt (2)

where Zt is a normalization factor that assures that
∑l

i=1 Dt+1(i) = 1, and αt

is the weight RA gives to the t-th classifier

αt =
1
2

ln
(

1 + rt

1 − rt

)
(3)

where

rt =
l∑

i=1

Dt(i)yiot(xi) . (4)

Once all the classifiers have been set up, the overall output of the combined
scheme is calculated as

y(x) = sign(o(x)) = sign

(
T∑

t=1

αtot(x)

)
. (5)

To illustrate how RA effectively focuses on the hardest to classify patterns,
we have depicted in Fig. 1 an example of the partitioning of the input space
carried out for the kwok dataset (details about this problem and the base learner
and settings used are given in Section 5). As RA does not make an explicit
partitioning, we have developed a new method for showing its increasing focus
on difficult patterns: for each round we place in a set Xh the patterns with the
highest weights, so their sum is as close as possible (but higher) to 0.75. Then
we color with dark grey the points in the input space where the nearest training
pattern belongs to Xh. Therefore, we can say that the dark grey region has at
least 0.75 influence in the error function used to train the corresponding base
classifier. We have also depicted the border achieved by the RA classifier (up to
each round) with a black line, while the border of the individual classifiers are
depicted using white lines.
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Fig. 1. Example of the implicit partitioning of the input space carried out by Real-
Adaboost as the number of rounds increases. The dark region in each figure has an
influence of at least 75% in the error function corresponding to each round. The light
and dark dots are examples of the two classes that need to be separated. We have also
depicted in the figures the decision border of each individual learner (white line) and
that of the whole RA classifier up to each round (black line).

When examining the diagrams, it is apparent that the dark grey region (that
with a higher influence on the error function) progressively shrinks as the rounds
progress, correctly identifying the most difficult patterns. Notice that individual
classifiers usually achieve poor borders, offering bad performances if used alone.
However, RA fuses their outputs so the overall border is refined on each step.

3 Removing “Easy” Training Patterns:
Sequential Training (ST)

We propose in this section a new method for assembling neural nets, sharing
with Adaboost the property of focusing on the hard patterns. We will use this
method, that we call Sequential Training (ST), to validate the importance of this
characteristic for the good functioning of Adaboost. In this approach, the base
learners are trained sequentially (see Fig. 2), and some thresholds (η+

1 , η−
1 , . . .

in the figure) are used to decide whether a training pattern should be passed
to the following network (if the current network output is between its positive
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Fig. 2. Sequential Training of Classifiers.

and negative thresholds) or not; this implies that each classifier is trained with
a subset of the training dataset used by the previous classifier in the chain.

To be more precise, let us denote each classifier in the chain by Ct, with
t = 1, . . . , T , T being the number of classifiers. Let ot(x) be the output of the
t-th base learner. Then the training of the scheme is as follows: the first learner
is trained with the whole training dataset D1 = {(x1, t1), . . . , (xl, tl)}, and its
thresholds are selected. The training dataset for the second classifier is then:

D2 = {(xi, ti) : η−
1 ≤ o1(xi) ≤ η+

1 } .

We iterate the process, so the training set for the (k + 1)-th classifier (k < T ) is

Dk+1 = {(xi, ti) : (xi, ti) ∈ Dk and η−
k ≤ ok(xi) ≤ η+

k } .

In order to get a good performance from this combined scheme, the selection
of thresholds plays a crucial role. Our aim is that the training datasets are
increasingly restricted to the hardest patterns, so thresholds must be fixed to
remove the easiest patterns. To do this, we could set the thresholds to the highest
and lowest possible values guaranteeing that no misclassified training pattern is
removed, i.e., we could set the positive and negative thresholds to A+

t and A−
t :

A+
t = max{ot(xi) : ot(xi) > 0 and ti = −1}

A−
t = min{ot(xi) : ot(xi) < 0 and ti = +1} . (6)

In order to relax this condition, we will finally use

η+
t = A+

t + (1 − A+
t )Dt ; η−

t = A−
t − (1 + A−

t )Dt

Dt being a factor that linearly decreases from vi to vf for the different rounds.
Thus, assuming that the outputs of the base learners are in the range [−1, 1],
Dt = 1 (η+

t = 1 and η−
t = −1) means that no training pattern is removed from

the dataset. On the other hand, if Dt = 0 (η+
t = A+

t and η−
t = A−

t ) we just
guarantee that we never delete a misclassified training pattern. We will generally
use vi > vf , so we are more conservative for the first learners.

As for RealAdaboost, we show in Fig. 3 that the ST scheme also focuses
on the hardest patterns for an example using the kwok dataset. We show on
each diagram the region used to train each classifier in the scheme (dark grey).
Again, it can be seen that this region progressively shrinks and is restricted to
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Fig. 3. Example of the partitioning of the input space carried out by ST as the number
of rounds increases. The dark region is the region used to train each classifier. The light
and dark dots represent patterns from the two classes that need to be separated. We
have also depicted the borders achieved by each individual learner (black line) and the
contours where the networks achieve the positive and negative thresholds (white lines).

the area near the frontier as the rounds progress. Comparing these illustrations
to those in Fig. 1, we see that, with the settings we have used, the focus on
hard patterns is less aggressive for the ST scheme, especially during the first
rounds. This makes sense, as we have specified that a misclassified pattern can
never be removed from the training dataset. This way, patterns lying in a region
where the opposite class is clearly more likely, will make the selection of good
thresholds difficult. We also observe that the decision borders obtained by the
ST base learners seem to be better than those in Fig. 1. We will give numerical
evidence for this in the experiments section.

Once all the base classifiers have been set up, we fuse their outputs using
RealAdaboost scheme (so, we call the whole classifier ST-RA): to calculate the
weights of each base classifier in the fusion, we simply run the RA algorithm
using our base learners instead of training new ones.

In Section 5 we will use ST-RA to validate the importance of focusing on
the hardest patterns for the good functioning of RA. Apart from this objective
(which is the main topic of the paper), we want to point out that, as the training
dataset sizes are reduced during the training, the setting up of ST-RA is faster
than that of RA. In addition to this, the fact that base classifiers in the ST-RA
net are more powerful than those in the RA scheme, opens the door to interesting
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approaches combining the fusion of all nets with the selection of the best one
(or even the fusion of the best ones) depending on the patterns to be classified.
This issue, however, goes beyond the scope of this paper.

4 Fast Classification (FC) Using Thresholds

As we have explained in the two previous sections, both RA and ST-RA schemes
work by progressively refining the border of classification as the number of rounds
increases. This way, it would be possible to correctly classify most of the patterns
by fusing just the first or some of the first classifiers, while using the complete
scheme only for the most difficult patterns.

In this section we propose to accelerate the classification process (both for the
RA and ST-RA classifiers) by using thresholds in a way similar to that used for
the sequential training. To do so, let us first denote with ht(x) the overall output
given by a multi net system up to the t-th classifier. Then, to fix the thresholds,
we will use the same procedure that was described for the sequential training,
but considering only those training patterns that could be correctly classified at
any step of the classification process, i.e., we will only consider patterns in the
following subset of the training dataset:

Dc = {(xi, ti) : sign(ht(xi)) = ti for any t = 1, . . . , T} .

Once the thresholds are fixed, the classification process for pattern x stops
as soon as ht(x) is above or below the corresponding positive and negative
thresholds. We will show in the next section that this simple procedure can be
used to save a lot of computation during the classification phase.

5 Experiments

In this section, we present numerical results supporting the ideas discussed ear-
lier in the paper. In order to illustrate that focusing on the hardest patterns
plays a crucial role in the good performance of RA classifiers, we compare the
performances of 4 different classifiers on three benchmark datasets. Let us begin
with a description of the classifiers used:

– Radial Basis Function Networks (RBFN) are the base learners that will
be used by the multi net systems. Our implementation of RBFN initially
selects at random 10% of the training data as centroids. We use Gaussian
kernels as the basis function, and the sigma parameters are obtained by
assigning each training pattern to its closest centroid and then computing
the average distance of all patterns in a cluster to its centroid. This quantity
is finally multiplied by a factor K. We use an hyperbolic tangent function to
activate the output of the network. For training the weights in the output
layer, we have used an stochastic gradient descent algorithm (wi(k + 1) =
wi(k) − µ

2
∂e2

∂wi
) with learning step µ = 0.1. 50 cycles through the training

patterns have been shown to be enough for the networks to converge.
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Table 1. Average Test errors and their standard deviations (inside brackets) obtained
by RBFN, RA-RBFN, ST-RBFN and 10-RBFN classifiers.

RBFN RA-RBFN ST-RBFN 10-RBFN
kwok 12.65 (0.34) 12.03 (0.23) 12.05 (0.18) 12.2 (0.19)

abalone 20.63 (0.38) 20.31 (0.35) 20.26 (0.39) 20.34 (0.31)
pima 24.64 (1) 22.97 (0.43) 23.31 (0.75) 23.78 (0.67)

– RA-RBFN is the RealAdaboost algorithm with RBFN as the base learner,
setting the number of rounds to T = 10.

– ST-RBFN is the ST-RA algorithm having RBFN as the base learner. The
settings for this net are vi = 0.97, vf = 0 and T = 10.

– 10-RBFN consists of 10 independent RBFN networks trained with the same
dataset (note that, due to the randomness which is present in training, these
networks will be different), fusing their outputs using the scheme inherent
to RealAdaboost. This algorithm has been introduced in order to enable a
comparison to other multi net system that does not pay special attention to
the most difficult patterns.

Three binary problems will be used to test the different classifiers. Kwok is a
2 dimensional synthetic problem that was introduced in [8] and consists of 500
training and 10200 test patterns, 60% belonging to class +1 and 40% to class
-1. Abalone is a multiclass problem from [9] that has been converted to binary
according to [10]. Abalone has 8 dimensions and 2507 (1238/1269) training and
1670 (843/827) test patterns. Finally, pima is Pima Indian Diabetes from [9], a
problem with a high amount of outliers. It is a 8 dimensional problem with 576
(375/201) training and 192 (125/67) test patterns.

Previous to their use, all training datasets were normalized to have zero mean
and unit variance, with the same scaling being applied to the test data. In order
to select the most appropriate parameter K for each problem and method, a
5-fold cross-validation procedure exploring values in range [1, 5] was used.

Table 1 reports test errors for all methods and problems averaged over 50
runs. It can immediatly be seen that, as one would expect, all ensemble systems
reduce the test error achieved by the weak learner (RBFN) alone. It is also
interesting to notice that the standard deviations of the ensemble systems are
generally lower, so we can conclude that the use of a combination of nets has
improved the stability of the networks.

Restricting our analysis to the multi net systems, we notice that both RA-
RBFN and ST-RBFN have achieved lower error rates than 10-RBFN for kwok
and pima and are tied for abalone. This clearly indicates that focusing on the
difficult patterns has had a positive effect in terms of test error. RA-RBFN and
ST-RBFN are generally tied except for pima dataset. We think that the main
reason for the better performance of RA-RBFN in pima is that our scheme
for threshold selection is quite conservative, especially for this problem which
is known to have a large number of outliers (the implementation of sequential
training guarantees that no misclassified pattern is removed from the training
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Table 2. Average size of the training datasets (#tr) and average test errors for the
individual classifiers of the best RA-RBFN and ST-RBFN schemes (according to vali-
dation criterion).

RA-RBFN ST-RBFN
error #tr error #tr

kwok 26.74 400 14.53 281.61
abalone 36.31 2005.6 20.79 1965.6
pima 34.63 460.8 24.81 413.18

dataset). Besides, Sequential Training can be considered to be a “hard” version
of RealAdaboost, in the sense that it gives the same weight to all patterns used
for the training of the base networks.

In any case, we argue that the results in Table 1 demonstrate that concen-
trating on the hardest patterns has beneficial effects, and is at least partially
responsible for the good performances that have been reported in the literature
concerning Adaboost. The Sequential Training method provides a different way
of increasingly focusing on the hardest patterns in a classification task, and re-
sults in a similar improvement in performance than that achieved by Adaboost.

In Table 2 we have reported the average size of the training datasets used to
train the base learners that compose both the RA-RBFN and ST-RBFN schemes.
These results have been averaged over the 50 runs, over the 5 folds, and over
the 10 learners forming the ensemble network. The lower figures from ST-RBFN
mean that the training of base learners is faster in this case. Besides, as we
always use 10% of training patterns as centroids, the lower number of centroids
in the networks will also result in a computationally easier classification phase.

We also give in Table 2 the average test errors for the individual learners
of RA-RBFN and ST-RBFN. As we have already pointed out, the better per-
formance of the base learners in ST-RBFN could open the door to interesting
approaches combining fusion and selection of base classifiers.

Finally, we have used the fast classification (FC) procedure both for the RA-
RBFN and ST-RBFN schemes. Note that for the selection of the thresholds we
have used both the training and validation data in each fold, but never the test
dataset. In Table 3 we give average errors for the three datasets in this case,
and the average number of classifiers (T ) that are used for the classification of
a pattern when setting vi = 0.2 and vf = 0. When comparing these results with
those in Table 1, we notice that the computational load is generally reduced by
more than 60 % at no cost in terms of recognition error.

6 Conclusions

In this paper, we have studied the reasons for the good performance of one of the
most widely used multi net systems: Adaboost. We have illustrated, by using a
novel method, how Adaboost focuses its training in the regions near the decision
border. Then we have investigated the importance of this property by proposing,
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Table 3. Average Test errors and average number of classifiers used during the classi-
fication phase with the FC strategy. Standard deviations are given inside brackets.

RA-RBFN ST-RBFN
error T error T

kwok 12 (0.21) 1.83 (0.19) 12.05 (0.18) 1.48 (0.2)
abalone 20.31 (0.35) 2.77 (0.44) 20.26 (0.39) 2.04 (0.5)
pima 22.97 (0.42) 3.4 (0.37) 23.31 (0.75) 2.59 (0.44)

and testing a new method for training multi net systems that also focuses on
the hard patterns. The new sequential scheme results in similar performance to
that of Adaboost: a demonstration that reinforces, by different means, Breiman’s
remarks in [1] about the role of Adaboost’s increasing focus on difficult patterns.

The sequential scheme can also be seen to offer some advantages over Ad-
aboost. It uses smaller training sets, reducing training times, and relies on an
easier classification phase (using a lower number of centroids). The component
nets in the scheme also show better individual classification performance. The
ideas of sequential classification have also been useful to speed up the classi-
fication phase. Further research on the sequential scheme is planned. We are
currently working on new methods for threshold selection. And, as a next step,
we will use the sequential scheme as the basis for the development of architec-
tures that are able to switch between selection and fusion, taking advantage of
the good performances of the base learners.
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Abstract. In the pattern recognition literature, Huang and Suen introduced the 
“multinomial” rule for fusion of multiple classifiers under the name of Behavior 
Knowledge Space (BKS) method [1]. This classifier fusion method can provide 
very good performances if large and representative data sets are available. Oth-
erwise over fitting is likely to occur, and the generalization error quickly in-
creases. In spite of this crucial small sample size problem, analytical models of 
BKS generalization error are currently not available. In this paper, the generali-
zation error of BKS method is analysed, and a simple analytical model that re-
lates error to sample size is proposed. In addition, a strategy for improving per-
formances by using linear classifiers in “ambiguous” cells of BKS table is 
described. Preliminary experiments on synthetic and real data sets are reported. 

1 Introduction 

Methods for fusing multiple classifiers can be subdivided according to the types of 
outputs that can be produced by the individual classifiers: abstract level or single class 
output, ranked list of classes, and measurement level outputs [2]. Among the methods 
that work with abstract-level outputs, the Behavior Knowledge Space (BKS) method 
became very popular [1]. In the BKS method, every possible combination of abstract-
level classifiers outputs is regarded as a cell in a look-up table. The BKS table is de-
signed by a training set. Each cell contains the samples of the training set character-
ized by a particular value of class labels. The training samples in each cell are subdi-
vided per class, and the most representative class label (“majority” class) is selected 
for each cell. For each unknown test pattern, the classification is performed according 
to the class label of the BKS cell indexed by the classifiers outputs. From a statistical 
viewpoint, BKS method tries to estimate high order distribution of classifiers outputs 
from the frequencies of occurrence in the training set. Further details on BKS method 
are given in Section 2.1. Differently from other popular fusion methods, BKS does 
not require any model of classifiers’ dependency; in particular, it does not assume 
conditional independence. On the other hand, some BKS drawbacks are well known. 
Among the others: 
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• BKS suffers the small sample size problem. Large and representative data sets are 
required to estimate high order distribution of classifiers outputs. Otherwise over-
fitting is likely to occur, and the generalization error quickly increases; 

• BKS produces high error for cells characterized by a low probability of the most 
representative class. (Hereafter, we’ll use the adjective “ambiguous” for denoting 
this type of cells). This is an intrinsic limitation of BKS fusion method. 

Some authors proposed techniques for dealing with BKS small sample size problem 
and limiting error. Reject option is basically used to limit error due to ambiguous cells 
[1]. Roli et al. showed that increasing the training set size by k-nn noise injection can 
reduce small sample size problem [4]. Kang and Lee proposed to approximate a high 
order distribution with a product of low order distributions [7,8]. It is worth noting 
that, in spite of BKS crucial small sample size problem, analytical models of BKS 
generalization error are currently not available. 

In this paper, the generalization error of BKS method is analysed and a simple ana-
lytical model that relates error to sample size in a single cell is proposed (Section 2). 
In addition, a strategy for improving performances by using linear classifiers in “am-
biguous” cells of BKS table is described (Section 3). Preliminary experiments on 
synthetic and real data sets are reported (Section 3). 

2 Analysis of BKS Generalization Error 

2.1 The BKS Fusion Method 

Let us consider a classification task for K data classes ω1,.., ωK. Each class is assumed 
to represent a set of specific patterns, each pattern being characterised by a feature 
vector X. Let us also assume that L different classifiers, ej, j = 1,..,L, have been trained 
separately to solve the classification task at hand. Let ej(X) ∈ {1,.., K} indicate the 
class label assigned to pattern X by classifier ej . In the BKS method, only class labels 
are considered (i.e., it is a fusion method for abstract-level classifiers [2]). To simplify 
the notation, we replace ej(X) with ej. For each pattern, X, the discrete-valued vector 
E=(e1, e2….eL)T of classifiers’ outputs  can be computed. The number of possible 

combinations of L classifiers outputs is m=K
L
. Therefore, the vector E can take one of 

these m values. In the BKS method proposed by Huang and Suen [1], every possible 
combination of L class labels is regarded as a cell in a look-up table (BKS table). The 
BKS table is designed by a training set. Each cell contains the samples of the training 
set characterized by the particular value of E. The training samples in each cell are 
subdivided per class, and the most representative class label is selected for each cell. 
For each unknown test pattern, the classification is performed according to the class 
label of the BKS cell indexed by E=(e1, e2…. EL)T. Obviously, reject option is used 
for test patterns that fall in empty cells. A threshold on the probability of the most 
representative class is also used to control the reliability of the decision made in each 
cell. Basically, the Chow’s rule is used to reject patterns of BKS cells with a probabil-
ity of the most representative class lower than a given threshold (“ambiguous” 
cells) [5]. 
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For the purposes of this work, let us introduce the following probabilistic view on 
BKS method. As previously pointed out, each vector E=(e1, e2…. eL)T can take one of 

m possible “states” s1, s2, ... , sm-1, sm, m=K
L
.  It is worth noting that, in statistical data 

analysis, it is supposed that values s1,…., sm follow the Multinomial distribution.  

The conditional distribution of the i-th class vector E is characterized by m probabili-
ties: 

P1
( )i , P2

( )i , ... , Pm
i
-1

( ) , Pm
i( ) , with ∑

=

m

j

i
jP

1

)( = 1, (i =1, ... , K).    
(1) 

To simplify the notation, we are indicating with the term P j
( )i  the conditional prob-

ability pj(X/ωi), that is, the conditional distribution of the i-th class vector E for pat-
terns falling in the state (BKS cell)  sj.  

Let Pi be the prior probability of the class ωi. According to Bayes rule, patterns fal-

ling into the state sj (j=1,…,m) are assigned to the class that maximizes Pi P j
( )i (i 

=1,...., K). This points out that design of BKS rule needs the knowledge of Kx(m-1) 
probabilities. If such probabilities are exactly known, this is the optimal fusion rule 
for abstract-level classifiers. In practice, the Kx(m-1) probabilities are unknown and 
must be estimated from the data. One can use the maximum likelihood estimates 
(sample frequencies): 

)(ˆ i
jP = )(i

jn / Ni 
(2) 

where Ni is the number of training vectors belonging to the i-th pattern class, and )(i
jn  

is the number of vectors falling into the state  sj . If iP̂ = Ni ∑
=

L

i
iN

1
/ and estimate of 

prior probability Pi  is proportional to Ni, we have the sample-based multinomial 

classifier, that Huang and Suen named BKS method [1]. It is worth remarking that 
BKS method coincides with the multinomial statistical classifier, that is the optimal 
statistical decision rule for discrete-valued feature vectors [9]. BKS should be there-
fore regarded as the application of the multinomial rule to fusion of abstract-level 
classifiers. 

If the values of L and K are large, we have a great number of probabilities to be es-
timated. To design a good fusion rule, a sufficient number of training vectors should 
be available to estimate the probabilities in BKS cells. If the size of the data set is not 
sufficient, the BKS method becomes unreliable. An important issue is therefore to 
evaluate the size of data set that is necessary for reliable probability estimates. How-
ever, to the best of our knowledge, no model was proposed to analyse the generaliza-
tion error of BKS method as function of sample size. Analysis of BKS generalization 
error could, first of all, contribute to improve the understanding of this popular fusion 
rule. In addition, guidelines on the number of samples necessary to limit BKS gener-
alization error could be obtained. In the following section, a simple analytical model 
that relates BKS error to sample size is proposed for a two-class case, and some im-
plications for BKS table design are discussed. 
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Finally, it is worth noting that, in small sample cases, small number of classifiers 
should be preferred. However, if the number of classifiers is small, the cells can be-
come “large” and contain vectors of different classes, that is, ambiguous cells can 
exist. As pointed out in Section 1, BKS method does not work well for ambiguous 
cells. In Section 3, we propose a strategy for addressing this limitation of BKS 
method. 

2.2 Analysis of Generalization Error in BKS Cells 

Consider a two-class problem and N validation patterns belonging to such classes (N= 
N1 + N2). Let N1 and N2 be random variables whose distribution depends on class prior 

probabilities P1 and P2. Prior probabilities are estimated by ˆ
iP = Ni/N. Consider the 

probability of misclassification for patterns falling into the j-th BKS cell (j =1,…, m). 
If the maximum likelihood estimates (equation 2) are used, the local generalization 

error ( )BKS
errP j in the j-th BKS cell can be written as: 

 

  ( )BKS
errP j  = Prob{ (1)

1
ˆ ˆ

jP P < (2)
2
ˆ ˆ

jP P |P1, (1)
jP , 

(2)
jP } P1

(1)
jP + 

Prob{ (1)
1
ˆ ˆ

jP P >P2
(2)

2
ˆ ˆ

jP P |P1, (1)
jP , (2)

jP } P2
(2)
jP + Prob{ (1)

1
ˆ ˆ

jP P = (2)
2
ˆ ˆ

jP P | P1, 

, (1)
jP , 

(2)
jP }  (P1

(1)
jP + P2

(2)
jP )/2  

(3) 

 

Let us remark that we are assuming that an independent validation set is used to esti-
mate probabilities, that is, the N validation patterns do not belong to the set used for 
training the L classifiers [3]. 

Random variables )(i
jn  can take values 0, 1, 2, 3,…, N (equation. 2).  According to 

definitions given above, sample-based estimates ( )ˆ ˆ i
i jP P = )(i

jn /N are multinomial ran-

dom variables with parameters (1)
jq = P1

(1)
jP , (2)

jq = P2
(1)
jP  ,  1- (1)

jq - (2)
jq , and N  (j 

=1, 2, … , m) . Accordingly, the conditional probabilities in equation 3 can be ex-
pressed as follow: 
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Therefore, we can write the following equations: 
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Substituting equations 5a, 5b, and 5c in equation 3, one obtain the expression that 
allows evaluating generalization error as function of number of validation patterns, 

and probabilities (1)
jq = P1

(1)
jP , (2)

jq = P2
(1)
jP  . Note that ( )i

jq is the probability that 

patterns of i-th class fall in BKS cell j. 
For the sake of brevity, let us analyze the derived expression of BKS cell generali-

zation error by means of Figure 1. Figure 1 plots the BKS generalization error in a 
cell as function of the number N of samples used for estimating probabilities, that is, 

for designing the BKS table. The three plots refers to three different values of (1)
jq = 

P1
(1)
jP and (2)

jq = P2
(1)
jP . Plot number 1:  (1)

jq =0.05,  (2)
jq =0.05. Plot number 2: 

(1)
jq =0.05,  (2)

jq =0.01. Plot number 3:   (1)
jq =0.02,  (2)

jq =0.01. 

 

Fig. 1. BKS generalization error probability in a cell as function of the number N of samples 

used for estimating cell conditional probabilities (1)

jq  and (2)

jq . 
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For plots “2” and “3”, generalization error decreases by increasing the number of 
samples, and converges to the minimum Bayes error, that is equal to 0.01. Note that 

(2)
jq =0.01 in the case of plots 2 and 3. BKS assigns all patterns in the cell to the most 

representative class; therefore, the Bayes error is equal to the probability of the minor-
ity class in the cell. The generalization error does not decrease in the case of plot 1 

because (1)
jq = (2)

jq . It is worth noting that the generalization error decreases quicker 

for the plot number 2 than for the plot number 3. The reason is that the probability of 

the most representative class is higher for the case of plot 2 ( (1)
jq =0.05 vs (1)

jq =0.02). 

On the other hand, the error is higher for small sample sizes in the case of the plot 
“2”. 

On the basis of this analysis of BKS generalization error, some preliminary com-
ments can be made: 

 

• Ambiguous cells, characterized by similar class probabilities, negatively affect 
BKS performances. In particular, our analysis points out that, for such cells, no 
benefit is obtained by increasing the sample size. Therefore, patterns falling in such 
cells should be rejected; 

• Increasing the sample size is more effective for cells characterized by a class with 
very high probability, as the error decreases more quickly; 

• On the other hand, error is higher for such cells in the small sample case. 
 

With regard to the design of BKS table, our analysis of generalization error suggests 
that a good table should be made up of cells characterized by a class with very high 
probability, so that increasing the sample size can give benefits. Design of such a 
table depends on the selection of classifiers, and it is a topic of further investigations. 

3 Improvement of BKS Accuracy Using Linear Classifiers   
in Ambiguous Cells 

As pointed out in Section 1, BKS method exhibits an intrinsic limitation for the so 
called ambiguous cells, that is, for cells characterized by a low probability of the most 
representative class. As BKS method assigns all the patterns of the cell to the majority 
class, patterns falling in ambiguous cells are usually rejected in order to limit gener-
alization error [1]. This can cause high reject rates if many ambiguous cells are pre-
sent. In principle, increasing the number of classifiers could reduce the number of 
ambiguous cells. Unfortunately, increasing the number L of classifiers makes more 
difficult the design of BKS table, as the number m of probabilities to be estimated 
increases exponentially (m=K

L
 ). It is worth noting that our analysis of BKS generali-

zation error further pointed out the need for alternative strategies to handle ambiguous 
cells (Section 2.2), as it showed that small benefits are obtained by increasing the 
sample size. Therefore, in the following, we propose an alternative strategy that al-
lows exploiting possible increases of sample size, and avoids increasing exponentially 
the number of probabilities. 
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First of all, let us indicate with { }j jX s∈  the set of patterns falling in BKS cell sj, 

j=1,…,m, m=K
L
. Without loosing of generality, we can assume that such set falls in a  

region of the original feature space that can be indicated by { }
1

jr

j ji
i

X R
=

∈� . Namely, 

the set of pattern falling in BKS cell sj belongs to the union of Rji regions in the origi-
nal feature space. Now, let us focus on ambiguous cells. For such cells, the majority 
decision rule of BKS method produces an intrinsic large error.  However, it is easy to 
see that patterns falling in ambiguous cells might be discriminated correctly in the 
original feature space, supposed that an appropriate discrimination function is used, 
and enough training patterns are available. Consider, for example, the case of a two-
class problem and an ambiguous cell sj*. with 49% of error (i.e., 49% of patterns be-
longs to the minority class). Assume that patterns of such cell belong to a single re-

gion *jR  (i.e., { }* *j jX R∈ ) in the original feature space, and they are linearly separa-

ble within *jR . In such case, a simple linear classifier could discriminate with zero 

error the patterns of this ambiguous cell, so overcoming the intrinsic limitation of 
BKS method for such cell. 

Therefore, we propose to discriminate patterns falling in ambiguous BKS cells by 
using additional “local” classifiers that work in the regions of the original feature 
space associated to such cells. The idea of refining BKS method by local analysis in 
the original feature space was originally proposed in [10]. In general, classifiers of 
appropriate complexity should be used. However, due to small sample size problems, 
we propose the use of linear classifiers. In particular, the use of single layer percep-
trons (SLPs) according to the approach proposed in [9]. In order to handle the small 
sample size problem, data are first moved into the centre of coordinates, and data 
whitening, normalization of variances are performed. Then, SLP learning can start 
from weights with zero value, and a variety of classifiers of different complexity can 
be obtained while training proceeds. Details on this approach can be found in Chapter 
5 of [9].  

It is easy to see that the use of SLPs, according to the approach proposed in Chap-
ter 5 of [9], can strongly reduce BKS error if patterns falling in ambiguous cells are 
almost linearly separable in the original feature space. This is more likely to happen 
for BKS cells whose patterns fall into a single compact region of the original feature 
space. For ambiguous cells whose patterns fall in a set of disjoint regions, the use of 
more complex classifiers should be investigated. 

Finally, it is worth noting that our analysis of BKS generalization error pointed out 
that, for ambiguous cells, small benefits are obtained by increasing the sample size. 
Differently, SLPs can obviously benefit from the increase of sample size. 

4 Experimental Results 

Our experiments were aimed to assess the performance improvement achievable by 
the technique proposed in the previous section. For the sake of brevity, we report only 
two experiments, with an artificial data set and a real data set of remote sensing im-
ages. 
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4.1 Experiments with the Artificial Data set 

The artificial data set was explicitly designed to assess the effectiveness of the pro-
posed technique to increase BKS accuracy for ambiguous cells. Therefore, this data 
set was designed to favour the presence of ambiguous cells. The data set is shown in 
Figure 2. It is made up of five “balls”, each ball containing patterns of two non-
linearly separable classes. The data set is thirty dimensional, but all the discriminatory 
information is concentrated in only two dimensions. Figure 2 shows a projection of 
test data on the two-dimensional informative feature space. For training, we used two 
thousand 30-dimensional vectors. In order to favour the presence of ambiguous cells, 
we subdivided training data in five clusters by k-means clustering algorithm (k=5). 
Then, five multiplayer perceptron (MLP) classifiers, with two hidden nodes, were 
separately trained on each cluster by the Levenberg-Marquardt algorithm in order to 
obtain an ensemble of five “specialised” classifiers that were likely to generate am-
biguous cells. (It is quite easy to see that classifiers trained on separate data sets are 
likely to generate ambiguous BKS cells on test data). To avoid over fitting of neural 
nets, we used an artificial validation set created by k-nn noise injection to control the 
training of MLPs [4, 11]. 

With L=5 classifiers and two classes, we have m=32 BKS cells. However, only 
eight cells were not empty and contained (224, 0), (179, 204), (5, 0), (196, 181), (1, 
0), (189, 202), (206, 216), (0, 197) training vectors of the two classes, respectively. 
The fusion of the five classifiers with standard BKS method gave 37.00% of error on 
test data. 

 

Fig. 2. Projection of test patterns of the artificial data set on the 2D informative feature space. 

Then, we focused on the four ambiguous cells pointed out with bold characters. For 
example, Figure 2 points out test patterns falling in the (206, 216) cell in green and 
red colour. According to our strategy (Section 3), four single layer perceptrons were 
trained with patterns of each ambiguous cell, and then applied to test data falling in 
such cells. This allowed reducing the error to 4.95% (4.95% vs. 37.00%), that is a 
strong improvement of performances. Such result points out well the effectiveness of 
the proposed technique to increase BKS accuracy when ambiguous cells exist. 

4.2 Experiments with the Remote Sensing Data Set 

This data set consists of remote-sensing optical images [6]. Each pattern is character-
ised by an 8-dimensional feature vector. The data set consists of 15878 patterns be-
longing to two classes. We subdivided the data set into training set (4384+3555 pat-
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terns) and test set (4242+3606 patterns). The training set was sampled in order to 
create five disjoint subsets, that were used to perform ten independent trials. Each 
training subset was subdivided in four clusters by k-means clustering algorithm (k=4). 
Clustering was performed in the two-dimensional space obtained by principal compo-
nent analysis. Four multiplayer perceptron (MLP) classifiers, with seven hidden 
nodes, were separately trained on each cluster by the Levenberg-Marquardt algorithm 
in order to obtain an ensemble of four specialized classifiers. The fusion of such four 
classifiers with standard BKS method provided 12.69% of error on test data. Then, six 
single layer perceptrons were trained with patterns of ambiguous cells, and applied to 
test data falling in such cells. We used single layer perceptrons only for ambiguous 
cells with a sufficient number of samples. This allowed reduce the error to 5.46% 
(5.46% vs. 12.69%). We did additional experiments using MLPs, with fifteen hidden 
units, trained on the entire training set (non specialised classifiers). In such case, the 
use of single layer perceptrons for ambiguous cells did not provide significant im-
provement, as such cells contained few patterns. Therefore, although definitive con-
clusions cannot be drawn on the basis of this limited set of experiments, the proposed 
technique seems to be effective for real data sets too, especially if ensembles made up 
of specialised classifiers are used. 

5 Conclusions 

The BKS method for fusing multiple classifiers was introduced in 1995 [1], and it is 
very popular in the pattern recognition literature. Reported experiments showed that it 
can provide good performances if large and representative data sets are available. 
Otherwise overfitting is likely to occur, and the generalization error quickly increases. 
In spite of this small sample size problem, analytical models of BKS generalization 
error are currently not available. BKS method also has an intrinsic limitation for the 
so called ambiguous cells, that is, for cells characterized by a low probability of the 
most representative class. So far the only strategy available to handle ambiguous cells 
is the reject option. In this paper, we proposed a simple analytical model that relates 
BKS generalization error to sample size for two-class cases. To the best of our knowl-
edge, this is the first attempt to model BKS generalization error. We also discussed 
some implications of our model for BKS table design. Although this is a preliminary 
work limited to two class cases, such implications point out the practical relevance 
that the study of BKS generalization error can have. We also proposed to discriminate 
patterns falling in ambiguous BKS cells by using additional linear classifiers that 
work in the regions of the original feature space associated to such cells. Reported 
experiments showed that our technique could strongly improve BKS performances, 
especially when ensembles made up of specialised classifiers are used. 
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Abstract. When the sample size is small, the optimistically biased outputs pro-
duced by expert classifiers create serious problems for the combiner rule de-
signer. To overcome these problems, we derive analytical expressions for bias 
reduction for situations when the standard Gaussian density-based quadratic 
classifiers serve as experts and the decisions of the base experts are aggregated 
by the behavior-space-knowledge (BKS) method. These reduction terms dimin-
ish the experts’ overconfidence and improve the multiple classification system’s 
generalization ability. The bias-reduction approach is compared with the stan-
dard BKS, majority voting and stacked generalization fusion rules on two real-
life datasets for which the different base expert aggregates comprise the multi-
ple classification system.  

Index Terms: multiple classification systems, fusion rule, BKS method, local 
classifiers, sample size, apparent error, complexity, stacked generalization. 

1 Introduction 

Multiple classifier systems (MCS) provide a useful approach for designing complex 
pattern recognition systems. In MCS, input pattern vectors are initially classified by 
several “simple” base (expert) classifiers. A combination rule aggregates the outputs 
of the experts and performs the ultimate classification. Dividing the decision-making 
procedure into two phases changes the training set size/complexity relations. A great 
deal of research in the pattern recognition community focused on combining rules [1- 
9]. Fixed combining rules (majority voting, sum, product, etc.) are based on quite 
strong assumptions, such as comparable performances of all members in the MCS, 
statistical independence between solutions of the experts, etc. [2, 3, 7].  

Combining of the experts’ outputs can be regarded as a problem of statistical pat-
tern recognition. The most popular techniques used in classifier fusion include: linear 
weighted voting, the naïve Bayes classifiers, the kernel function approach, potential 
functions, the behavior-knowledge-space method, decision trees and multilayer per-
ceptrons. Special approaches, such as bagging, boosting and arcing classifiers, mix-
ture of experts, stacked generalization have been suggested [1, 9-13]. It was demon-
strated that when the sample size is very small, simple, fixed, non-trainable rules 
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compete with or even outperform trainable ones [14, 15]. However, difficulties may 
arise in the finite sample size situation.  

Sample size effects can be divided into three types: a) the generalization errors of 
the expert classifiers increase due to imperfect training; b) the generalization error of 
the combining rule increases due to imperfect training; c) if the same training set is 
used to train both the experts and the combiner, the designer is misled, since she/he 
utilizes biased resubstitution error estimates of the quality of each single expert, i.e. 
each expert classifier is overconfident. 

The first effect necessitates using the simplest base classifiers. The second requires 
adapting the complexity of the fusion rule to the sample size: for small sample sizes, 
only simple fusion rules should be attempted. Complex combiners should only be 
employed for large sample sizes. The third effect compels the fusion rule designer to 
distrust the experts’ “self-evaluations”, if these expert classifiers are complex and the 
training set sizes are too small [3, 16, 17]. This paper deals with this last problem, not 
frequently considered in the literature.  

In [13], leave-one-out estimates were used to design the combiner. In [17], Euclid-
ean distance and standard linear Fisher classifiers were utilized as experts in a linearly 
weighted sum type of fusion. To improve the linear fusion rules, correction terms 
were derived to evaluate the experts’ boasting. These corrections helped to improve 
the accuracy of MCS, however, the gain in classification error reduction was not ap-
preciable. For the behaviour-space-knowledge (BKS) method and linear experts, such 
term was derived in [18].  Higher gain was demonstrated. 

The objective of the present paper is to investigate different approaches to the ag-
gregation of base classifiers (experts), extend the analysis of [18] for the case when 
non-linear classifiers are serving as experts and a nonlinear BKS rule is used for fu-
sion, and present experimental comparison with standard BKS, majority voting and 
stacked generalization fusion rules on two real-life datasets for which the different 
base expert aggregates comprise the multiple classification system. Theoretical cor-
rection terms prove that expert overconfidence is responsible for an significant in-
crease in the generalization error, and help elucidate consequences of expert boasting, 
allow to obtain a better understanding of the problem of combining classifiers, espe-
cially when the base classifiers are overtrained. It also gives a useful procedure for 
minimizing the undesired effects when this is the case. 

2 The BKS Combining Rule 

If the experts provide crisp outputs (class labels), then, as the sample size increases, 
the asymptotically optimal statistical decision rule is provided by the multinomial 
classifier [18 - 20] usually referred to by MCS proponents as the BKS method [21, 
22]. In the pattern recognition literature, the use of the BKS method as the fusion rule 
was found very promising, but seriously limited when the training dataset size was 
small [8, 22].  

First, we shall present a short description of the multinomial classifier, used here as 
the fusion method. More details can be found in [19]. For the MCS design problem, 
assume 2 pattern classes and L expert classifiers. Denote the decision made by the j-th 
expert by ej. Suppose ej can take one of the labels {0, 1}. Thus, for the design of the 
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fusion rule, we have a discrete-valued binary vector E = (e1, e2
, ... , eL)

T. The total 

number of possible combinations of L outputs (states) e1, e2
, ... , eL is m = 2

L
. Each 

vector E can assume only one state, sr, from the m possible ones, s1, s2, ... , sm-1, sm. In 

the statistical approach, it is assumed that the values s1... , sm follow a multinomial 
distribution. The conditional distribution of the i-th class vector E, taking one of m 
“states”, is characterized by m probabilities  

P1
( )i , P2

( )i , ... , Pm
i
-1

( ) , Pm
i( ) , with ( )

1

m i
r

r
P

=
∑ = 1, (i =1, 2).   

Let Pi be the prior probability of the i-th pattern class, πi. Then Bayes rule should 

allocate the vector E, falling into the r-th state, according to maximum of the products 

P1
(1)

rP , P2
(2)

rP , (1) 

To use the allocation rule, we have to know 2×(m-1) probabilities P1
( )1 , P2

( )1 , ... , 

P (2)
1m−  and the class priors P1, P2. If the fusion rule makes its prediction based only on 

the class labels e1, e2
, ... , eL supplied by the expert classifiers, and if all probabilities 

in Equation (1) are known, it is the optimal classifier. No other fusion rule can per-
form better.  It is worth noting that the multinomial classifier-based fusion rule will 
fail compared to an oracle, an ideal fusion rule. The oracle is a hypothetical rule. It 
makes correct classification if at least one expert is exact. It commits an error, how-
ever, if all experts classify the vector x incorrectly. In comparison with the multino-
mial fusion rule, the oracle utilizes additional information (the vector x).  

While solving real world problems, the 2×m probabilities P (1)
1 , P (1)

2 , ... , P (2)
m  are 

unknown. The standard method to estimate unknown state probabilities is the maxi-
mum likelihood (ML) method:  

( )ˆ i
rP = ( )i

rn / Ni, 
(2) 

where Ni is the a priori fixed number of training vectors from the i-th pattern class, 

and of those, ( )i
rn  is the  number of vectors falling into the  state sr.  

In this case, we have a sample-based multinomial classifier (i.e., the BKS method). 
If the training set is used twice, to train both, the experts and the combiner (the fusion 
rule), the ML estimates (2) become optimistically biased. Inaccurate estimates of the 
cells’ probabilities lead to an increase in the generalization error of MCS. In principle, 
an additional training set should to be used to design the fusion rule. Otherwise, spe-
cial supplementary procedures have to be applied. 

3 Fighting the Bias if Quadratic Classifiers Are Used as Experts 

Correction Term. When we train the expert classifiers and use the training set to 

evaluate the cells’ probabilities P1
( )1 , P2

( )1 , ... , P (2)
m , we deal with biased (apparent) 

error estimates. Is sample size is small and expert classifiers are complex, the bias can 
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be significant and may bluff the fusion rule designer. One of possibilities to overcome 
the experts’ the bias problem is to utilize leave one out method, another way is to 
derive bias correction terms analytically. For the standard linear classifier following 
bias correction term was used to correct the resubstitution error estimates [17 - 19] 

correctedˆ
RP  = Cˆ

RP  + ( C
genEP - Cˆ

REP ) (3) 

where C
genEP and Cˆ

REP denote expectations of conditional probability of misclassifica-

tion  and that of the resubstitution error estimate of classifier “C”: for Fisher classifier, 

“F”, C
genEP � Φ{ -½ δ̂ / T�� } and Cˆ

REP � Φ{ -½ δ̂ T�� }, T��  is a term responsi-

ble to inexact sample estimation of mean vector and covariance matrix of the sample 

based discriminant function, T�� �= (1+
N

n
2

2

δ
)(1+

nN

n

-2
), n is the input dimension-

ality (note that n can be different for each expert), and δ̂  is the sample estimate of  δ, 
the Mahalanobis distance (for introduction to statistical pattern recognition see e.g. 
[23, 24]).  

The parameter δ̂  can be evaluated from the resubstitution classification error es-

timate by interpolating the equation Fˆ
RP  = Φ{ -½ δ̂ T�� }. Our objective is to ex-

tend such approach to derive the correction term for quadratic discriminant function. 
In [25] (see also [26]), the generalization error of the standard quadratic classifier was 

expressed as Q
genEP � Φ{ -½ δ̂ 1/ T�� }, with  

T
∗
��  �

4 2

2 2 2 2

2 1 2 ( / 2)  ( ) 
1 1 1

4 ( 4)

n n n n n n

N n N N N n

 + δ + + δ +   + + + + +    − − δ δ − − δ    
 (4) 

where it was assumed N2= N 1= N. 
Like in Equation (3) for expectation of the resubstitution error estimate we will use 

Q
REP � Φ{ -½ δ̂ T�� }. To have the analytical bias correction term for the BKS 

fusion rule, we are assuming that the experts’ outputs ej (j = 1, ... , L) are independent 

binomial variables. The assumptions about independent solutions, Gaussian data 
seems very restrictive, however, simulation experiments show that even such rough 
approximation is useful. Following the independence assumption, the conditional 

probability )(i
rP  of the i-th class, in the r-th cell (0 < r = 1+e1+ 2e2+ 22e3 + ... + 2L-

1eL ≤ m) can be expressed as the product  

 ( )i
rP = 

1 1

1

( ) (1 ) ,j j

L
e e

ij ij
j

P P− −

=

−∏  
(5) 

where Pij is the probability that the j-th expert assigned the i-th class vector to the first 
class; P2j and 1 - P1j are conditional probabilities of misclassification of the first and 
second classes. 
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According to Equation (4), the conditional probability ( )i
rP  of the r-th cell is a 

function of the probabilities of incorrect classification, P2j and 1 - P1j. Replacing P2j 

and 1 - P1j in Equation (4) by the generalization error estimates of each expert, F*ˆ
RjP , 

we have an “unbiased” estimate of the conditional generalization error in the r-th cell, 
( )ˆ i

GrP . Replacing P2j and 1 - P1j in Equation (5) by the resubstitution error estimates 
Fˆ

RjP  (j =1, 2, …, L), we construct an almost unbiased estimate of the conditional re-

substitution error in the r-th cell, ( )ˆ i
RrP  (for the sake of simplicity, we assume P2r = 1 - 

P1r). Thus, the modified term, ˆ
ir∆ = ( )ˆ i

GrP - ( )ˆ i
RrP , is utilized to reduce the bias of the r-

th cell’s probability estimate: 

( )
 unbiased

ˆ i
rP  = ( )ˆ i

rP + ( ( )ˆ i
GrP - ( )ˆ i

RrP ). (6) 

4 Experiments with High-Variate Spectroscopic   
and Machine Vibration Data 

The correction terms were derived for multivariate Gaussian datasets. Our aim here is 
to check whether the correction terms are useful in real-world situations, when stan-
dard quadratic and linear Fisher classifiers are used as base experts and the BKS rule 
is utilized for combining. Two high-dimensional, real-world, two-category datasets 
were considered. 

Magnetic Resonance (MR) Spectral Data. The spectra were obtained from biofluids 
of cancer patients and normal subjects (dataset S300). Each sample consists of MR 
intensities measured at 300 frequencies, i.e., the original feature space is 300-
dimensional. The training set comprises 31 cancer samples (class 1) and 40 normals 
(class 2). The test set contains 30 samples from class 1, 39 from class 2. Clearly, this 
presents a high-dimensionality, small sample size situation.   

For analyzing dataset S300, we reduced the feature space by a genetic algorithm-
based optimal feature selection (GA_ORS) method [27]. The GA_ORS method was 
required to find a prespecified number of optimal features (averages of adjacent spec-
tral intensities). We created two different sets of 5 experts (Experts N 1 2 3 4 5). In 
one case, the feature sets were independent: they each comprised 60 non-overlapping 
original features, from which 4 new features were produced by the GA_ORS method. 
In the second, the 5 experts were not independent (Experts O 1 2 3 4 5), since some of 
the original feature spaces overlapped: 100 features comprised each expert’s feature 
space: 1-100, 51-150, 101-200, 151-250, 201-300.  From these, 2 new, optimal fea-
tures were produced.   

We also performed experiments with a stacked generalization (SG)-based fusion 
rule [13]. This rule produces expert fusion based on the individual experts’ continuous 
output probabilities as input features to a simple linear Fisher classifier. This method 
was successful for solving a variety of difficult, real-life biomedical classification 
problems, characterized by high-dimensional but sparse datasets, such as the current 
one (see references in the review [28]). 
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The Machine Vibration Data. Three hundred spectral features of 400 electro motors 
were measured. The data were partitioned into two groups, good” and “bad” motors, 
200 motors in each group. For each group, the dataset was randomly split into training 
and test sets. To have data somewhat closer to Gaussian, we used the square root of 
each spectral feature. In addition, a triangular filter (1 1.5 2.0 1.5 1) was utilized for 
smoothing.  Preliminary analysis of scatter diagrams of 2D projections of spectral 
data showed that in general, the “good” motors were surrounded by the “bad” ones. 

Therefore, quadratic discriminant functions were employed as experts. The term *
T��  

shows that the standard quadratic classifier is extremely sensitive to the sample size / 
dimensionality ratio. For our pattern recognition problem, N=100. Calculations ac-
cording to Equation (4) suggest that in order to have a “respectable” classification, we 
need to use a small number of features: if p=50 for asymptotic classification error P�= 

Φ{-½δ}=0.1, the expected value of the generalization error is Q
genEP �0.312; if p=20, 

Q
genEP � 0.182. Therefore, in our experiments, the experts utilized feature subsets 

composed of approximately 25 features: after smoothing the spectra, only part of the 
features (typically every 4th) was used for classification (Table 1). 

 

Table 1. Three expert groups considered in experiments with nonlinear experts 5. Comparison 
Experiments 

Experts 1 2 3 4 5 
1st group 5:4:100   55:4:150 105:4:200 155:4:250   2:16:298 
2nd group 5:4:100 105:4:200 205:4:298   3:32:298   2:64:298 
3rd group 5:4:100   55:4:150 105:4:200 155:4:250 202:4:298 
 
 
Generalization errors, evaluated by a cross-validation method, are presented in Ta-

bles 2 and 3. Abbreviations:  BKSStand is the standard, ideal BKS fusion rule (test 

set vectors were used to evaluate the cells’ probabilities P1
( )1 , , ... , P )2(

1−m ). MajorVot 

stands for the fixed majority voting fusion rule. BKSModif denotes the modified 
BKS rule, when the ML sample-estimated cell probabilities (2) were corrected by Eq. 
(3), (4), (5), and the Fisher or quadratic classifiers were used as experts. SG desig-
nates expert fusion based on stacked generalization. All SG fusions were done with 
leave-one-out (LOO) cross-validation. 

Experiments with machine vibration data were performed with a two-fold cross 
validation: The 200 vectors of each pattern class were split into 2 equal subsets. One 
of them was used for training the experts and the fusion rule, the other to estimate the 
generalization error. Then the data subsets were interchanged, the experiments re-
peated once more and the mean value of the two was calculated. This procedure was 
repeated 250 times (treatments), each time after new mixing of the data. Thus, in 
Table 3 we have mean values calculated of 500 training+testing experiments (left), 
standard deviations of 250 treatments (in brackets) and minimal values obtained of 
250 treatments (right). 
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Table 2. Generalization error (in percents) of standard BKS, modified BKS, majority voting 
and stacked generalization (SG) rules in dataset S300 with 300 features. N indicates non-
overlapping experts, O overlapping ones. Winning method is in bold. Linear expert classifiers. 

Experts BKSStand BKSModif MajorVot 0SG 

S300 N 1 2 3 4 5 33.3 24.6 27.5 26.1 

S300 N  1 2 3 34.8 18.8 18.8 30.4 

S300 N  1 2 4 26.1 26.1 26.1 29.0 

S300 N  1 2 5 33.3 33.3 31.9 30.4 

S300 N  1 3 4 26.1 26.1 26.1 24.6 

S300 N  1 3 5 29.0 29.0 29.0 23.2 

S300 N  2 3 4 29.0 24.6 24.6 34.8 

S300 N  2 3 5 40.6 24.6 24.6 29.0 

S300 N  3 4 5 37.7 37.7 37.7 33.3 

S300 O 1 2 3 4 5 40.6 31.9 30.4 24.6 

S300 O  1 2 3 47.8 26.1 26.1 31.9 

S300 O  1 2 4 33.1 29.0 29.0 33.1 

S300 O  1 2 5 36.2 34.8 34.8 34.8 

S300 O  1 3 4 34.8 23.2 23.2 31.9 

S300 O  1 3 5 29.0 26.1 26.1 27.5 

S300 O  2 3 4 30.4 29.0 29.0 27.5 

S300 O  2 3 5 37.7 34.8 34.8 24.6 

S300 O  3 4 5 30.4 30.4 30.4 30.4 

Table 3. Generalization error (in percents) of standard BKS, modified BKS, majority voting 
and stacked generalization (SG) rules in dataset MV300 with 300 features. Winning method is 
in bold. Quadratic expert classifiers. 

Experts BKSStand BKSModif MajorVot SG (LOO) 

1 (O) 14.7 (2.0) /  9.3  8.4 (1.4) /   5.2 11.5 (1.3) /  7.5 10.1 (1.6) /  6.3 

2 (N) 14.9 (2.4) /  7.5 10.3 (1.5) /  5.5 11.0 (1.1) /  8.5 11.1 (1.6) /  7.8 

3 (O) 18.7 (2.2) / 12.3 14.4 (2.9) / 10.5 16.9 (1.3) / 13.5 13.7 (1.8) /  9.7 

 
 
Experiments show that when the sample size is very small, the simple MajorVot 

fusion rule almost always outperforms the standard BKS (BKSStand). For larger 
sample sizes, more sophisticated rules perform better. The theoretical correction of 
the BKS method, BKSModif, frequently reduces the generalization error to the Ma-
jorVot rule’s error rate or even lower. Based on Table 2, the pair-wise comparisons 
and winning scores are: SG vs. BKSStand 14 to 2 (2 ties), MajorVot vs. BKSStand 
13 to 0 (5), BKSModif vs. BKSStand 13 to 0 (5), SG vs. MajorVot 8 to 8 (2), SG 
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vs. BKSModif 7 to 9 (2) and MajorVot vs. BKSModif 2 to 1 (15).  These results 
support the claim that BKSModif improves BKSStand. Interestingly, for linear ex-
perts, the simple SG (with leave-one-out crossvalidation) performs comparably to 
both BKSModif and MajorVot. As shown in Table 3, for the first two selections of 
the nonlinear experts, BKSModif always outperformed, and by wide margins, both 
BKSStand and MajorVot. Improper selection of the features for the experts (third 
expert group; it differs from the first group only in one expert) increased the generali-
zation error notably, and reduced the effectiveness of BKSModif method: on average 
the SG method performed better in this situation. In general, the BKSModif and SG 
are comparable in performance, again with a slight edge to BKSModif.  

5 Concluding Remarks 

The expert boasting effect is present in all trainable combining rules if the training set 
is used twice, to train both the experts and the fusion rule. We derived new correction 
term for non-linear expert boasting, and justified theoretically and demonstrated ex-
perimentally that expert boasting can become harmful. If for Gaussian data the stan-
dard linear or quadratic classifiers are used as experts and a multinomial classifier is 
used for fusion, Equations (3), (4), (5) and (6) compensate for the increase in gener-
alization error and, together with the correction terms derived in [17] and [18], pro-
vide a theoretical explanation of the expert boasting phenomenon: elimination of 
expert boasting (without reducing the variance!) helps diminish the generalization 
error of the trainable fusion rule.  

Analytically derived correction terms cannot be used when the data are obviously 
multimodal, when more complex types of expert classification rules are employed, or 
when the number of pattern classes exceeds two. Due to the large variances of the 
statistical estimates of the classification error, the correction terms are also ineffective 
when the training set size is too small. In such cases, utilization of the leave-one-out 
method (SG) or a k - fold crossvalidation approach may be preferable. In future re-
search, equations for unequal sample size will be derived, and experiments with more 
real-world datasets will be performed, including more detailed comparisons with SG-
types of fusion rules.   
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Abstract. In this paper, we continue the theoretical and experimental analysis 
of two widely used combining rules, namely, the simple and weighted average 
of classifier outputs, that we started in previous works. We analyse and com-
pare the conditions which affect the performance improvement achievable by 
weighted average over simple average, and over individual classifiers, under the 
assumption of unbiased and uncorrelated estimation errors. Although our theo-
retical results have been obtained under strict assumptions, the reported experi-
ments show that they can be useful in real applications, for designing multiple 
classifier systems based on linear combiners. 

1 Introduction 

Recently, some works started to analyze the theoretical foundations of techniques for 
combining multiple classifiers [7,10,6,11]. Some works also provided analytical com-
parisons between the performance of different techniques [4,5,3,1,9]. Because of the 
complexity of developing analytical models of combining rules, the focus was limited 
to the simplest and most used rules, like majority vote, linear combination of classifier 
outputs, and order statistics combiners. 

In this paper, we focus on linear combiners. A theoretical framework for evaluating 
the performance improvement achievable by simple averaging the outputs of an en-
semble of classifiers, was developed by Tumer and Ghosh [10,11]. In previous works, 
we extended this framework to weighted average [9,1], and to classification with 
reject option [2]. In these works, we focused on the comparison between the perform-
ance of simple and weighted average. In particular, we provided analytical results 
which showed how the difference between the accuracies of individual classifiers 
(performance “imbalance”) affect the improvement achievable by weighted average 
over simple average, for classifier ensembles made up of three classifiers, and under 
the hypothesis of unbiased and uncorrelated estimation errors [9,1]. We also provided 
a preliminary analysis of the effects of correlated estimation errors. 

In this work, we extend the above analysis of linear combiners. In particular, we 
determine the conditions on performance imbalance that affect the improvement of 
weighted average over simple average, and also over individual classifiers, for classi-
fier ensembles of any size. We then analytically evaluate and compare such improve-
ment. We also extend the experimental investigation with respect to our previous 
works. The behavior of simple and weighted average is evaluated on two real data 
sets, with the aim of assessing the usefulness of our theoretical results for the design 
of multiple classifier systems based on linear combiners. 
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Our previous works are summarised in section 2. The new theoretical results are 
presented in section 3, while section 4 reports the experimental results. 

2 Summary of Previous Results 

Tumer and Ghosh developed a theoretical framework which allows to evaluate the 
added error probability, over Bayes error, of individual and multiple classifiers com-
bined by simple average (SA), as a function of bias, variance and pair-wise correla-
tion of estimation errors that affect the a posteriori probability estimates [10,11]. It 
turns out that the added error, for a given class boundary, is proportional to the sum of 
the variance and the squared bias of the estimation errors. For classifiers combined by 
SA, the variance component is also affected by pair-wise correlation between errors 
of different classifiers. It was shown that simple averaging the outputs of N classifiers 
reduces the variance component of the added error, while the bias component is not 
necessarily reduced. In particular, the reduction factor of the variance component is 
equal to N, if the errors are unbiased and uncorrelated, while it is lower (higher) than 
N if the errors are positively (negatively) correlated [10,11]. 

In [9,1], we extended the above framework to analyze and compare the perform-
ance of simple and weighted average (WA). We considered the case in which the 
estimate ˆ P ωi | x( ) of the a posteriori probability of the i-th class, P ωi | x( ), is com-
puted as a linear combination of the estimates provided by N individual classifiers, 
ˆ P ωi | x( )= wm

ˆ P m ω i | x( )
m=1

N∑ , where the weights are positive and sum up to 1: 

wm = 1, wm ≥ 0 m = 1,…, N
m =1

N∑ . If the errors ε i

m x( ) = ˆ P m ω i | x( )− P ωi | x( ) are un-

biased and uncorrelated1, we showed that the added error of a linear combination of 

classifiers is Eadd

ave = Eadd

m wm

2

m =1

N∑ . It turns out that the optimal weights wm (i.e., the 

ones which minimise Eadd

ave ) are inversely proportional to the added error Eadd

m  of the 

corresponding classifiers. Therefore, SA (wm = 1 / N ) provides the minimum of Eadd

ave  
only if individual classifiers exhibit the same added error, or equivalently, the same 
overall error probability. Otherwise, WA provides a lower Eadd

ave . Accordingly, it 

turned out that the minimum of Eadd

ave  is: 

Eadd

WA = 1 / Eadd

m

m=1

N∑( )−1

 . (1) 

Simple average provides instead the following value of Eadd

ave : 

Eadd

SA = 1 / N 2( ) Eadd

m

m=1

N∑  . (2) 

If the estimation errors of individual classifiers are correlated, by assuming that the 
variance and pair-wise correlations do not depend on the classes, Eadd

ave  is: 

Eadd

ave = Eadd

m wm

2

m =1

N∑ + ρmn Eadd

m Eadd

n wmwnm ≠n∑m=1

N∑  , (3) 

                                                           
1  As in [T&G96, T&G99], we assume that only the errors of different classifiers on the same 

class, ε i

m x( )  and ε i

n x( ) , can be correlated. 
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where ρmn  is the correlation between the errors of classifiers m and n, on the consid-
ered class boundary. Even if in this case the optimal weights can not be computed 
analytically, it turns out that SA minimises Eadd

ave  only if the individual classifiers ex-
hibit the same performance (i.e., equal values of Eadd

m ), and equal values of 
ρmn , ∀m, n . Otherwise, WA is needed. 

In [9,1], we exploited the above results to analyse the performance improvement 
achievable by WA over SA, i.e., Eadd

SA − Eadd

WA , for ensembles of three classifiers 
( N = 3). Note that the difference between the added errors coincides with the differ-
ence between the overall error probabilities. In particular, we analysed how 
Eadd

SA − Eadd

WA  is affected by the difference between the performance and the pair-wise 
correlations of individual classifiers. Without loss of generality, consider the individ-
ual classifiers ordered for decreasing values of Eadd

m : Eadd

1 ≥ Eadd

2 ≥ Eadd

3 . In the case of 
unbiased and uncorrelated errors (Eqs. (1),(2)), we proved that Eadd

SA − Eadd

WA  is maxi-
mum, for a given value of the error range Eadd

1 − Eadd

3 , if Eadd

2 = Eadd

1 . In other words, 
given the performance of the best and worst individual classifiers, WA provides the 
maximum improvement, with respect to SA, if the second best classifier exhibit the 
same performance of the worst classifier. We qualitatively denoted this condition as 
the maximum performance “imbalance” between individual classifiers, with respect 
to Eadd

SA − Eadd

WA . For correlated estimation errors (Eq. (3)), only a numerical analysis 
was possible (as pointed out above, the weights which minimise Eq. (3) can not be 
computed analytically). Consider any given value of the error range Eadd

1 − Eadd

3 , and 
of the correlation range ρmax − ρmin  (note that ρmax  and ρmin  depend on the number N 
of classifiers). Eadd

SA − Eadd

WA  turns out to be maximum, if Eadd

2 = Eadd

1 , and if 
ρ23 = ρmin , ρ12 = ρ13 = ρmax . In other words, we found the same conditions of maxi-
mum performance imbalance as for uncorrelated errors, and analogous conditions of 
maximum correlation imbalance. 

Finally, using Eqs. (1)-(3), we evaluated Eadd

SA − Eadd

WA  under the above conditions of 
maximum performance and correlation imbalance, as a function of the error range 
Eadd

1 − Eadd

3 . To sum up, our model predicts that WA can achieve a significant im-
provement over SA only for ensembles of classifiers exhibiting highly imbalanced 
performance (that is, large error range and pair-wise correlations). However, in this 
case, WA tends to perform very similarly to the best individual classifier, and, there-
fore, combining provides little advantage. 

The above results are limited to ensembles made up of three classifiers. In the fol-
lowing section, we extend our analysis to classifier ensembles of any size N. In par-
ticular, we provide the conditions under which Eadd

SA − Eadd

WA  is maximum and mini-
mum, for any N. Moreover, we determine the conditions which affect the 
improvement achievable by simple and WA over individual classifiers. We then com-
pare these conditions, and provide a quantitative evaluation for the case of unbiased 
and uncorrelated errors, based on Eqs. (1), (2). 

3 Some Theoretical Results for Linear Combiners 

Without loss of generality, consider N individual classifiers ordered for decreasing 
values of their added errors, Eadd

1 ≥ Eadd

2 ≥ ... ≥ Eadd

N . For unbiased and uncorrelated 
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estimation errors (Eqs. (1) and (2)), it can be shown that Eadd

SA − Eadd

WA  is maximum, for 

any given error range Eadd

1 − Eadd

N , if k classifiers (k < N ) have an added error equal to 

that of the best one ( Eadd

N ), and the other N − k  have an added error equal to that of 

the worst one ( Eadd

1 ). The value of k can be either k*  or k* , where 

k * = N Eadd

N − Eadd

1 Eadd

N( )/ Eadd

N − Eadd

1( ) (which one depends on the particular values 

of the added errors). Note that, for N = 3, one always obtains k = 1, which is the 
condition found in our previous works (section 2). Moreover, Eadd

SA − Eadd

WA  is mini-

mum, for any given Eadd

1 − Eadd

N , if classifiers ��2, 3,�, N − 1 exhibit the same added 

error, equal to 2Eadd

1 Eadd

N / Eadd

1 + Eadd

N( ). These two conditions, depicted in Fig. 

1(a),(b), can be denoted respectively as maximum and minimum performance imbal-
ance, with respect to Eadd

SA − Eadd

WA . 
The proof of the above results can be summarised as follows. The partial derivative 

of Eadd

SA − Eadd

WA  with respect to any Eadd

m , 1< m < N , is N −2 − Eadd

m( )− 2

Eadd

n( )−1

n=1

N∑( )− 2

. 

By analyzing its sign, and noting that Eadd

1 ≥ Eadd

m ≥ Eadd

N , it is easy to see that 

Eadd

SA − Eadd

WA  is convex with respect to Eadd

m . In particular, the maximum of Eadd

SA − Eadd

WA  

is achieved either when Eadd

m = Eadd

1 , or when Eadd

m = Eadd

N . It follows that, for given 

Eadd

1  and Eadd

N , the maximum of Eadd

SA − Eadd

WA  with respect to ��Eadd

2 ,�, Eadd

N −1  is achieved 

when some of the added errors (say, the first N − k − 1) are equal to Eadd

1 , and the 

other k − 1 are equal to Eadd

N . The corresponding Eadd

SA − Eadd

WA  is: 

Eadd

SA − Eadd

WA = N − k( )Eadd

1 + kEadd

N( )N− 2 − N − k( ) / Eadd

1 + k / Eadd

N( )−1

 . (4) 

By minimising this expression with respect to k, one obtains the value of k given 
above. Let us consider the minimum of Eadd

SA − Eadd

WA , with respect to ��Eadd

2 ,�, Eadd

N −1 , for 

given Eadd

1  and Eadd

N . First, we recall that Eadd

SA − Eadd

WA  is convex with respect to any 

Eadd

m , 1< m < N : it has therefore only one global minimum. By setting to zero the 

partial derivatives (given above) with respect to each Eadd

m , 1< m < N , we obtain 

N Eadd

m( )−1

= Eadd

n( )−1

n =1

N∑ . It easily follows that Eadd

SA − Eadd

WA  is minimum when 

��Eadd

2 ,�, Eadd

N −1  are all equal to 2Eadd

1 Eadd

N / Eadd

1 + Eadd

N( ). 

Consider now the improvement achievable by simple and WA over the best indi-
vidual classifier. From Eqs. (1) and (2), it is easy to see that the maximum of 
Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA , for any given Eadd

1 − Eadd

N , is achieved when classifiers 

��2, 3,�, N − 1 exhibit an added error equal to Eadd

N , while the minimum is achieved 

when the added error of classifiers ��2, 3,�, N − 1 is equal to Eadd

1 . Let us denote these 
conditions respectively as maximum and minimum performance imbalance, with 
respect to both Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA . These conditions are depicted in Fig. 
1(c),(d). By analysing Eq. (3), it is easy to see that these conditions also hold  for 
correlated errors, when all correlation coefficients are non-negative. 
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Fig. 1. Conditions of maximum and minimum performance imbalance, with respect to the 
added errors of individual classifiers, for Eadd

SA − Eadd

WA  (a), (b), and for Eadd

N − Eadd

SA  and 

Eadd

N − Eadd

WA  (c), (d). 

We point out that the conditions of maximum performance imbalance for 
Eadd

SA − Eadd

WA , are different from the ones for Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA  (see Figs. 
1(a),(c)). This means that when simple and WA provide the maximum improvement 
over individual classifiers, the improvement of WA over SA is not maximum, and 
vice-versa. Let us now quantitatively evaluate and compare Eadd

SA − Eadd

WA , Eadd

N − Eadd

SA , 

and Eadd

N − Eadd

WA , for the case of unbiased and uncorrelated errors. 
Fig. 2 shows their values, under the condition of maximum performance imbalance 

for Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA  (i.e., ��Eadd

1 Eadd

2 = � = Eadd

N −1 ). We considered classifier 
ensembles of size N = 3, 5, 7 , an error range between 0 and 0.15, and three different 
values of the added error of the best individual classifier, Eadd

N  (0.01, 0.05 and 0.10). 
Fig. 2(a) shows that SA can provide a remarkable improvement over the best individ-
ual classifier. In particular, the higher is the added error of the best individual classi-
fier, Eadd

N , the higher is the improvement achievable by SA. Such improvement de-
creases for increasing values of the error range, but this effect becomes negligible 
when the number of classifiers increases. This is reasonable, since N − 2  classifiers 
exhibit the same added error of the best one, Eadd

N . Fig. 2(b) shows that the improve-

ment achievable by WA over Eadd

N  is quite similar to that achievable by SA. This is 

evident from Fig. 2(c), where the values of Eadd

SA − Eadd

WA  are reported. Note that for 
N > 3 , the improvement of WA over SA is always below 0.5%. Moreover, for 
N = 3, the improvement exceeds 1% only if the best individual classifier performs 
very well ( Eadd

3 = 0.01), and the others perform very poorly ( Eadd

1 = Eadd

2 > 0.10 ).  

However, in this case, the performance of WA is very similar to Eadd

3 , and there-
fore, combining is useless. It is also worth pointing out that, for any fixed error range, 
and for any N, when the improvement of WA over the best individual classifier in-
creases, the corresponding improvement over SA decreases (see Fig. 2(b), (c)). 

In Fig. 3 we report the same comparison of Fig. 2, under the conditions of maxi-
mum performance imbalance for Eadd

SA − Eadd

WA  (see Fig. 1(a)). As expected, Fig. 3(a),(b) 
shows that the improvement of simple and WA, with respect to the best individual 
classifier, Eadd

N , are lower than those reported in Fig. 2(a),(b), while the value of 

Eadd

SA − Eadd

WA  increases with respect to Fig. 2(c). However, even under the condition of 

maximum performance imbalance for Eadd

SA − Eadd

WA , Fig. 3(c) shows that Eadd

SA − Eadd

WA  is 

quite low. For N = 3, Eadd

SA − Eadd

WA  exceeds 1% only for highly imbalanced classifiers; 

for instance, if Eadd

3 = 0.01, the error range must be higher than 5%; in this case, the 
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corresponding improvement over Eadd

3  is near 0% (see Fig. 3(b)). Moreover, 

Eadd

SA − Eadd

WA  decreases when the number of classifiers increases. The results of the 
above comparison between simple and WA confirm the ones obtained in our previous 
works (see section 2), which were limited to ensembles of three classifiers. These 
results show that WA significantly outperforms both SA and individual classifiers, 
only for ensembles of few classifiers (say, N = 3), with highly imbalanced perform-
ances (for instance, one classifier with added error of about 5%, and two classifiers 
with added errors of at least 15%). 
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Fig. 2. Values of Eadd

N − Eadd

SA  (a), Eadd

N − Eadd

WA  (b), and Eadd

SA − Eadd

WA  (c), under the conditions of 

maximum performance imbalance for Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA . 

Let us now discuss briefly the practical relevance of the above results for the de-
sign of  multiple classifier systems based on linear combiners. First of all, they show 
that the advantage of using WA, instead of SA, can be lower than one can expect. It is 
worth noting that, in real applications, the optimal weights of the linear combination 
can only be estimated from finite data. This means that, if the maximum theoretical 
improvement achievable by WA is low, it could be cancelled if a poor estimate from a 
small data set is done. Therefore, WA should be used only if large and representative 
data sets are available, in order to guarantee that its superiority over SA can be really 
exploited. For small data sets, WA can be used if the classifier ensemble at hand is 
likely to fit the conditions that guarantee the maximum advantage of WA over SA. 

 N=3                                   N=5                                  N=7 
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This work pointed out such conditions. Finally, it should be noted that the above re-
sults have been obtained under the assumption of unbiased and uncorrelated errors, 
which is likely to be violated in real applications. Therefore, it is interesting to com-
pare the performance of simple and WA on real data sets. Such an experimental com-
parison is provided in the next section. 
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Fig. 3. Values of Eadd

N − Eadd

SA  (a), Eadd

N − Eadd

WA  (b), and Eadd

SA − Eadd

WA  (c), under the conditions of 

maximum performance imbalance for Eadd

SA − Eadd

WA . 

4 Experimental Results 

With the experiments presented in this section, we evaluated the performances of 
weighted and SA for two real applications. The aim was to compare their perform-
ances with that predicted by the theoretical model of section 3, which is based on the 
strict assumption of unbiased and uncorrelated errors. According to results of our 
model, we focused on the effects of the difference between the performance of indi-
vidual classifiers.  

We carried out our experiments on a remote-sensing image classification problem 
(Feltwell data set [8]), and on a character recognition problem (Letter data set, avail-
able at http://www.ncc.up.pt/liacc/ML/statlog). The Feltwell data set has five classes, 
and consists of 5,124 training patterns and 5,820 test patterns, characterised by fifteen 

 N=3                                   N=5                                  N=7 
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features. The Letter data set is made up of 15,000 training patterns and 5,000 test 
patterns, belonging to 26 classes, and characterised by sixteen features. In our ex-
periments, we used MLP neural network classifiers, with one hidden layer, and a 
number of input and output units equal to the number of features and classes, respec-
tively. For each data set, in order to obtain classifiers exhibiting an error range at least 
of 15%, we trained fifty MLPs, characterised by five different numbers of hidden 
units (15, 5, 4, 3 and 2 for Feltwell, 110, 60, 40, 35 and 30 for Letter). We then con-
structed sixteen ensembles of three classifiers, each one characterised by a different 
pattern of the performances of individual classifiers. More precisely, we selected the 
MLPs exhibiting a test set error rate nearest to predefined values, which are reported 
in the second column of Tables 1,2. We repeated these experiments by using ten dif-
ferent training sets, obtained by randomly selecting the 80% of patterns from the 
original training sets. Reported results are averaged over ten runs. 

The results are reported in Tables 1, 2. Note that ensembles 1-4 are “balanced” 
(i.e., the error range of the corresponding classifiers is low), while the others are “im-
balanced”, with error ranges of about 5%, 10% and 15%. For imbalanced ensembles, 
we considered the condition of maximum performance imbalance for Eadd

SA − Eadd

WA  
(ensembles 6,8,10,12,14,16), and the one of maximum performance imbalance for 
Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA  (ensembles 5,7,9,11,13,15). 
Let us consider first whether the conditions of maximum performance imbalance, 

given in section 3, are verified. We recall that these conditions determine when 
Eadd

SA − Eadd

WA  is maximum, and when Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA  are maximum, for 
fixed values of the error rate of the best and worst individual classifiers. Accordingly, 
we compared the ensembles of Tables 1 and 2, characterised by the same values of 

Table 1. Results for the Feltwell data set. Each row correspond to a different classifier ensem-
ble, whose required percentage error rates are reported in the second column. The achieved 
error range is denoted as ∆E, while Eb, Esa and Ewa denote, respectively, the test set error rate of 
the best individual classifier, and of simple and WA. 

Ensemble ∆E Esa Ewa Eb– Esa Eb– Ewa Esa–Ewa 
1 10 10 10 0.51 9.91 9.67 0.49 0.73 0,24 
2 15 15 15 0.16 12.67 11.94 2.26 3.00 0,73 
3 20 20 20 1.33 15.98 14.43 1.9 3.45 1,55 
4 25 25 25 0.97 25.11 24.23 -0.45 0.44 0,88 
5 10 10 15 4.54 10.32 9.65 0.08 0.75 0,67 
6 10 15 15 4.70 11.43 9.90 -1.03 0.51 1,53 
7 15 15 20 4.27 13.45 12.42 1.49 2.52 1,03 
8 15 20 20 4.27 14.71 12.83 0.23 2.11 1,88 
9 20 20 25 6.13 16.44 15.13 2.09 3.40 1,31 
10 20 25 25 6.15 21.82 17.77 -2.62 1.44 4,05 
11 10 10 20 8.81 10.74 9.69 -0.34 0.71 1,05 
12 10 20 20 8.81 12.33 9.80 -1.93 0.60 2,53 
13 15 15 25 9.72 13.91 12.98 1.03 1.96 0,93 
14 15 25 25 10.42 21.39 14.65 -6.45 0.29 6,74 
15 10 10 25 14.26 11.21 9.97 -0.81 0.43 1,24 
16 10 25 25 14.96 20.52 10.26 -10.11 0.14 10,26 

 



82      Giorgio Fumera and Fabio Roli 

the error rate of the best and worst individual classifiers (for instance, ensembles 5 
and 6). For all such ensembles, it is easy to see that Eadd

SA − Eadd

WA  is maximum when the 
second best individual classifier has the same error rate of the worst classifier. This is 
the condition of maximum performance imbalance for Eadd

SA − Eadd

WA , for N = 3, pre-
dicted by our theoretical model. 

Analogously, the maximum of both Eadd

N − Eadd

SA  and Eadd

N − Eadd

WA  is achieved when 
the second best classifier exhibits the same error rate of the best one. Therefore, the 
theoretical results of section 3, concerning the conditions of maximum performance 
imbalance, showed to apply to the two real problems considered. 

Let us now compare the performance of simple and WA. First, as expected, note 
that WA always outperformed the best individual classifier. However, consider the 
improvement achievable by WA over SA, Eadd

SA − Eadd

WA , and over the best individual 

classifier, Eadd

N − Eadd

WA , for the same classifier ensemble. Table 1 shows that, for the 
Feltwell data set, both values are higher than 1% only for five ensembles out of 16, 
while for the Letter data set (Table 2), this happens only for two ensembles. More-
over, for Letter, both simple and WA almost always outperform the best individual 
classifier, and exhibit a very similar error rate. By taking into account that the per-
formance of WA can be worsened by weight estimation, these results show that it can 
be difficult to obtain a significant improvement over both SA and individual classifi-
ers, as argued in section 3. 

To sum up, the above experimental results show that the theoretical results of sec-
tion 3 can be useful to predict the qualitative behaviour of linear combiners in real 
applications. Moreover, they also seem to confirm that the advantage of using the WA 
rule, instead of the SA, can be lower than one can expect. 

Table 2. Results for the Letter data set. 

Ensemble ∆E Esa Ewa Eb– Esa Eb– Ewa Esa–Ewa 
1 15 15 15 0.09 10.19 10.02 4.73 4.90 0,17 
2 20 20 20 0.06 14.60 14.37 5.28 5.51 0,23 
3 25 25 25 0.44 19.67 19.45 5.52 5.74 0,22 
4 30 30 30 0.16 23.64 23.39 6.32 6.57 0,25 
5 15 15 20 4.99 11.31 10.99 3.61 3.93 0,32 
6 15 20 20 4.93 12.85 12.41 2.16 2.60 0,44 
7 20 20 25 5.28 15.87 15.53 4.03 4.37 0,34 
8 20 25 25 5.51 17.50 16.95 2.4 2.95 0,55 
9 25 25 30 4.83 20.77 20.34 4.42 4.84 0,43 
10 25 30 30 4.83 21.79 21.24 3.4 3.94 0,55 
11 15 15 25 10.26 12.01 11.37 2.92 3.55 0,64 
12 15 25 25 10.41 14.95 13.74 0.06 1.27 1,21 
13 20 20 30 10.10 16.51 15.88 3.39 4.03 0,63 
14 20 30 30 10.10 19.43 18.23 0.48 1.67 1,20 
15 15 15 30 15.09 12.27 11.42 2.65 3.50 0,85 
16 15 30 30 15.00 16.47 14.24 -1.46 0.77 2,23 
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Abstract. Combining classifiers is an effective way of improving classifi-
cation performance. In many situations it is possible to construct several
classifiers with different characteristics. Selecting the member classifiers
with the best individual performance can be shown to be suboptimal in
several cases, and hence there exists a need to attempt to find effective
member classifier selection methods. In this paper six selection criteria
are discussed and evaluated in the setting of combining classifiers for
isolated handwritten character recognition. A criterion focused on pe-
nalizing many classifiers making the same error, the exponential error
count, is found to be able to produce the best selections.

1 Introduction

In an attempt to improve recognition performance it is a common approach
to combine multiple classifiers in a committee formation. This is feasible if the
outputs of several classifiers contain exclusive information. Often the focus of
the research is on methods for combining the classifiers in the most effective
manner, but it should not be forgotten that the committee’s performance is
highly dependent on the member classifiers used. In fact these two fundamental
aspects in committee performance enhancement are often referred to as decision
optimization and coverage optimization [1].

Instead of selecting member classifiers based solely on their accuracy, it may
often be more effective to attempt to select the members based on their diversity,
for which several measures have been presented [2,3,4]. Measuring the diversity
of the member classifiers is by no means trivial, and there is a trade-off between
diversity and member accuracy. Standard statistics do not take into account
that for classification purposes a situation where identical correct answers are
given differs greatly from the situation where identical erroneous answers are
suggested, with the former being generally the best case and the latter the worst.
For classification purposes it may be useful to examine especially the errors made.

Here six approaches to deciding on what subset of a larger set of member
classifiers to use are examined. Three very different committee structures are
briefly explained and used for evaluation with application to handwritten char-
acter recognition. Due to space constraints, readers are directed to the references
for more thorough discussion on each member classifier and committee method.

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 84–93, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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2 Member Classifier Selection Criteria

Six different criteria for member classifier selection are presented here. The first
three criteria are more traditional and have been gathered from literature. The
latter three are novel and they have been designed based on the assumption of
the significance of the classification errors being made. All except one of the
presented approaches work in a pairwise fashion, where the result for a larger
set is the mean of the pairwise measures for that set. The exception is the
exponential error count in section 2.6, which compares all classifiers in the set
simultaneously. As the minimum of the pairwise measures is always smaller or
equal to the mean, the pairwise criteria are not suitable for selecting the size k
of the classifier subset C1, . . . , Ck from all of the K available classifiers. Hence
it is assumed in all cases that the number of classifiers to be used is fixed in
advance.

2.1 Correlation between Errors

As it is reasonable to expect that the independence of occurring errors should be
beneficial for classifier combining, the correlation of the errors for the member
classifiers is a natural choice for comparing the subsets of classifiers. Here the
correlation ρa,b for the binary vectors va

e and vb
e of error occurrence in classifiers

a and b respectively is calculated as

ρa,b =
Cov[va

e , vb
e]√

Var[va
e ]Var[vb

e]
, (1)

where Cov refers to covariance and Var variance. The best set is selected by
choosing that with the minimal mean pairwise correlation.

2.2 Q Statistic

One statistic to assess the similarity of two classifiers is the Q statistic [2]. It is
defined for two classifiers a, b as

Qa,b =
N11N00 − N01N10

N11N00 + N01N10 , (2)

where N11 is the number of times both classifiers are correct, N00 the number of
times both classifiers are incorrect, and N10 and N01 the number of times when
just the first or second classifier is correct, respectively. When the classifiers
make just the same correct and incorrect decisions, it can be seen that the value
of the Q statistic becomes one. Negative values indicate classifiers that make
errors on different inputs. For sets of more than two classifiers the mean value
of the pairwise Q statistics is considered to be the Q value for that set. The best
subset of member classifiers is thus selected by minimizing the value of the Q
statistic.
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2.3 Mutual Information

As was suggested in [3], also a diversity measure based on calculating the mu-
tual information of the classifiers results can establish a good set of member
classifiers, as it by definition measures the amount of information shared be-
tween the classifiers. Hence minimizing the mutual information should produce
a maximally diverse set of classifiers. The mutual information can be used for a
measure of closeness and the pairwise mutual information between two classifiers
a and b can be calculated as

Ia,b =
n∑

i=1

n∑

j=1

p(ci, cj) log
p(ci, cj)

pa(ci)pb(cj)
, (3)

where n is the total number of classes and ci, i = 1, . . . , n are the class labels.
In the experiments also the mutual information of the error occurrences has

been calculated. There only two classes, correct or incorrect, are considered for
each classifier. Both mutual information measures should be minimized to select
the optimal subset of classifiers, again using the mean of the pairwise values for
a larger set of classifiers.

2.4 Ratio between Different and Same Errors

The worst possible setting for classifier combination is the situation where several
classifiers agree on an incorrect result, and it is not nearly as fatal if they make
errors to different labels. To explore this let us denote the count of how many
times two classifiers made different errors at the same sample with N00

different and
the count of how many times both classifiers made the same error with N00

same.
Now we can examine the ratio

rDSE
a,b =

N00
different

N00
same

. (4)

Again for more than two members the mean of the pairwise ratios is used.
The best subset of classifiers can be selected through maximizing this ratio.

2.5 Weighted Count of Errors and Correct Results

One should consider taking into account information on also correct decisions
in addition to the incorrect results, with more emphasis placed on the situation
where classifiers agree on either the correct or incorrect result. One may simply
count the occurrences of the situations and place suitable emphasis on the “both
correct”, a positive situation, and “both same incorrect”, a negative situation:

rWCEC
a,b = N11 +

1
2
(N01 + N10) − N00

different − 5N00
same . (5)

The weighting is arbitrary, and the presented values have been chosen as they
are deemed suitable based on the reasoning to penalize errors, and especially
same errors. For multiple classifiers, the mean of the pairwise counts is used.
The optimal subset can be selected by maximizing the measure.
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2.6 Exponential Error Count

As it is assumed that the member classifiers will hinder the classification the
most when they agree on the same incorrect result, that situation can be given
even more emphasis in the selection criterion. The errors can be counted and
weighted by the number of classifiers making the error in an exponential fashion.
The count of errors made by a total of i classifiers is denoted N0

i same and added
to the sum after rising to the ith power, or

rEXP
C1,...,Ck

=
∑k

i=1(N
0
i same)

i

N1
all

. (6)

This measure considers all member classifiers of the set at the same time,
and the best combination is selected by minimizing the measure. Here also the
correct classifications are taken into account by scaling the result with N1

all, the
number of samples for which every member classifier was correct.

It should be noted that more than one N0
i same can be increased while process-

ing one sample – if m classifiers agree on one erroneous result and n classifiers
on another, both N0

m same and N0
n same are increased.

3 Committee Methods

Three quite different combination methods are used to evaluate the member clas-
sifier selection criteria. The plurality voting committee is a very simple method,
while the Behavior-Knowledge Space (BKS) method [5] uses a separate training
phase. As our experiments have focused on adaptive committee classifiers, also
the run-time adaptive Dynamically Expanding Context (DEC) committee [6] is
used for evaluation. For default decisions in the BKS and DEC methods, ie. for
the situations where no rules yet exist, all member classifiers had been run on
an evaluation set and ranked in the order of decreasing performance.

3.1 Plurality Voting Committee

The committee classifier simply uses the plurality voting rule to decide the out-
put of the committee. This basic committee structure has been included because
of its widespread use and familiar behavior.

3.2 BKS Committee

The Behavior-Knowledge Space (BKS) method [5] is based on a K-dimensional
discrete space that is used to determine the class labels, with each dimension
corresponding to the decision of one classifier. The result is obtained by first
finding the focal unit in the K-dimensional space, the unit which is the inter-
section of the classifiers’ decisions of the current input. Then if the unit has
gathered samples and for some class c the ratio between the number of samples
for class c and all gathered samples is above a threshold, class c is selected.
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In the training phase the focal unit had collected the count of recognitions
and counts for each true class. The output of the committee was the class with
the highest probability in the focal unit, the one that had received most samples,
as suggested in [5]. If the focal unit had not received any samples, the default
rule of using the highest-ranking single classifier’s result was used.

3.3 DEC Committee

The adaptive committee used is based on the Dynamically Expanding Context
(DEC) algorithm [7]. The DEC principle had to be slightly modified to suit the
setting of combining classifiers [6]. For this setting, a list of member classifiers’
results is taken as a one-sided context for the first member classifier’s result.
The classifiers are used in the order of decreasing performance. To correct errors
transformation rules consisting of a list of member classifier results as the inputs
and the desired recognition result as the output are generated. Only rules whose
output is included in the inputs may be produced.

Each time a character is input to the system, the existing rules are first
searched through and the most specific applicable rule is used. If no applicable
rule is found, the default decision is applied. For these experiments the default
decision was taken to be a plurality voting decision among all member classifiers.

The classification result is compared to the correct class. If the recognition
was incorrect, a new rule is created. The created rule always employs the minimal
amount of context, ie. member classifier results, sufficient to distinguish it from
existing rules. To make the rules distinguishable every new rule employs more
contextual knowledge, if possible, than the rule causing its creation. Eventually
the entire context available will be used and more precise rules can no longer
be written. In such situations selection among multiple rules is performed via
tracking correctness of the rules’ usage.

4 Data and Member Classifiers

The data used in the experiments were isolated on-line characters in three sep-
arate databases. The preprocessing is covered in detail in [8]. Database 1 con-
sists of 10403 characters written by 22 writers without any visual feedback.
Databases 2 and 3 were collected with the pen trace shown on-screen and char-
acters recognized on-line, with also the recognition results being shown. They
contain 8046 and 8077 character samples, respectively, both written by eight
different writers. All databases featured 68 character classes.

Database 1 was used solely for member classifier construction and training.
Database 2 was used for training the BKS, the only committee method used
requiring a separate training phase, and database 3 was used as a test set.
The adaptive DEC committee performs run-time adaptation and creates writer-
dependent rules during classification. The DEC committee was not trained be-
forehand in any way. For all member classifiers the sizes of the characters were
scaled so that the the longer side of their bounding box was constant and the
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Table 1. Member classifier performance

Classifier index Member classifier Error rate Classifier rank
1 DTW PL Bounding box 23.06 4
2 DTW PL Mass center 20.02 2
3 DTW PP Bounding box 21.16 3
4 DTW PP Mass center 19.30 1
5 Point-sequence SVM 23.93 5
6 Grid SVM 26.49 6
7 Point-sequence NN 50.22 8
8 Grid NN 35.74 7

aspect ratio was kept unchanged. The accuracies of the individual member clas-
sifiers to be described below have been gathered into table 1.

4.1 DTW Member Classifiers

Four individual classifiers were based on stroke-by-stroke distances between the
given character and the prototypes. Dynamic Time Warping (DTW) [9] was used
to compute one of two distances, point-to-line (PL) or point-to-point (PP) [8]. In
the PL distance the points of a stroke are matched to lines interpolated between
the successive points of the opposite stroke. The PP distance uses the squared
Euclidean distance between two data points as the cost function. The second
variation was the use of either the ‘Mass center’ as the input sample’s mass
center or by ‘Bounding box’ as the center of the sample’s bounding box, for
defining the characters centers, thus creating four combinations. Database 1 was
used for constructing the initial user-independent prototype set which consisted
of 7 prototypes for each class.

4.2 SVM Member Classifiers

Two member classifiers based on Support Vector Machines (SVMs) were also
included. The support vector machine classifiers were implemented using the
libsvm version 2.36 SVM package [10]. The routines were slightly modified to
accommodate the data used and to return a more information, but the classi-
fication and training routines were directly from the toolbox. Database 1 was
used for training the SVM models.

The first of the SVM member classifiers takes its data as a list of points from
the character. For this classifier, first the strokes of the characters are joined
by appending all strokes to the first one. Then the one-stroked characters are
transformed via interpolation or decimation to have a fixed number of points,
for these experiments the point number was set to 30. Then the x and y coordi-
nates of each point were concatenated to form a 60 dimensional vector of point
coordinates, which were then used as data for the SVM classifier.

The second SVM member classifier takes a feature vector of values calculated
from a grid representation of the character. For this classifier, a grid was formed
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and 17 values were calculated for each grid cell. These values include the sums
of both negative and positive sin and cos of the slope of the line between the
current and next point, the neighboring 8-neighborhood grid location the stroke
moves from this location, the count of points in the cell and the count of pen-ups
in the cell and character-wise means of these. A 3 × 3 grid was found to be the
most promising of those tested (3 × 3, 5 × 5, 7 × 7, 10 × 10), and resulted in 153
dimensional data vectors.

4.3 NN Member Classifiers

Two member classifiers based on neural networks (NNs) were used. A fully con-
nected feed-forward network structure was created using the Stuttgart Neural
Network Simulator (SNNS) version 4.2 [11]. Database 1 was used for training.

The first NN classifier used the same preprocessing and feature vector type as
the first SVM classifier, the coordinates of the one-stroke fixed-length characters
were concatenated to form a 60 dimensional input vector. The number of output
neurons was determined by the number of classes in the data, 68. A network
using one hidden layer consisting of 100 neurons was used with 5000 epochs of
training with the BackpropMomentum [11] learning algorithm.

The second NN used the grid-based approach with the same features as the
second SVM classifier. Here a 5 × 5 grid was used resulting in 425 dimensional
data. A network with two hidden layers of 100 neurons each and 68 output
neurons was trained with the BackpropMomentum method for 1000 epochs.

5 Results

It can be seen in table 1 that the DTW-based classifiers are all better in individ-
ual performance than the other methods here. This stems from the fact that our
own custom DTW classifier has been tuned for a prolonged period of time, while
the other member classifiers were created from existing toolkits without nearly
as much effort. Especially the performance of the point-sequence NN classifier is
in itself unacceptable, but was included to examine the effect of a significantly
worse but different member classifier.

The experiments were run using a fixed member classifiers set size of k = 4
member classifiers. The best combinations from all eight possible member classi-
fiers produced by the selection criteria and the resulting accuracies from the three
committee structures used for evaluation have been gathered into table 2. Also
results using the four individually best member classifiers have been included
as ‘Best individual rates’. The three best results for each combination method
using the brute force approach of going through all 70 possible combinations
with each decision method have been collected into table 3.

In this case the correlation, Q statistic, and mutual information or errors mea-
sure selected exactly the same set of member classifiers, which is not surprising
considering their similar nature. The mutual information measure selected the
worst performing classifiers. These criteria do not take into account the differ-
ence between errors and correct results – it is beneficial when members agree
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Table 2. Comparison of selection criteria

Criterion Members Vote BKS DEC
Correlation 4,6,7,8 18.64 18.23 14.80
Q statistic 4,6,7,8 18.64 18.23 14.80
Mutual information 5,6,7,8 20.70 21.50 18.11
Mutual information of errors 4,6,7,8 18.64 18.23 14.80
Ratio between diff. and same errors 1,6,7,8 20.39 20.68 16.55
Weighted count of correct and err. 1,4,5,6 18.34 20.32 14.53
Exponential error count 4,5,6,8 16.45 18.13 14.12
Best individual rates 1,2,3,4 19.34 20.07 18.17

Table 3. Best brute force results

Best Second best Third best
Method Members Errors Members Errors Members Errors

Vote 4,5,6,8 16.45 2,5,6,8 16.66 3,5,6,8 17.14
BKS 2,3,4,7 17.46 2,3,6,8 17.83 3,4,6,8 17.85
DEC 4,5,6,8 14.12 2,5,6,8 14.44 4,5,6,7 14.49

on correct results, but not when they agree on errors. All these criteria selected
also the worst-performing point-sequence NN member classifier, which is not
surprising considering its less similar, albeit due to numerous errors, results.

The approach of comparing the ratios between different and same errors does
not perform well, providing the second-worst results. Also this criterion uses the
clearly worst point-sequence NN classifier. The weighted count of errors and
correct results criterion provides a combination that is second best for both the
voting and DEC committees but notably poor for the BKS committee.

The exponential error count approach finds the best selection of all criteria
in table 2. As can be seen in table 3, this criterion found the best combination
of classifiers for this given task with respect to both the voting and DEC com-
mittees. This is in accordance with the initial assumption of the importance of
the classifiers not making exactly the same mistakes too often.

An interesting difference of behavior can be noted with the BKS in com-
parison to the two other combination methods. The best member classifier set
from table 3 for BKS is {2, 3, 4, 7}, the three members with the best individual
accuracies and one with the worst. Presumably the different behavior is at least
partly due to the fact that the separate training phase teaches the committee
the types of errors that commonly occur. Hence the overall diversity of the set
becomes a less important factor and the effects of the training weigh more on
the final result when using a separate training phase. Also with the voting and
DEC approaches, the third-best combination was different, so clearly the optimal
selection of member classifiers is also dependent on the combination method.

To evaluate the effect of just the one poorly performing, albeit diverse, clas-
sifier an additional experiment was run without using the point-sequence NN.
The results are presented in table 4. It can be seen that the performance of the
first five member selection criteria is greatly improved. Still the very simple ratio
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Table 4. Comparison of selection criteria without member classifier 7

Criterion Members Vote BKS DEC
Correlation 4,5,6,8 16.45 18.13 14.12
Q statistic 4,5,6,8 16.45 18.13 14.12
Mutual information 1,5,6,8 17.75 19.82 15.04
Mutual information of errors 4,5,6,8 16.45 18.13 14.12
Ratio between diff. and same errors 2,4,6,8 18.57 18.11 14.53
Weighted count of correct and err. 1,4,5,6 18.34 20.32 14.53
Exponential error count 4,5,6,8 16.45 18.13 14.12
Best individual rates 1,2,3,4 19.34 20.07 18.17

between different and same errors is clearly not sufficient for selecting a member
classifier set here, when the results of all methods but the BKS are compared.
But the correlation, Q statistic, and mutual information of errors criteria, who
are still in agreement on the best selection of members, are now able to find the
combination that produces the best results with the voting and DEC commit-
tees. Hence it may be a logical conclusion that these criteria are less robust with
regard to member classifiers making a large number of errors.

6 Conclusions

Several member classifier selection criteria were examined, including statistical,
information-theoretic and error counting measures. It appears that the more
general criteria may be suboptimal for the specific case of classifier combining,
especially when also poorly performing classifiers are included. When combining
classifiers it would seem that the most important factor is that the classifiers as
rarely as possible make exactly same mistakes, as these situations are the most
difficult for the combining methods to anticipate. But it is also important that
the member classifiers perform well. The best trade-off between accuracy and di-
versity was obtained with the suggested exponential error count criterion, which
weighs identical errors made by the classifiers in an exponential fashion and
normalizes the count with the number of cases where all members were correct.
This method also showed robustness with respect to a very poorly performing
member classifier.

One may ask what benefit there is in using a diversity measure instead of
the decision mechanism directly when examining all subsets of classifiers. If it is
possible to form a diversity measure for any subset from the pairwise diversity
measures of its members, noticeable computational benefits can be obtained.
This is because going through all combinations of two classifiers results in signif-
icantly fewer possibilities than all combinations of a larger number of classifiers.
For example in the presented experiments, with the subset size of 4 member clas-
sifiers from a total of 8 classifiers, the advantage is 28 vs. 70 combinations. The
cost of forming the diversity measure of a subset from that of the pairs by aver-
aging is insignificant. Naturally with very large numbers of member classifiers,
a more evolved search scheme is necessary [4].
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Still, if the objective is to optimize both the member classifier set and the
decision method, the possibility of using a more general measure for the member
classifier set selection should be considered. This may help refrain from excessive
iteration of the two phases of optimization. But it must not be forgotten that the
selection of member classifiers is dependent on the combination methods char-
acteristics, a fact also concluded in [12] among others. A particular combination
of classifiers, while optimal in some sense, does not guarantee the best results for
all combination methods. However, a suitable measure may still provide some
generalizational ability. Here the exponential error count has been shown to find
a selection that consistently provides good results in the presented experiments.
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Abstract. This study covers weighted combination methodologies for multiple 
classifiers to improve classification accuracy.  The classifiers are extended to 
produce class probability estimates besides their class label assignments to be 
able to combine them more efficiently.  The leave-one-out training method is 
used and the results are combined using proposed weighted combination algo-
rithms.  The weights of the classifiers for the weighted classifier combination 
are determined based on the performance of the classifiers on the training 
phase.  The classifiers and combination algorithms are evaluated using classical 
and proposed performance measures.  It is found that the integration of the pro-
posed reliability measure, improves the performance of classification.  A sensi-
tivity analysis shows that the proposed polynomial weight assignment applied 
with probability based combination is robust to choose classifiers for the classi-
fier set and indicates a typical one to three percent consistent improvement 
compared to a single best classifier of the same set. 

1 Introduction 

The ultimate goal of designing pattern recognition systems is to achieve the best pos-
sible classification performance for the task at hand.  It has been observed that differ-
ent classifier designs potentially offer complementary information about the patterns 
to be classified, which could be harnessed to improve the performance of the selected 
classifier. A large number of combination methods have been proposed in the litera-
ture [1][3][7][8].  A typical combination method consists of a set of individual classi-
fiers and a combiner, which combines the results of the individual classifiers to make 
the final classification. In this paper, we aim to build a robust classifier combination 
system given a classifier set.  For this purpose, current trends in classifier combination 
are studied and various classifier combination schemes have been devised.  To study 
classifier combination techniques, 10 classical classifiers are gathered to form a clas-
sifier set [2]. 

It is very difficult to make sense of the multitude of empirical comparisons for 
classifier performances that have been made.  There are no agreed objective criteria 
by which to judge algorithms.  The situation is made more difficult because rapid 
advances are being made in all fields of pattern recognition.  Any comparative study 
that does not include the majority of the algorithms is clearly not aiming to be com-
plete.  Also, any comparative study that looks at limited number of data sets cannot 
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give reliable indicators of performance.  In this study, an extensive comparative study 
is realized among a wealth of classifiers applied on different data sets.  Their per-
formances are evaluated using a variety of performance measures.  This comparative 
study builds the base of the study on combining classifiers to improve the classifica-
tion performance. 

The set of classifiers that are used in this study are fixed, i.e. they are not optimized 
especially for the application at hand.  Different combination schemes are developed 
hoping to reach reasonable classification accuracy, which is independent of the char-
acteristic of the application.  Section 2 summarizes the different classifiers used in the 
study, section 3 reviews the performance measures that are proposed and used 
throughout the study, section 4 outlines the different weighted combination algo-
rithms that are proposed, section 5 summarizes the data sets used and section 6 gives 
the experimental results.  

2 Classifier Set Used in the Study 

This study focuses on the weighted combination of classification algorithms, in which 
the weights are optimized based on the performance in the training data set.  To have 
a classifier combination, following classifiers with the given parameters are designed. 
 
KMClus: K-means clustering (max iteration=10; max error=0.5). 
SOM: Self organizing map clustering (max iteration=1000; learning rate=1). 
FANN: Fuzzy neural network classifier (fuzzification level=3; fuzzification type=0; hidden layer 

units=25; learning rate=0.001; max iteration=1000; min error=0.02). 
ANN: Artificial neural network classifier (hidden layer units=25; learning rate=0.001; max itera-

tion=1000; min error=0.02). 
KMClas: K-means classifier. 
Parzen: Parzen classifier (alfa=1). 
KNN: K-nearest neighbour classifier (k=3). 
PQD: Piecewise quadratic distance classifier. 
PLD: Piecewise linear distance classifier. 
SVM: Support vector machine using radial basis kernel with (p=1). 
 
The design parameters of classifiers are chosen as typical values used in the literature 
or by experience.  The classifiers are not specifically tuned for the data set at hand 
even though they may reach a better performance with another parameter set, since 
the goal is to design an automated classifier combination based on any classifier in the 
classifier set.  The aim of this study is to combine the classifiers’ results in a robust 
way to achieve almost the performance of the best classifier in the classifier set or 
better. 

In this study, the classifiers are modified to produce class probability estimates be-
sides their class labels for all classes.  For that purpose, their distance measures or 
belief values are normalized in the training set as probabilities and applied on the test 
set.  For some classifiers such as fuzzy neural network classifier, artificial neural 
network classifier and support vector machine, their belief values are converted to 
posterior probabilities using a normalized mapping.  For K-means classifier, Parzen, 
K-nearest neighbour, piecewise quadratic and piecewise linear distance classifiers 
their implicit distance measures are explicitly calculated and converted to posterior 
probabilities for each class.  One of the main contributions of this study is that all the 
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classifiers and clustering based classifier algorithms in the classifier set are modified 
to produce posterior probabilities for their class assignments for all classes. 

For clustering, standard k-means clustering and self-organizing map algorithms are 
applied on the data in a usual way.  After the final step of clustering a one-to-one 
assignment algorithm is applied on the final clusters of the leave-one-out technique to 
convert them into a classification problem by solving an optimization problem to 
assign clusters to class (1).  The resulting mapping criteria of clusters to classes are 
then applied on the test sample. 
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3 Performance Measures   
for Evaluating Classifier Combination Methods 

To compare different classification algorithms and combination methods, perform-
ance measures should be defined.  There are different performance measures which 
evaluate different performances of classifiers:  generalization performance, learning 
performance, correct and wrong classification performance, real time performance, 
etc.  Performance measures are given in equations (2).  The proposed “reliability” is 
the probability of correct classification for that class.  Classification accuracy based 
on classes (CAC) is the ratio of correct classifications to the sample size.  Generally, 
this is the only performance measure used in the literature.  Classification accuracy 
based on probabilities (CAP) is based on distances of the posterior probabilities p′i of 
the classification result and the true classification probability pi.  The proposed overall 
classification performance (OP) is a measure, which combines the products of per-
formance (Pi) and reliability (Ri) with the counts of samples (Ni) for corresponding 
class c as a weight.  CRi is the number of correct assignments for class i, WRij is the 
number of wrong assignments of class i to class j and UNi is the number of unclassi-
fied samples of class i. 
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4 Weighted Combination Algorithms 

This study focuses on combining the results of several different classifiers in a way 
that provides a coherent inference, which performs a reasonable classification per-
formance for the data set at hand.  Therefore four different weighted combination 
algorithms with three different weight assignment are applied on the data sets.  Com-
bination algorithm based on class labels uses the classifiers’ class label assignments to 
combine [1].  For each class, the weights of the classifier is added to the decision 
value of the classifier combination, if the classifier has decided on that class.  The 
classifier combination decides the assigned class based on the maximum of these 
decision values. 
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If the weights are equal, this combination algorithm is the classical majority vote.  
The classifiers are forced to produce binary valued function ∆cnk using the posterior 
probabilities as: ∆cnk=1 if )x|w(Pmax)x|w(P nki
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nkc

=
=  and 0 otherwise. 

The reliability of the classifier for the assigned class, as proposed in (2), is also in-
tegrated to the combination by multiplying the reliability value with the weighted 
class label.  This idea is intuitive, if we handle the classifiers as experts in the decision 
theory.  That is, each classifier has different reliabilities on deciding on different 
classes.  This reliability value increases the influence on the final decision, if the clas-
sifier reliability is high for deciding this class, and decreases the influence, if it is 
unreliable. 
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Combination algorithm based probabilities uses the posterior probabilities of classifi-
ers to carry out the combination.  As in the case of combination based class labels on 
they are weighted with the classifier’s weights. 
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The reliability of the classifier for the assigned class is also integrated to the combina-
tion by multiplying the reliability value with the assignment probability. 
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Different algorithms are used to calculate the weights of the classifiers for weighted 
combination.  The easiest way is to combine the classifiers using equal weights, well 
known as simple majority.  This performs a good result if the classifiers in the set are 
independent and unbiased [1].  The weight of classifier mk is: Wk=1/K. 

A better way for assigning weights to classifiers is, to assign their performance 
values in the training phase.  In this study, it is proposed that the defined overall per-
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formance values, “OP”s, found in the leave-one-out training phase are assigned as 
weights.  These results are also integrated with the reliability of the classifiers.  The 
weight of a classifier mk is its weighted OP value. 

Another proposal is to assign weights using a linear fit on the posterior probabili-
ties of leave-one-out results.  Better and reliable performance is reached with the 
weight assignment where the true class probabilities of the training data set and the 
posterior probabilities found by the classifiers are used to find a linear regression 
parameters for them.  Least square fit parameters for the training data set is used as 
weights of the classifiers in the combination.  The constant term which may be in the 
equation is not used since shifting will not affect the relative values for classification.  
The weights are the solution of the following equation (7). 
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The extension of this polynomial weight assignment proposal is to integrate the reli-
ability of the classifier for the assigned class (8). 
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5 Data Sets Used in the Study 

Popular data sets from the literature are used for evaluating the different combination 
schemes proposed and comparing them with existing techniques. The data sets used 
are summarized below: 

BIO: Data from cariers and non cariers of a rare genetic disorder.  5 inputs, 2 outputs (127+67) 194 case. 
DIB: Pigma Indians Diabetes Database.  8 inputs, 2 outputs (500+268) 768 case. 
D10: Two class data set, with Duin 10 dimensional distribution.  10 inputs, 2 outputs (100+100) 200 

case. 
GID: Glass Identification Databas.  9 inputs, 6 outputs (70+76+17+13+9+29) 214 case. 
IMX: IEEE data file of letters I, M, O, X.  8 inputs, 4 outputs (48+48+48+48) 192 case. 
SMR: Sonar data set.  60 inputs, 2 outputs (97+111) 208 case. 
2SD: Two spirals two dimensional data set.  2 inputs, 2 outputs (97+97) 194 case. 
WQD: Wine data set.  13 inputs, 3 outputs (59+71+48) 178 case. 
80X: IEEE 80X data set.  8 inputs, 3 outputs (15+15+15) 45 case. 
ZMM: Data set of 6 Zernike moments of 8 characters.  6 inputs, 8 outputs (12+12+12+12+12+12+12+12) 

96 case. 
BEM: Two class data set, with equal mean but different variance(20 percent Bayes error).  2 inputs, 2 

outputs (100+100) 200 case. 
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BEV: Two class data set, with different mean but equal variance (20 percent Bayes error).  2 inputs, 2 
outputs (100+100) 200 case. 

HRD: Highleyman distributed random patterns.  2 inputs, 2 outputs (100+100) 200 case. 
IFD: Classical data set of Fisher with 150 iris flowers.  4 inputs, 3 outputs (50+50+50) 150 case. 

6 Experimental Results 

6.1 Classifier Results 

Classifiers’ individual performances are given in Tables 1 and 2.  In these tables the 
best performances for the data sets are marked as bold face.  The number of the 
marked items in the last column, titled “Best” indicates the number of times the clas-
sifier has outperformed the others for 14 data sets.  The standart deviations are given 
in last rows. 

In Table 1 the results show that k-nearest neighbour classifier has the best result 
seven times out of 14 different data sets.  All classifiers show different performance 
on different data set, for example the k-nearest neighbour classifier, which is the best 
classifier based on Table 1, has at least 10 percent lower performance compared with 
other classifiers in some data sets like DIB, D10, WQD, BEM and HRD. 

In Table 2 the results indicate that the k-nearest neighbour classifier is more 
successful than the case in Table 1; 10 times out of 14 different data sets, k-nearest 

Table 1. Classification accuracy of classifiers based on class labels 

CAC BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Best
KMClus 71.1 65.9 69.0 50.5 81.8 48.1 42.3 51.7 28.9 34.4 59.0 48.5 73.0 90.0 0
SOM 84.0 64.8 75.5 45.3 72.4 54.3 37.1 84.3 71.1 52.1 45.5 87.0 84.0 89.3 1
FANN 70.6 74.7 70.0 36.0 68.8 74.5 36.6 93.3 28.9 8.3 34.0 86.0 81.5 71.3 0
ANN 87.6 76.8 78.0 50.5 86.5 77.9 45.9 96.6 82.2 66.7 53.0 85.5 81.5 82.7 3
KMClas 75.3 46.1 76.0 33.2 88.5 65.4 47.4 62.9 93.3 69.8 48.5 74.5 82.5 91.3 1
Parzen 58.8 62.2 21.0 28.5 15.6 24.5 57.7 32.6 35.6 63.5 47.5 82.0 59.5 76.0 0
kNN 84.5 67.6 69.0 73.4 94.3 82.2 76.3 76.4 93.3 88.5 70.0 92.0 74.5 95.3 7
PQD 13.9 72.8 72.5 1.9 94.3 75.0 43.3 99.4 88.9 26.0 79.5 65.0 82.0 92.0 3
PLD 84.5 75.7 77.0 57.5 90.6 72.6 47.4 98.3 88.9 85.4 56.5 84.0 81.5 97.3 1
SVM 6.2 7.6 70.5 37.4 94.3 71.2 26.8 25.8 91.1 36.5 73.5 86.0 80.5 94.7 1
STD 2.4 1.5 2.9 3.0 1.7 2.7 3.1 0.6 3.7 3.3 2.9 1.9 2.6 1.3  

Table 2. Classification accuracy of classifiers based on probabilities 

CAP BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Best
KMClus 52.9 50.6 53.1 72.6 64.7 49.2 50.9 57.1 50.6 78.3 49.2 49.3 54.5 60.9 0
SOM 84.0 64.8 75.5 81.8 86.2 54.3 37.1 89.5 80.7 88.0 45.5 87.0 84.0 92.9 3
FANN 69.2 64.3 60.3 77.0 68.4 63.1 44.7 72.5 54.1 77.7 45.6 60.8 66.8 70.0 0
ANN 63.9 58.3 59.3 75.6 69.0 60.6 50.6 70.9 64.8 79.5 50.2 58.6 63.0 65.4 0
KMClas 50.3 50.1 54.2 72.6 65.1 51.4 52.2 58.4 60.1 78.5 49.9 51.0 58.6 60.9 0
Parzen 71.9 66.2 52.7 76.6 65.5 58.2 71.4 60.6 63.0 84.8 55.8 81.6 65.7 74.5 0
kNN 84.2 67.4 67.0 90.6 97.3 81.8 77.9 82.6 96.2 97.2 69.0 91.9 75.8 97.0 10
PQD 50.5 50.9 53.7 73.1 64.7 51.9 51.2 57.9 58.9 78.2 53.3 52.0 57.8 58.7 0
PLD 52.0 50.9 56.2 72.2 64.4 52.7 51.7 59.2 60.8 79.4 49.3 53.1 64.0 64.8 0
SVC 53.1 52.8 71.3 82.4 97.3 76.0 29.9 66.8 95.6 86.1 75.9 87.2 82.5 96.9 1
STD 2.6 1.7 3.0 2.0 1.2 2.7 3.0 2.3 2.9 1.7 3.0 1.9 2.6 1.4  
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neighbour classifier outperforms the others.  This improvement can be explained by 
the fact that the artificial neural networks’ CAP is lower compared to its CAC.  For 
example for the DIB data set with 76.8 percent CAC, which is higher than the k-
nearest neighbour classifier’s 67.6 percent, drops to 58.3 percent CAP, which is lower 
than the k-nearest neighbour classifier’s 67.4 percent CAP value. 

The decrease of performance can be explained by the nature of the training data 
set, since the training data set for supervised learning only have the class values 
given.  The probabilities are in fact a mapping of class information to probabilities as 
zero or one, so the artificial neural network does not have the real probability 
information to train. 

For the sake of this study, all classifiers are like experts with different back-
grounds, who try to conclude the class of the sample at hand via decision combination 
with an acceptable reliability.  As stated before, the classifiers are not especially tuned 
for the training set.  The results show that k-nearest neighbour classifier outperforms 
the others for this classifier set with the current setting of parameters for individual 
classifiers.  Another point is that the k-means clustering and Parzen classifiers are the 
worst ones.  The results also validate that the data sets have different characteristics, 
since their performance are different for different classifiers.  Based on the classifier 
set with current parameter settings, the data sets DIB, D10, GID, SMR and 2SD are 
relatively hard to classify. 

6.2 Classifier Combination Results 

As the first combination algorithm, defined weight assignment algorithms are used on 
class label based classifier combination, where the classifiers have produced only the 
class assignment results.  The results for this combination can be summarized as in 
Table 3.  The performance of the combination is marked as bold face, if it is better 
than the average of the top three best performance of the classifier set.  Results are 
grouped for three different performance measures (OP, CAC, CAP).  Results of dif-
ferent weight assignments are given in rows.  Simple majority voting results are given 
in rows with “MV” title and the results next to “MV” rows, titled “xR”, tabulate the 
integration of reliability for combination.  For the weight assignment titled “OP”, 
overall performance values are assigned as weights.  The results integrated with the 
reliability of the classifiers are given in the rows next to it.  The last rows are for 
weight assignment titled “Poly”, where linear regression values are assigned as 
weights and reliabilities are integrated in the last row. 

The results in Table 3 of the majority voting are not so promising as expected, 
since the classifiers in the set are not specifically chosen to be independent and unbi-
ased.  The “Best” column indicates the number of times the combination algorithm 
performs better than the average of the top three classifiers.  The results show that 
even this performance can be improved using the classifier reliability for the class 
label assignments.  For the class label based combination algorithm, the integration of 
the reliability of the classifiers improves the performance of the combination.  The 
results show that the performance assignment as weights is better than the other 
methods of combination weight assignments.  If we consider the standart deviations 
of the results, we can say that BIO, DIB and WQD datasets can be better classified 
using class label based combination method. 
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Table 3. Class label based classifier combination 

OP Class BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Best
MV 77.0 52.7 54.3 33.2 85.1 61.6 21.0 93.3 87.0 60.8 39.0 77.9 69.0 91.5 1

xR 77.4 54.9 58.1 41.1 86.7 66.3 24.6 96.1 93.5 69.2 48.7 80.3 68.4 91.5 5
OP 78.9 56.7 58.8 47.1 86.7 66.6 39.3 96.7 93.5 75.5 54.6 78.7 68.8 90.9 5

xR 79.6 55.1 59.1 51.6 87.6 67.9 59.6 97.2 93.5 75.5 58.0 79.3 68.8 91.5 9
Poly 60.8 56.1 60.8 34.7 90.9 65.9 46.7 93.4 66.0 65.9 58.8 54.9 55.8 88.0 4

xR 77.7 57.0 61.6 35.7 90.1 62.1 43.8 90.7 73.3 70.1 47.6 74.3 67.9 87.9 2
CAC Class BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Best
MV 85.6 68.0 69.5 53.7 90.6 72.1 45.4 94.9 91.1 71.9 56.0 86.5 80.5 94.0 0

xR 87.6 74.0 76.0 62.6 92.7 80.8 49.5 97.8 95.6 82.3 68.0 89.0 82.5 94.7 6
OP 87.6 75.1 76.5 67.3 92.7 81.3 62.4 97.8 95.6 85.4 72.5 88.0 82.5 94.7 6

xR 87.1 74.1 76.5 71.0 92.7 81.3 76.8 98.3 95.6 85.4 75.5 88.0 82.5 94.7 8
Poly 76.3 74.3 77.0 57.0 94.8 80.8 61.9 96.1 80.0 79.2 75.5 66.0 73.5 93.3 5

xR 86.1 75.1 77.5 57.5 94.8 75.5 47.4 94.9 84.4 82.3 67.5 86.0 80.5 93.3 4
CAP Class BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Best
MV 82.6 70.4 73.6 84.2 93.2 70.4 49.3 88.3 85.1 90.8 59.4 83.2 80.7 94.2 5

xR 83.3 70.9 73.9 86.1 93.9 72.4 55.4 91.9 92.6 93.9 62.9 85.1 80.9 94.9 9
OP 83.2 71.1 74.0 85.6 94.0 73.2 59.6 92.8 91.9 94.0 65.3 86.0 81.1 94.8 9

xR 83.8 71.6 74.2 87.4 94.6 74.5 65.7 94.6 94.6 95.1 68.1 86.9 81.3 95.4 11
Poly 76.1 74.8 77.8 86.0 96.8 81.6 67.7 96.1 78.9 94.3 76.8 76.0 73.8 94.4 9

xR 87.0 74.6 78.2 84.5 97.0 79.5 71.6 90.8 84.5 95.4 68.6 83.2 78.9 94.9 9  

Table 4.  Probability based classifier combination 

OP Prob BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Bes t
MV 80.0 54.5 55.3 42.1 89.0 64.4 39.1 77.1 93.5 65.4 48.5 80.3 71.3 91.6 6

xR 78.0 51.4 55.6 52.8 89.4 67.6 56.2 84.9 93.5 71.9 58.5 79.7 71.3 91.6 8
OP 79.5 54.3 55.8 53.2 89.9 68.9 62.5 82.6 91.3 76.2 61.3 80.3 70.9 91.6 9

xR 78.5 51.0 55.8 54.3 89.9 71.0 66.5 84.5 91.3 78.1 61.0 78.7 70.9 91.6 8
Poly 81.8 59.5 61.2 56.7 90.8 72.0 98.5 90.8 93.5 81.7 64.7 87.4 70.1 92.2 12

xR 79.1 58.1 61.4 56.0 90.8 73.2 67.8 87.6 97.8 81.6 60.8 87.9 70.4 92.2 12
CAC Prob BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Bes t
MV 89.2 73.6 74.0 63.1 93.8 79.3 62.4 87.1 95.6 79.2 69.0 89.0 84.0 95.3 7

xR 87.1 71.5 74.0 71.5 93.8 81.7 74.7 91.0 95.6 83.3 76.0 88.0 84.0 95.3 8
OP 88.7 73.4 74.5 71.0 93.8 82.2 78.9 90.4 93.3 86.5 77.5 89.0 84.0 95.3 9

xR 88.1 71.4 74.5 72.9 93.8 83.7 80.9 91.6 93.3 87.5 77.5 88.0 84.0 95.3 8
Poly 90.2 77.1 78.0 74.3 94.3 84.6 99.0 94.9 95.6 89.6 79.0 93.0 83.5 95.3 12

xR 88.7 76.2 78.0 72.9 94.3 85.1 70.6 93.3 97.8 89.6 76.5 93.5 83.5 95.3 12
CAP Prob BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Bes t
MV 63.2 57.6 60.4 77.5 74.3 59.9 51.8 67.6 68.5 82.8 54.4 67.2 67.3 74.2 0

xR 63.6 58.9 60.3 79.7 75.2 60.9 56.5 68.3 72.0 84.1 56.1 68.3 67.3 74.3 0
OP 65.8 58.2 60.8 79.3 75.5 61.8 60.2 68.4 72.2 84.4 57.4 69.8 67.5 74.6 0

xR 65.5 59.4 60.8 82.0 76.0 62.6 64.7 68.5 73.6 85.1 58.9 70.3 67.6 74.7 0
Poly 81.0 67.5 68.3 86.6 96.1 77.7 92.5 86.4 95.0 94.6 67.9 88.3 75.0 94.4 10

xR 76.6 70.7 69.7 84.9 96.5 85.1 83.8 86.4 89.8 97.3 76.2 92.4 74.4 94.7 8  

 
In Table 4 the classifiers’ class probability estimates are used to combine using all 

the weight assignment algorithms.  We note that the integration of the reliability im-
proves the performance.  The results compared to the class label based combination 
ones show us a different behaviour, the polynomial weight assignment is better than 
the others.  This can be explained by the discrete type of function values of the class 
based combination compared to continuous type of function values for polynomial 
weight assignment. 

Based on CAC, the proposed polynomial weight assignment for weighted classifier 
combination outperforms the other combination methods.  Comparing single classifier 
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and combination results, except for the data sets WQD, BEM and IFD, the combina-
tion performance is even higher than the best classifier’s performance.  For example 
for the DIB data set, the best possible class performance is 76.8 percent, which is 
increased to 77.1 percent.  Considering the standart deviations of the single classifier 
results we can even state that the BIO, DIB, SMR, 2SD, and 80X data sets are classi-
fied better than the single best classifiers. 

The analysis of removing the worst and best classifiers improves the classification 
performance for some data sets.  For the worst classifier removal, improvements are 
better than the case of removing the best classifier.  A detailed study [2] shows that 
the behaviour is different depending on the characteristics of the data sets.  In fact the 
removal of worst classifier improves the performance as expected, but the result for 
the best classifier was an unexpected result.  A closer look at the k-nearest neighbour 
classifier based on the sum of squared errors of posterior probabilities is given in 
Table 5.  The bold face values indicate the best sum of squared errors among the clas-
sifiers on the same data set on that column.  The last column titled “Best” indicates 
the number of times the classifier has the best sum of squared error of posterior prob-
ability among the classifier collection.  The results show that the k-nearest neighbour 
classifier is one of the best ones, but not in all cases. 

To have an automated classifier, we may have a collection of fuzzy neural net-
works, artificial neural networks, k-nearest neighbour and support vector machine 
based classifiers, and combine them.  The design of this subset of classifiers is based 
on their sum of squared error on posterior probabilities in Table 5.  The four classifi-
ers chosen, have the lowest sum of squared errors.  The results of this set were almost 
as good as the original classifier set with all the classifiers.  The probability based 
combination with overall performance values assigned as weights performs better 
than the whole classifier set for classification accuracy based on probability. 

A more detailed sensitivity analysis is done on data sets separately [2]. For each 
data set the classifiers are sorted based on the sum of squared errors, respectively.  
Beginning with the best classifier, all classifiers are incrementally added to the classi-
fier set.  Their performance changes are graphically presented in Figure 1 and Fig-
ure 2. 

As can be seen in Figure 1, the classification accuracy based on class labels for the 
majority vote of the classifier set, after the best classifier is in the subset, the perform-
ance first drops by adding the second or third best classifier and then it begins to im-
prove sometimes to its initial level and sometimes above it.  This is due to the fact 
that the best classifiers in the classifier set are not independent of each other, that is 

Table 5. Sum of squared errors on probabilities of classifier set 

SSE BIO DIB D10 GID IMX SMR 2SD WQD 80X ZMM BEM BEV HRD IFD Bes t
KMClus74.3 89.7 56.5 370.5 174.6 70.4 71.6 141.6 135.3 520.1 85.1 91.4 65.2 109.1 0
SOM 32.0 70.3 49.0 109.3 55.2 91.3 125.8 31.5 57.8 95.8 109.0 26.0 32.0 21.3 1
FANN 32.6 33.8 38.0 116.2 56.1 34.0 69.2 27.3 85.8 224.0 62.4 34.3 29.0 35.1 5
ANN 31.3 41.1 39.9 80.8 69.9 38.4 58.5 29.7 48.2 131.4 54.4 40.6 34.2 48.3 1
KMClas95.0 95.4 53.1 380.7 165.2 65.3 71.4 143.0 92.4 528.5 83.1 85.2 52.4 109.1 0
Parzen 72.9 70.2 96.8 86.2 95.2 93.5 79.2 87.0 92.7 82.4 86.4 59.3 76.7 84.4 0
kNN 41.6 54.7 55.5 51.9 33.7 43.1 37.0 49.1 33.0 36.0 52.9 32.9 45.7 33.1 5
PQD 95.8 80.5 53.6 386.0 195.0 74.7 72.3 147.3 129.3 639.0 75.3 87.5 53.9 140.4 0
PLD 53.0 51.9 42.1 183.6 121.0 56.4 56.0 76.0 69.2 190.3 51.9 56.4 30.6 51.5 0
SVC 53.1 54.7 77.9 69.4 73.7 46.0 128.6 75.5 85.9 68.4 47.6 21.2 34.5 68.9 2  
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they are correlated in the misclassification of the same test samples.  A complete 
search for the best classifier subset may also be carried out by considering all possible 
subsets of the original classifier set.  A further research should be done on the class 
characteristics of the data sets, since the performance of classifiers are not just data set 
dependent, their performance also depend on the different classes of the data set.  For 
some classifiers, certain classes of some data sets may be classified more reliably than 
the other classes of the same data set.  In fact in this study, this kind of analysis is 
added to the combination by the proposed reliability factors. 

Comparing the sensitivity of adding classifiers to the set in the figures 1 and 2 
show that polynomial weight assignment is more robust for addition of new classifi-
ers.  Another point is that probability based classifier combination is more robust to 
class label based combination algorithms, as can be noticed by the smaller variability 
in the performance, which ranges between 70 percent and 100 percent (Figure 2(b)), 
compared to the large variation of the simple majority vote case of 60-100 percent 
range (Figure 1(b)).  Based on this analysis we can outline a guide for designing a 
classifier set for combination. 

Assuming that at the design time of the classifier set, the time is not a critical issue, 
all available classifiers should be trained.  If possible, they may be tuned for better 
performance.  At training phase the time costly leave-one-out algorithm should be 
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Fig. 1. Classification accuracy based on class labels of simple majority vote 
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Fig. 2. Class performance of polynomial weight assignment with reliability 
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used.  The reliabilities after this training should be recorded for testing phase.  Than a 
sensitivity analysis should be carried out:  either beginning with best classifier based 
on the sum of squared probability errors, all classifiers are added to the classifier set 
and the new performance is traced after each step till all classifiers are added, or all 
possible subsets of classifiers for classifier set should be considered.  Either the best 
set or if the performance difference is not so high, all classifiers should be selected for 
classifier set.  Finally using results of leave-one-out, the polynomial weights and the 
class reliabilities of classifiers should be calculated and used for the testing phase.  
The probability based combination algorithm is more robust as the combination algo-
rithm. 

7 Summary and Conclusions 

In this study different classifier combination schemes are proposed and realized in an 
integrated framework.  All classifiers and combination schemes are evaluated using a 
variety of performance measures.  When combining different classifiers, the weighted 
combination methods are applied as the combination schemes.  The two basic ques-
tions concerning the weighting methods:  what to weight and how to weight, direct us 
to new ideas of alternatives for combination methods and for weight assignments.  
Class and probability based combination methods are applied on the data set and 
experimentally demonstrated that the proposed probability based weighted combina-
tion method is a robust way of combining classifiers.  The weights of classifiers are 
basically based on their performances in the training phase, assuming that they will 
achieve almost the same performance for the test samples.  Overall performance val-
ues, originated by the class performance and reliability values proportional to the 
class population for a specific class after the leave-one-out training phase, is proposed 
for weight assignment.  A better way of assigning weights is proposed by using the 
least square fit parameters of true and estimated posterior probabilities in the leave-
one-out training, and it is called polynomial weight assignment.  The classical equal 
weight assignment is also implemented and tested in the framework to compare the 
effectiveness of proposed methods. 

Sensitivity analysis of selecting a classifier subset to achieve best performance 
possible with the current classifier set is performed.  The basic idea behind selection 
of a classifier for the classifier set is that, the individual classifier which will be added 
in the set should not be strongly correlated in the misclassification of the current clas-
sifiers in the classifier set.  This criterion is not easily satisfied, since even different 
classes of the same data set may have different characteristics.  That is, the classifier’s 
performance may vary for the different classes of the same data set.  The results of 
different sensitivity analysis show that the probability based combination with poly-
nomial weights is a robust way to combine classifiers.  Probability based combination 
with polynomial weights achieves the best possible performance with the current set 
of classifiers at hand.  

To have a complete comparative study, all the proposed combination schemes and 
weight assignments are applied on the data sets and their performances are evaluated 
using the proposed performance measures.  Some of the performance measures pro-
posed in this study include the reliabilities of the classifiers for their decisions based 
on their training performances.  The reliability values integrate their trust for their 
decisions, which is used with the assigned weights, to improve the performance of 
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correct classification and reduce the overall misclassification error.  Hence, the inte-
gration of the reliability measure in the combination improves the classification per-
formance; even the simplest combination scheme of equal weight assignment for 
classifiers is improved.  The main observation of this study is that a typical one to 
three percent consistent improvement compared to a single best classifier is seen 
when combining classifiers using the polynomial weight assignment applied with 
probability based combination. 
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Serial Multiple Classifier Systems Exploiting a Coarse
to Fine Output Coding
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Abstract. We investigate serial multiple classifier system architectures which
exploit a hierarchical output coding. Such architectures are known to deliver per-
formance benefits and are widely used in applications involving a large number
of classes such as character and handwriting recognition. We develop a theoreti-
cal model which underpins this approach to multiple classifier system design and
show how it relates to various heuristic design strategies advocated in the litera-
ture. The approach is applied to the problem of 3D object recognition in computer
vision.

1 Introduction

There are several papers [3,10,11,12,13,6,8,7] concerned with multiple classifier system
architectures which suggest that complex architectures, in which the decision process
is decomposed into several stages involving coarse to fine classification, result in an
improved recognition performance. For example, by grouping classes and performing
initially coarse classification, followed by fine classification refinement which disam-
biguates the classes of the coarse group, one can achieve significant gains in performance.
[7] applies this approach to the problem of handwritten character recognition and sug-
gests that class grouping should maximise an entropy measure. Similar strategies have
been advocated in [3,10,11,12,13]. The popular decision tree methods can be seen to
exploit the same phenomenon.

The aim of the current study is to demonstrate that these heuristic processes do
indeed have a theoretical basis by developing a very general framework for analysing
the benefit of hierarchical class grouping. The outcome of the analysis will be to indicate
and elucidate a number of differing strategies that can be adopted to build serial multiple
classifier systems architectures. Finally, we select one such strategy and apply it to the
practical problem of 3D object recognition using 2D views.

The paper is organised as follows. In Section 2 the problem of pattern recognition
using hierarchical class grouping is formulated. We derive an expression for the addi-
tional decision error over and above the Bayes error, as a function of estimation error. In
Section 3 we discuss various strategies that naturally stem from this analysis. In Section
4 one of these strategies is applied to the problem of 3D object recognition using a two
stage classifier. Section 5 draws the paper to conclusion.
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2 Problem Formulation and Mathematical Notation

Consider a multi-class pattern recognition problem where pattern Z is to be assigned
to one of m possible classes {ωi, i = 1, ...m}. Let us assume that the given pattern
is represented by a measurement vector, x. In the measurement space each class ωk is
modelled by the probability density function p(x|ωk), and let the a priori probability
of class occurrence be denoted by P (ωk). We shall consider the models to be mutually
exclusive, meaning that only one model can be associated with each pattern.

Now according to the Bayesian decision theory, given measurements x, the pattern
Z should be assigned to class ωj , i.e. its label θ should assume value θ = ωj , if the a
posteriori probability of that interpretation is a maximum, i.e.

assign θ → ωj if

P (θ = ωj |x) = max
k

P (θ = ωk|x) (1)

In practice, for each class ωi, a classifier will provide only an estimate P̂ (ωi|x) of
the true a posteriori class probability P (ωi|x) given pattern vector x, rather than the true
probability. Let us denote the error on the estimate of the ith class a posteriori probability
at point x as e(ωi|x) and let the probability distribution of the errors be pi[e(ωi|x)].

In order to investigate the effect of sequential decision making by class grouping, let
us examine the class a posteriori probabilities at a single point x. Suppose the a posteriori
probability of class ωs is maximum, i.e. P (ωs|x) = maxm

i=1 P (ωi|x) giving the local
Bayes error eB(x) = 1 − maxm

i=1 P (ωi|x). However, our classifier only estimates
these a posteriori class probabilities. The associated estimation errors may result in
suboptimal decisions, and consequently in an additional classification error. In order to
precisely quantify this additional error we have to establish what the probability is for
the recognition system to make a suboptimal decision. This situation will occur when
the a posteriori class probability estimates for one of the other classes becomes maximal.
Let us derive the probability eSi(x) of the event occurring for class ωi, i �= s, i.e. when

P̂ (ωi|x) − P̂ (ωj |x) > 0 ∀j �= i (2)

Note the left hand side of (2) can be expressed as

P (ωi|x) − P (ωj |x) + e(ωi|x) − e(ωj |x) > 0 (3)

Equation (3) defines a constraint for the two estimation errors e(ωk|x), k = i, j as

e(ωi|x) − e(ωj |x) > P (ωj |x) − P (ωi|x) (4)

The event in (2) will occur when the estimate of the a posteriori probability of class
ωi exceeds the estimate for class ωs, while the other estimates of the a posteriori class
probabilities ωj , ∀j �= i, s remain dominated by P̂ (ωi|x).

The first part of the condition will happen with the probability given by the integral
of the distribution of the error difference in (4) under the tail defined by the margin
∆Psi(x) = P (ωs|x) − P (ωi|x). Let us denote this error difference by ηω(x). Then the
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distribution of error difference p[ηω(x)] will be given by the convolution of the error
distribution functions pi[e(ωi|x)] and ps[e(ωs|x)], i.e.

p[ηω(x)] =
∫ ∞

−∞
pi[ηω(x) + e(ωs|x)]ps[e(ωs|x)]de(ωs|x) (5)

Note that errors e(ωr|x), ∀r are subject to various constraints (i.e.
∑

r e(ωr|x) =
0, −P (ωr|x) ≤ e(ωr|x) ≤ 1 − P (ωr|x)). We will make the assumption that the
constraints are reflected in the error probability distributions themselves and therefore
we do not need to take them into account elsewhere (i.e. integral limits, etc). However,
the constraints also have implications for the validity of assumptions about the error
distributions in different parts of the pattern space. For instance, in regions where all the
classes are overlapping, the Gaussian assumption may hold, but as we move to the parts
of the space where the a posteriori class probabilities are saturated, such an assumption
would not be justified. At the same time, however, one would not be expecting any errors
to arise in such regions, and the breakdown of the assumption would not be critical to
the validity of the argument.

Returning to the event indicated in (2), the probability of the first condition being
true may thus be stated to be

∫ ∞
∆Psi(x) p[ηω(x)]dηω(x).

With regard to equation (4), treating each j individually, we observe that the second

condition will hold (for j �= s, i) with probability
∫ P (ωi|x)+e(ωi|x)

−∞ pj [e(ωj |x)]de(ωj |x),
the exception being the last term, say e(ωk|x), which is constrained by:

e(ωk|x) = −
m∑

j = 1
j �= k

e(ωj |x) (6)

Thus, finally, the probability of assigning point x to class ωi in place of the Bayes optimal
class ωs, will be given by:

eSi(x) =
∫ ∞

∆Psi(x) p[ηω(x)]dηω(x)

• ∫ ∆Pij(x)+e(ωi|x)
−∞ pj [e(ωj |x)]de(ωj |x)........

...
∫ ∆Pil(x)+e(ωi|x)

−∆Pik(x)−e(ωi|x)−
∑m

t = 1
t �= k

et(ωt|x)
pl[e(ωl|x)]de(ωl|x) (7)

and the total probability of label switching will be given by:

eS(x) =
m∑

i = 1
i �= s

eSi(x) (8)

Now how do these labelling errors translate to classification error probabilities? We
know that for the Bayes minimum error decision rule the error probability at point x
will be eB(x). If our pseudo Bayesian decision rule, i.e. the rule that assigns patterns
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according to the maximum estimated a posteriori class probability, deviates from the
Bayesian rule with probability eS(x), the local error of the decision rule will be given
by

α(x) = eB(x)[1 − eS(x)] + eS(x)[1 − eB(x)] (9)

Suppose that we divide the classes into two groups and perform a coarse classification
of the input pattern to one of these two groups, and then, in the next stage, refine the
classification further, by considering the remaining alternatives, the number of which
will be reduced by one half. To be specific, let us consider a four class case. Then the
probability of label switching in (7) will become:

eSi(x) =
∫ ∞

∆Psi(x) p[ηω(x)]dηω(x)

• ∫ ∆Pij(x)+e(ωi|x)
−∆Pik(x)−2e(ωi|x)−e(ωs|x) pj [e(ωj |x)]de(ωj |x)

(10)

The total probability of switching will be defined as in (8). Here the total probability
will involve three terms eSr (x), r = i, j, k.

After grouping the classes to super classes Ω1 = {ωs, ωi} and Ω2 = {ωj , ωk} the
probability of label switching will be given by the probability of choosing the incorrect
super class, Ω2, plus the probability of picking Ω1 times the probability of not selecting
the Bayes optimal decision during the decision refinement. Let us denote the former
term by w(x), i.e.

w(x) =
∫ ∞

∆Π12(x)
p[ηΩ(x)]dηΩ(x) (11)

where ∆Π12(x) = P (Ω1|x) − P (Ω2|x). Then the total probability of label switching
can be written as

εS(x) = w(x) + [1 − w(x)]
∫ ∞

∆Qsi(x)
p[ηω(x)]dηω(x) (12)

In equation (12) we implicitly denote the a posteriori probabilities for classes ωs and
ωi by different symbols to indicate that these functions differ from P (ωr|x), r = i, s
by a scaling factor P (ωs|x) + P (ωi|x) since they are required to sum to unity. Note
that if functions Q(ωr|x) are estimated via probability densities, the estimation errors
will be scaled up versions of the original errors e(ωr|x). However, if these functions are
estimated directly from the training data, the errors will be different and can be assumed
to have the same distribution as the original unscaled errors e(ωr|x). If this is the case,
then one can see why this two stage approach may produce better results. If the error
distributions are the same but the margins increase by scaling, the probability of label
switching will accordingly go down.

In general, there will be m classes that can be gathered hierarchically into binary
groups at each stage of the hierarchy. Let us denote the two groups created at stage k by
Ωk and Ω̄k. Thus, the set Ωk will be divided at the next stage into two subsets, and so
on. The class sets Ωk will hence satisfy the condition:

ΩkεΩj j < k (13)
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Further, let the additional error of classifying pattern x from superclass Ωk be denoted
wk(x). Then by analogy to (12), the total additional error of the hierarchical decision
making process can be written as

eS(x) = w1(x) +
n−1∑
i=2

[Πi−1
j=1(1 − wj(x))]wi(x) + Πn−1

j=1 (1 − wj(x))wn(x) (14)

3 Discussion

Let us consider the implication of expression (14). Assuming that the estimation errors
have identical distribution at all the stages of the sequential decision making process,
the label switching error wi(x) at stage i will be determined entirely by the margin
(difference) between the a posteriori probabilities of classes P (Ωi|(x)) and P (Ω̄i|(x)).
By grouping classes at the top of the hierarchy we can increase this margin and therefore
control the additional error. In this way we can ensure that the additional errors wi(x)
in all but the last stage of the decision making process are negligible. In the limiting
case, when wi(x) → 0, i = 1, ...., n − 1, the switching error eS(x) will be equal
to wn(x). At that point the set Ωn is likely to contain just a single class. Thus the last
stage decision will involve two classes only. Note that whereas the margin between the
a posteriori probabilities of the two classes, say ωt and ωr, at the top of the hierarchy,
was P (ωt|x) − P (ωr|x), in the last stage, it will become

∆ =
P (ωt|x) − P (ωr|x)
P (ωt|x) + P (ωr|x)

(15)

Thus the margin will be significantly magnified and consequently the additional error
eS(x) significantly lower than it would otherwise have been in a single stage system.

The expression (14) immediately suggests a number of grouping strategies. For
instance, in order to maintain as large a margin as possible in all stages of the decision
making process, it would clearly be most effective to group all but one class in a single
super class with the weakest class constituting the complement super class. This strategy
has in fact been suggested, based on heuristic arguments, in [2]. The disadvantage of
this strategy is that it would involve m − 1 decision steps.

Computationally more effective is to arrive at a decision after log2 m steps. This
would lead to grouping which maintains a greater balance of the two class sets Ωi and
Ω̄i. Another suggestion [7] is to split the classes so as to minimise an entropy criterion.
However, all these strategies would have in common that they exploit the same underlying
principle embodied by our model.

4 Experimental Results

In the following section, we set out to test the idea of grouping thus elucidated within the
context of 3-D object recognition. Hence, we consider two particular recognition experts
in tandem, the first of which will perform a course grouping of the object hypotheses
based on an entropy criterion. This initial classification is performed using colour cues via
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the MNS method of Matas et al [9], whereby the colour structure of an image is captured
in terms of a set of colour descriptors computed on multimodal neighbourhoods of the
image. We use the similarity between the descriptors from the scene image and each of
the K object models to find a posteriori probabilities of the object in the scene image
belonging to each class in the database.

Having provided the set of a posteriori probabilities P = {p(ωi|x), ∀i ∈ {1 · · · K}},
we rank them in the descending order, our objective being to compile a list of hypothe-
sised objects based on their likelihood of being in the scene (P). For this purpose we use
the entropy of the system as a criterion. Let us consider the list, O of objects arranged
according to the descending order of their probabilities of being in the scene. If O is split
into two groups O1 and O2, corresponding to the m most likely objects in the scene and
the remaining objects of the database, respectively, the entropy of the system is evaluated
as follows [5]:

E = αE(O1) + (1 − α)E(O2) (16)

where E(O1) and E(O2) are the entropies associated with groups O1 and O2 respec-
tively, and α is the probability that the present object in the scene exists in the group
O1. By searching the range of possible configurations, (m = {1 · · ·K}), the grouping
with the minimum entropy is selected and the group of the hypothesised objects, O1, is
passed to the next expert (ARG).

The second expert establishes the object identity by considering only the subset of
candidate models contained in the most probable of the coarse groups. We opt for the
region-based matching proposed in [1] as the second expert in our recognition system.
In this method an object image is represented by its constituent regions segmented from
the image, the regions being represented in the form of the Attributed Relational Graph.
Hence, this expert takes into account geometric relations between object primitives and
determines the winning hypothesis by means of relaxation labelling [1]: we refer to
this method as the ARG method. Thus the recognition system as a whole is denoted the
MNS-ARG method.

In seeking to experimentally demonstrate the effect of model pruning in this context,
we are thus interested in determining the effect of the first classifier (MNS) on the
performance of the ARG method in terms of the recognition rate. The experiment was
hence conducted on the SOIL-47 (Surrey Object Image Library) database which contains
47 objects, each of which has been imaged from 21 viewing angles spanning a range
of up to ±90 degrees. Fig1(a) shows the frontal view of the objects in the database, the
whole of which is available online [4]. We model each object using its frontal image,
leaving the other 20 views of the objects to be used as test images (Fig 1(b)): the size of
images used in this experiment is 288 × 360 pixels.

For each test image we applied the MNS method to determine the hypothesised
objects matching to it, the outcome of which is depicted in Fig 2. In this figure we plot
the percentage of cases in which the list of hypothesised objects includes the correct
model, the rate being shown as a function of object pose. For comparison, we plot the
percentage of cases in which the correct object has the highest probability among the
other candidates (i.e. the recognition rate): the results illustrate that the recognition rate
for the MNS method is not particularly high despite the fact that in the majority of cases
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(a) (b)

Fig. 1. a) The frontal view of sample objects from the SOIL47 database b) Database objects imaged
from 20 viewing angles
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Fig. 2. The likelihood of the correct model being
in the list of hypothesised objects generated by
the MNS method
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Fig. 3. The percentage of correct recognition for
the ARG and the MNS-ARG methods

the hypothesised list does include the correct object (though note that the average size of
the list of hypothesised objects is 16, near to one third of the database size (47 objects)).

The ARG method was then applied to identify the object model based on the list of
hypothesised objects generated by the MNS method, this recognition procedure being
applied to all test images in the database. In Fig 3 we have plotted the recognition
rate for the MNS-ARG method as a function of object pose: for comparison we add
the recognition rate when ARG method is applied as a stand alone expert. As a base
line we have also included the rate of correct classification for the MNS method. The
results show that the object grouping using the MNS method uniformly improves the
recognition rate, particularly for extreme object views. In these cases, the hypotheses at
a node of the test graph do not receive good support from their neighbours (due to the
problem of distortion in image regions). Moreover, we observe that a large number of
labels involved in the matching tends to increase the entropy of labelling, while, when
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the number of candidate labels for a test node declines by virtue of model pruning, the
entropy of labelling correspondingly diminishes. Consequently it is more likely for a
test node to take its proper label (instead of the null label).

It is, furthermore, worth noting that grouping using the MNS method not only im-
proves the recognition rate, but also reduces the computational complexity of the entire
recognition system. Specifically, the MNS-ARG method executes, in the outlined sce-
nario, at almost three times the rate of the stand alone ARG method.

5 Conclusion

We have set out a theoretical basis for the commonly employed heuristic method of
class coarse-graining in order to improve classification performance by considering the
question in terms of the composite error margin and the associated probability of label
switching.

As such, we have additionally been able to indicate the existence a range of such
approaches, which would allow the balancing of execution time with classification per-
formance as appropriate to the user’s specifications. A practical example of one such
process was given, which demonstrated the real utility of this type of approach by apply-
ing an entropy criterion to the coarse-graining of object targets in a 3-D object recognition
problem, substantially improving recognition for the most ambiguous classes.
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Abstract. A new principle for performing polychotomous classification
with pairwise classifiers is introduced: if pairwise classifier Nij , trained to
discriminate between classes i and j, responds “i” for an input x from an
unknown class (not necessarily i or j), one can at best conclude that x �∈
j. Thus, the output of pairwise classifier Nij can be interpreted as a vote
against the losing class j, and not, as existing methods propose, as a vote
for the winning class i. Both a discrete and a continuous classification
model derived from this principle are introduced.

1 Introduction

1.1 Problem Statement

Consider the problem of m-way classification (m ≥ 2) of the random variable x ∈
Rd. The probability density function of x is a mixture of m partially overlapping
components corresponding to the classes of interest in the classification problem:
p(x) =

∑m
1 wkp(x | k) where the weights are the prior class probabilities: wk =

P (k),
∑m

1 wk = 1. The training data consists of n input vectors xi, which
usually are typical representatives of the classes, and the corresponding class
labels yi ∈ {1, . . . , m}. The goal is to assign class labels to novel inputs.

The direct approach is to use a single m-way classifier; an alternative ap-
proach is to employ several k-way classifiers (k < m) and combine their outputs
in a m-way classification decision. In this paper the case k = 2 (pairwise classi-
fiers) is explored.

1.2 Current Approaches

The idea of performing complex multi-way classification tasks by combining
multiple simpler, specialized classifiers is not new and various approaches based
on this principle have been presented in the research literature as well as in
pattern recognition textbooks such as [6].

Of particular interest in the context of this paper are Friedman’s method [2],
the pairwise coupling model of Hastie & Tibshirani [3] and the related approach
presented in [6].

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 115–124, 2003.
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Friedman’s Voting Method. The Bayesian solution to the classification of x
requires that estimates of the m class posterior probability densities P (k | x) be
obtained in the training stage.

Friedman’s approach reformulates the Bayesian solution to reduce the m-
way classification problem to m(m − 1)/2 pairwise discrimination problems, as
follows. During training, possibly using neural network techniques, estimates of
the following ratios of probability densities are obtained:

rij(x) =
P (i | x)

P (j | x) + P (i | x)
(i, j = 1, . . . , m) (1.1)

The functions rij learned in the training phase are then used in the testing phase.
If for input vector x, rij(x) > 0.5 then P (i | x) > P (j | x), and class i is the
“winner” of the i − j comparison. Thus, the output of pairwise estimator (i, j)
can be interpreted as a vote for either class i or for class j. There are m(m−1)/2
non-trivially distinct functions rij , one for each pair of classes. Input vector x is
assigned to class k if class k wins the most votes, or two-class classifier decisions
k − i (i = 1, . . . , m).

Pairwise Coupling and Similar Models. The pairwise coupling model [3]
assumes that, for input x, the output of pairwise classifier (i, j) is given by:

sij(x) = P (i | x, i ∨ j) (1.2)

and that

sij(x) =
P (i | x)

P (i | x) + P (j | x)
(1.3)

which is the same relation as in Eq. 1.1. The authors then proceed to find
the set of probabilities P (i | x) that best fit the set of classier outputs sij

via Eq. 1.3. Thus, while Friedman determines only the class with maximum
posterior probability, the pairwise coupling model estimates the class posterior
probabilities of all classes.

A similar model is given in [6]. For input x, the output of pairwise classifier
(i, j) is given, as in the pairwise coupling model, by:

sij(x) = P (i | x, i ∨ j)

By Bayes law

sij(x) =
wiP (x | i)

wiP (x | i) + wjP (x | j)
(1.4)

where wi is the prior probability of class i. Note that, as opposed to Eq. 1.3 of
the pairwise coupling model, this is an exact relation.

Given the classifier outputs sij , using Eq. 1.4 and Bayes’ law

P (i | x) =
wiP (x | i)∑m

j=1 wjP (x | j)

one can compute all class posterior probabilities.
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More Complex Schemes. The literature contains a relatively large number of
papers on the problem of combining simpler classifiers into multi-way classifiers:
[1,4,5,7]. These papers will not be discussed any further, since they generalize the
problem and its solution in various ways, but, as far as the focus of the present
paper is concerned, do not fundamentally change the principles introduced by
Friedman.

2 The Proposed Approach

2.1 Problems with Current Approaches

Friedman’s method, being a form of Bayesian classification, requires estimates
of the probabilities of the various classes at the input vector. Unfortunately,
class probability estimation is a difficult problem. Thus, it is desirable to design
a classification method that retains the advantage of reducing the multi-way
problem to a set of two-way decisions but does not require pairwise class density
comparison.

The problem with with the pairwise coupling and related models is more
basic. According to these models, the output of classifier (i, j) for input vector
x is given by sij(x) = P (i | x, i∨ j). In other words, the input vector is assumed
to belong to class i or to class j. However, in the testing phase, it is impossible
to ensure that input vector x fed to classifier (i, j) belongs to either class i or
j. If the input belongs to some other class, x ∈ k �= i, j, then the output of
classifier (i, j) can no longer be interpreted as in Eqs 1.2, 1.3, 1.4, and these
models cannot be applied.

2.2 “Non-probabilistic” Pairwise Classifiers

The goal of this paper is to formulate a multi-way classification scheme based on
pairwise classifiers that do not estimate the pairwise class probability ratios of
the type 1.1 for the input vector. Such classifiers will be hereafter termed “non-
probabilistic”. A typical example of such a classifier is the multilayer perceptron.

A non-probabilistic classifier performs certain calculations on the components
of the input vector. For example, such a pairwise classifier may discriminate be-
tween two classes by comparing a certain continuous feature with a threshold, or
by detecting the presence of one of two distinguishing features, or by performing
more complex calculations on the vector components in the case of the neural
networks. In vision application, one may differentiate between two image classes
by detecting one or two image templates at certain positions in the image.

In the training stage, using neural networks or related techniques as pairwise
classifiers is attractive because, in general, learning one m-way classification is
more expensive computationally than learning m(m − 1)/2 two-way classifica-
tions.

For input x ∈ i ∨ j, the output of a pairwise neural network Ni,j trained to
discriminate between classes i and j (by outputting 0 for class i and 1 for class
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j) can be interpreted as deciding whether pi(x) > pj(x) (despite the fact that
such networks do not actually estimate class probabilities).

One is therefore tempted to try to apply Friedman’s voting method to the
outputs of neural, non-probabilistic pairwise classifiers. However, the output of
pairwise network Nij(x) has the same meaning as rij(x) in Eq. 1.1 only if the
input x ∈ i ∨ j, condition that can be verified only for the training set.

This is a problem, since in practical classification problems the different
classes have finite extents and overlap only partially in input space. Conse-
quently, there usually exist regions in input space where only one single class is
present, and consequently the ratio rij(x) may be undefined, since both Pi(x)
and Pj(x) may be 0. At these locations the neural network pairwise classifier
Ni,j will have some output in [0, 1]; however, comparing this output to 0.5 to
determine whether pi > pj is no longer legitimate. The meaning of the output
of Nij(x) for x �∈ i ∨ j is not obvious, and applying Friedman’s voting scheme is
not justified.

2.3 A Novel Voting Principle: Vote against, Not for

To correctly use the pairwise non-probabilistic classifiers Nij for classification of
novel inputs one must interpret the outputs of these classifiers for inputs from
untrained-for classes k �= i, j.

The problem with directly applying the Friedman [2] or Hastie-Tibshirani
[3] approaches to non-probabilistic pairwise classifiers is the following. Consider
classifier Nij , trained to discriminate between classes i and j. If, for input x
of unknown class membership, the output of the classifier is “i”, applying the
Friedman algorithm results in a vote for class i. Similarly, the Hastie-Tibshirani
algorithm increases the probability of class i.

However, since the true class of x can be other than i or j, such an interpre-
tation of the output of classifier Nij can result in false positive errors–i.e., falsely
attributing x �∈ i ∪ j to class i or j. On the other hand, one can expect that,
if properly trained, the pairwise classifiers do not make (many) false negative
errors—i.e., give the wrong response to inputs from trained-for classes. Thus,
false positive errors are much more likely than false negative errors.

This observation leads to the following classification rule. If, for input x of
unknown class membership, classifier Nij responds “i”, one can not conclude
that x ∈ i. Due to the possibility of false positive errors, one can only conclude
that x �∈ j, because, if the input was from class j, the classifier Nij would have
responded “j” (assuming no false negative errors). In other words, one votes
against j, not for i.

Formally, (x ∈ i → Nij responds “i”) ≡ (x �∈ i → Nij does not respond “i”)
�≡ (Nij responds “i” → x ∈ i).

2.4 A Model for the Class Posterior Probabilities

Let yij denote the output of non-probabilistic pairwise classifier Nij for an input
x from an arbitrary class. yij is a random variable. Using solely the principle
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formulated above, a model for the class posterior probabilities P (k | yij) can
be formulated, as follows. This model represents a conservative (maximum ig-
norance) interpretation of the outputs of the classifiers when nothing is known
about the class membership of the input.

Discrete Output Classifiers. To simplify, assume first the classifiers Nij ,
i, j = 1, . . . , m output binary decisions: either i or j.

Given that classifier Nij outputs j, what are the probabilities of each of the
m classes?

It can reasonably be assumed that the classifiers are properly trained, and
thus very few false negative errors occur. Therefore, if classifier Nij outputs j,
the posterior probability of class i is reduced to zero, or more generally, to a
very small fraction εji of its prior probability wi, that is, P (i | yij = j) = εjiwi.

All the other classes k �= i (not only class j!) are possible, it is hypothesized,
with probabilities that sum up to 1 − εjiwi and are in ratios equal to the ratios
of their prior probabilities wk.

Therefore:

P (i | yij = j) = εjiwi; (2.1)

P (j | yij = j) =
wj(1 − εjiwi)

1 − wi
; (2.2)

Generally, ∀k �= i : P (k | yij = j) =
wk(1 − εjiwi)

1 − wi
; (2.3)

As desired, ∀k, h �= i, P (k | yij = j)/P (h | yij = j) = wk/wh. As required,∑m
k=1 P (k | Nij = j) = 1.
The factor εji determines the probability that classifier Nij outputs “i” for

an input of class j, and it can be estimated in the training stage. Similarly, εij

measures the probability that classifier Nij outputs “j” for an input of class i.
If εji is sufficiently small, ∀k �= i, P (k | yij = j) > wk.

Note that if wi increases for wj constant P (j | yij = j) increases nonlinearly.
This is a consequence of the fact that class i is excluded and the “missing proba-
bility” is made up for in part by class j. If wi +wj = constant then P (j | yij = j)
decreases with increasing wi.

It will be shown later that if the prior probabilities wi are equal, and all
εij are equal, the voting-against method is equivalent to Friedman’s voting-for
method. Intuitively, voting against class j is equivalent to voting equally for each
of the other classes j �= i — in other words, if Nij classifier responds “i”, the
true class can be any class except j, with the same probability.

Continuous Output Classifiers. If classifier outputs yij are not binary but
continuous in [0, 1] a simple possibility is to interpolate between the limiting
cases P (k | yij = 0) and P (k | yij = 1) to obtain P (k | yij ∈ (0, 1)). Assuming
that for classifier Nij , yij = 0 corresponds to yij = j and yij = 1 corresponds to
yij = i, these limiting probabilities are given, for the various values of k, by Eqs
2.1, 2.2, 2.3. By linear interpolation:
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Fig. 1. A model for the probabilities of the m classes as functions of yij , the output of
classifier Nij . For simplicity, the figure displays the case where the false negative rate
is zero (ε = 0).

P (k | yij) = (1 − yij)
wk(1 − εjiwi)

1 − wi
+ yij

wk(1 − εijwj)
1 − wj

, k �= i, j (2.4)

P (i | yij) = (1 − yij)εjiwi + yij
wi(1 − εijwj)

1 − wj
,

P (j | yij) = (1 − yij)
wj(1 − εjiwi)

1 − wi
+ yijεijwj .

It can be verified that
∑m

k=1 P (k | yij) = 1. Figure 1 illustrates class posterior
probabilities P (k | yij) conditional on the output of classifier Nij .

Determining the Joint Classifier Class-Posterior Probability. The next
step is to determine the joint P (i | y), where y = [y1,2, . . . , ym−1,m]. By Bayes

p(yij | i) =
P (i | pij)p(yij)

wi
.

If the assumption is made that the outputs of the classifiers in the classifier
bank are (conditionally) independent, the conditional joint probability p(y | i)
of the output of the full classifier bank is:

p(y | i) =
∏
k,j

p(ykj | i) = w
−m(m−1)/2
i

∏
k,j

P (i | ykj)p(ykj).
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By Bayes, the desired class posterior probability is:

P (i | y) =
p(y | i)wi

p(y)
= w

1−m(m−1)/2
i

∏
k,j P (i | ykj)p(ykj)

p(y)
(2.5)

Given that p(y) and
∏

k,j p(ykj) are the same for all class posterior probabilities
P (i | y), i = 1, . . . , m, they can be ignored. Therefore

P (i | y) ∼ w
1−m(m−1)/2
i

∏
k,j

P (i | ykj) (2.6)

Taking logarithm:

log P (i | y) = c + (1 − m(m − 1)/2) log wi +
∑
k,j

log P (i | ykj) (2.7)

where c is a constant that is the same for all classes i. The logarithm exists for
P (i | ykj) > 0, and this requires that εij > 0, condition which can always be
met.

Discrete Case. For classifiers with binary outputs yij = i or j, replacing the
probabilities P (i | ykj) with the expressions given in Eq. 2.1, 2.2, 2.3, gives:

log P (i | y) = c + log wi + (2.8)∑
j�=i log

(
εji, if yij = j ; 1−εijwj

1−wj
, if yij = i

)
+

∑
k,j�=i log

(
1−εkjwj

1−wj
, if ykj = k ; 1−εjkwk

1−wk
, if ykj = j

)

This equation indicates that each pairwise classifier contributes “votes” for class
i. If a classifier of type Nij outputs j, its vote is negative (ε < 1); otherwise the
votes are positive ((1−εwj)/(1−wj) > 1), the strength of the vote depending on
the network output, prior class probabilities, and the false negative error rates
εij .

If all classes have the same prior probability wi = 1/m and if all εij are equal,
then the classifiers of type Nkj , k, j �= i become irrelevant to classifying class i,
and the relation above is equivalent to Friedman’s voting formula, which thus
obtains as a special case:

log P (i | y) = c +
∑
j�=i

log
(

ε, if yij = j ;
m − ε

m − 1
, if yij = i

)
(2.9)

Since log m−ε
m−1 > log ε, the probability of class i increases with the proportion of

the m − 1 classifiers of type Nij that respond i (as opposed to j).
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Continuous Case. For continuous-output classifiers, using Eq. 2.4, and assuming
that classifier Nij outputs 1 for class i and 0 for class j:

log P (i | y) = c + log wi + (2.10)∑
j�=i log

(
εji(1 − yij) + 1−εijwj

1−wj
yij

)
+

∑
k,j�=i log

(
1−εkjwj

1−wj
ykj + 1−εjkwk

1−wk
(1 − ykj)

)
.

This equation is the one of the main results of this paper.
If all classes have the same prior probability wi = 1/m and if all εij are equal,

then the classifiers of type Nkj , k, j �= i become irrelevant to classifying class i:

log P (i | y) = c +
∑
j�=i

log
(

ε(1 − yij) +
m − ε

m − 1
yij

)
(2.11)

which is a continuous analogue of the Friedman voting rule (soft voting).

2.5 Classifying with an Incomplete Pairwise Classifier Set

From a computational standpoint it is important to study the situation in which
only a subset of all m(m − 1)/2 pairwise classifiers are used.

Here only the simplest situation is considered, namely, binary output pairwise
classifiers that do not make false negative errors (ε = 0).

Consider a subset of the complete classifier set consisting of b ≤ m(m − 1)/2
classifiers, and consider class i. Assume there are n(i) ≤ (m − 1) classifiers of
type Ni(∗), trained to discriminate class i from other classes (∗). Assume that
for input x of indeterminate class membership, a number v(i) ≤ n(i) of these
classifiers will respond “i”. Because voting against class j �= i is equivalent to
voting for all classes k �= j, including i, the number of votes for class i resulting
from the votes against classes j �= i is, for input x:

f(i) = b − n(i) + v(i) (2.12)

Therefore, the vote-against method results in f(i) votes for class i; under usual
voting-for method class i receives v(i) votes. The voting-against and the voting-
for methods are equivalent if n(i) does not depend on i, and in particular if all
m(m − 1)/2 pairwise classifiers are used in the classification process.

The voting-against method is superior if not all classifiers are used. Unlike
the voting-for method, regardless of the number of pairwise classifiers employed,
the voting-against method never selects the wrong class: it never casts a vote
against the true class (assuming no false negative errors occur). If x ∈ i is input
to classifier Nij , the vote-for method will correctly vote for class i; the vote-
against method will, also correctly, vote against class j. However, if x ∈ i is
input to classifier Nkj , the vote-for method will incorrectly vote for either class
k or j; the vote-against method will correctly vote against either class j or k.
The vote-for method fails if the classifiers trained on the true class are not used
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in the classification process; the vote-against method correctly selects the true
class even if none of these are used. Both methods give the same, correct results
if only the classifiers trained on the true class are used. The vote-against method,
while never voting against the true class i, can however fail to cast votes against
some classes j �= i, resulting in a non-unique solution. However, this happens if
the only classifiers used are a subset of the classifiers Nij trained on the true
class, i.

3 Summary and Conclusions

This paper addresses the problem of polychotomous classification with pairwise
classifiers. The essential difference from previous methods such as [2] and [3] is
that the pairwise classifiers considered in the present paper are common clas-
sifiers such as the multilayer perceptron which do not require class probability
estimation to perform classification.

To handle such classifiers the paper introduces a new, conservative interpre-
tation of the output of a pairwise classifier for inputs of unknown class mem-
bership. The observation at the basis of the proposed method is that, while
an adequately-trained classifier will inevitably falsely recognize inputs from un-
known classes, it will not fail to recognize inputs from trained-for classes. This
approach has not only the theoretical advantage of being logically correct, but is
also, unlike other methods, robust to reducing the number of pairwise classifiers
used in the classification process.

Interpreting the output of a pairwise, or more generally, n-way classifier as
evidence against (rather than for) a trained-for class has the advantage that it
allows, conceptually, the classification of an input in an “unknown” class if there
is evidence against all known classes.

Two practical classification models based on this principle were proposed:
one for discrete-output pairwise classifiers, in Equation 2.8 and another for
continuous-output classifiers, in Equation 2.10. The Friedman voting scheme
is as a particular case of the proposed model.

In practice it should be possible to use a less conservative interpretation of
the outputs of the pairwise classifiers. The idea is to use the training data not
only for training the pairwise classifiers, but also for testing them and getting
an idea, in probabilistic terms, of their behavior for inputs from untrained-for
classes.
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Abstract. In this paper, we propose a multi-category classification
method that combines binary classifiers through soft-max function. Pos-
teriori probabilities are also obtained. Both, one-versus-all and one-ver-
sus-one classifiers can be used in the combination. Empirical comparison
shows that the proposed method is competitive with other implemen-
tations of one-versus-all and one-versus-one methods in terms of both
classification accuracy and posteriori probability estimate.

1 Introduction

Multi-category classification is a central problem in machine learning. While
binary classification methods are relatively well-developed, how to effectively
extend these binary classification methods for multi-category classification is
an important but still on-going research issue. For methods such as support
vector machines (SVMs) [6] the most common approaches to multi-category
classification are binary-classifier-based methods, such as “one-versus-all” (1va)
and “one-versus-one” (1v1), that make direct use of binary classifiers to tackle
multi-category classification tasks. For SVMs, some researchers also proposed
“all-together” approaches [6] [7] that solve the multi-category classification prob-
lem in one step by considering all the examples from all classes together at once.
However, the training speed of “all-together” methods is usually slow.

One-versus-all method is usually implemented using a “Winner-Takes-All”
(WTA) strategy. It constructs M binary classifier models where M is the number
of classes. The ith binary classifier is trained with all the examples from ith class
ωi with positive labels (typically +1), and the examples from all other classes
with negative labels (typically -1). For an example x, WTA strategy assigns it
to the class with the largest decision function value.

One-versus-one method is usually implemented using a “Max-Wins” voting
(MWV) strategy. This method constructs one binary classifier for every pair of
distinct classes and so, all together it constructs M(M − 1)/2 binary classifiers.
The binary classifier Cij is trained with examples from ith class ωi and jth class

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 125–134, 2003.
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ωj only, where examples from class ωi take positive labels while examples from
class ωj take negative labels. For an example x, if classifier Cij says x is in class
ωi, then the vote for class ωi is added by one. Otherwise, the vote for class ωj

is increased by one. After each of the M(M − 1)/2 binary classifiers makes its
vote, MWV strategy assigns x to the class with the largest number of votes.

For binary classifiers with probabilistic outputs, such as kernel logistic regres-
sion (kLOGREG) [5], a “pairwise coupling” (PWC) procedure was proposed in
[2] to implement the one-versus-one method. The central idea is to couple the
M(M −1)/2 pairwise class probability estimates to obtain estimates of posteriori
probabilities for the M classes. PWC assigns an example x to the class with the
largest posteriori probability among the M classes.

In this paper, we present a multi-category classification method by combining
one-versus-all or one-versus-one binary classifiers, through a soft-max function.
Posteriori probabilities obtained from the combination are used to do multi-
category classification.

In section 2 we present various designs of soft-max combining functions for
one-versus-all and one-versus-one binary classifiers. Practical implementation is-
sues associated with these designs are given in section 3. Numerical experiments
are given in section 4 where the proposed methods are compared with other
implementations of one-versus-all and one-versus-one methods with different bi-
nary classification techniques. Finally, results are analyzed and conclusions are
made in section 5.

2 Soft-Max Combination of Binary Classifiers

In this section, we present soft-max combination of one-versus-all and one-versus-
one binary classifiers. The relation of the methods with some previous work is
also briefly discussed.

2.1 Soft-Max Combination of One-versus-All Classifiers

Suppose there are M classes and l labelled training data (x1, y1), · · ·, (xl, yl),
where xi ∈ Rm is the ith training example and yi ∈ {1, · · · , M} is the class label
of xi. For an example xi, let us denote the output (decision function value) of
the kth binary classifier (class ωk versus the rest) as ri

k; ri
k is expected to be

large if xi is in class ωk and small otherwise.
After M one-versus-all binary classifiers are constructed, we can obtain the

posteriori probabilities through a soft-max function

P i
k = Prob(ωk|xi) =

ewkri
k+wko

zi
, (1)

where zi =
∑M

k=1 ewkri
k+wko is a normalization term that ensures that

∑M
k=1 P i

k

= 1. The parameters of the soft-max function, (w1, w1o), · · ·, (wM , wMo), can be
designed by minimizing a penalized negative log-likelihood (NLL) function , i.e.,
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min E = 1
2‖w‖2 − C

∑l
i=1 log P i

yi
(2)

subject to wk, wko > 0 , k = 1, · · · , M (3)

where ‖w‖2 =
∑M

k=1 (w2
k + w2

ko) and C is a positive regularization parameter.
Note that positiveness constraints are placed on weight factor wk and bias factor
wko. We place positiveness constraints on wk because we assume that ri

k is large
if xi is in class ωk and small otherwise. We place positiveness constraints on wko

simply to reduce redundancy, since adding a same constant to all wko does not
change the posteriori probability estimates in (1).

The above constrained optimization problem can be transformed to an un-
constrained one by using the following substitute variables

sk = log(wk) and sko = log(wko) , k = 1, · · · , M . (4)

The unconstrained optimization problem can be solved using gradient based
methods, such as BFGS [3]. The first-order derivatives of E with respect to the
substitute variables can be computed using the following formulas

∂E

∂sk
=

∂E

∂wk

∂wk

∂sk
=


wk + C

∑
yi=k

(
P i

k − 1
)
ri
k + C

∑
yi�=k

P i
kri

k


 wk , (5)

∂E

∂sko
=

∂E

∂wko

∂wko

∂dsko
=


wko + C

∑
yi=k

(
P i

k − 1
)

+ C
∑
yi�=k

P i
k


wko . (6)

2.2 Soft-Max Combination of One-versus-One Classifiers

Following the same idea as in the previous subsection, posteriori probabilities can
also be obtained by soft-max combination of one-versus-one binary classifiers.
For an example xi, let us denote the outputs of one-versus-one classifier Ckt as
ri
kt. Obviously we have ri

tk = −ri
kt. The following soft-max function is used to

combine the one-versus-one binary classifiers

P i
k = Prob(ωk|xi) =

e

∑
t �=k

wktr
i
kt+wko

zi
, (7)

where zi =
∑M

k=1 e

∑
t �=k

wktr
i
kt+wko is a normalization term. The soft-max func-

tion parameters can be determined by solving the following optimization problem

min E = 1
2‖w‖2 − C

∑l
i=1 log P i

yi
(8)

subject to wkt, wko > 0 , k, t = 1, · · · , M and t �= k (9)

where ‖w‖2 =
∑M

k=1(
∑

t�=k w2
kt + w2

ko) and C is a positive regularization param-
eter. Note that, as in soft-max combination of one-versus-all classifiers, positive-
ness constraints are placed on wkt and wko for the same reason.
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As before, we can transform the above constrained optimization problem to
an unconstrained one by using the following substitute variables

skt = log(wkt) and sko = log(wko) , k, t = 1, · · · , M and t �= k (10)

The first-order derivatives of E with respect to the substitute variables are

∂E

∂skt
=

∂E

∂wkt

∂wkt

∂skt
=


wkt + C

∑
yi=k

(
P i

k − 1
)
ri
kt + C

∑
yi�=k

P i
kri

kt


 wkt , (11)

∂E

∂sko
=

∂E

∂wko

∂wko

∂sko
=


wko + C

∑
yi=k

(
P i

k − 1
)

+ C
∑
yi�=k

P i
k


 wko . (12)

The proposed soft-max combination method can be used with any binary
classification technique with non-probabilistic outputs. In our numerical study,
SVMs are mainly used as the binary classification method.

2.3 Relation to Previous Work

For binary classification, Platt [4] proposed a method to map the outputs of
SVMs into probabilities by fitting a sigmoid function after the SVMs are de-
signed. The following parametric model is used by Platt to fit the posteriori
probability

Prob(ω1|xi) =
1

1 + eAfi+B
, (13)

where fi is the output of the SVMs associated with example xi. The parameters
A and B are determined by minimizing the NLL function of the validation data.
We refer to the combination of SVM plus a sigmoid function post-fitted using
Platt’s method as PSVM.

Let us look at our soft-max combination of one-versus-all classifiers for the
case M = 2. In this case, we have ri

1 = fi, ri
2 = −ri

1, and

Prob(ω1|xi) =
1

1 + e−(w1+w2)fi+(w2o−w1o) . (14)

In soft-max combination of one-versus-one classifiers, in the case M = 2, we
have ri

12 = fi, ri
21 = −ri

12, and

Prob(ω1|xi) =
1

1 + e−(w12+w21)fi+(w2o−w1o) . (15)

Note that (14) and (15) are exactly in the same form as (13). Therefore, our
soft-max combination methods can be viewed as natural extensions of Platt’s
sigmoid-fitting idea to multi-category classification. To design A and B of the
sigmoid function (13), Platt used some simple ideas from Parzen windows design
because there were only two parameters. We employ penalized likelihood for our
designs because there are many parameters in (1) and (7).
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3 Practical Issues in the Soft-Max Function Design

In this section we discuss two important practical issues in the soft-max function
design, i.e., how to get the training examples for the soft-max function design
and how to tune the regularization parameter C.

3.1 Training Examples for the Soft-Max Function Design

We use 5-fold cross-validation (CV) to get unbiased training data (ri
k or ri

kt) for
soft-max function design. The original training data (x) are partitioned into 5
almost equal folds with each fold contains almost equal percentage of examples
of one particular class.

Let us first consider the soft-max combination of one-versus-all classifiers.
Take one k. The ri

k of examples (xi) in the left-out fold is determined by a
binary classifier trained on all other examples except those in the left-out fold,
where training examples from class ωk take positive labels and other examples
take negative labels.

Now consider the soft-max combination of one-versus-one classifiers. Take
one k and t. The ri

kt of examples (xi) in the left-out fold from class ωk and class
ωt are determined by a binary classifier trained on examples of only class ωk and
class ωt, in all the other folds, where examples from ωk take positive labels and
those from class ωt take negative labels. For the examples (xi) not from either
class ωk or class ωt, the ri

kt are determined by a binary classifier trained on the
full examples, in all folds, from class ωk and class ωt, where examples from class
ωk and class ωt respectively take positive and negative labels.

The cross-validation determination of unbiased training data mentioned
above adds almost no extra cost to the overall design process since it is also
used to tune the hyperparameters of the binary classifiers.

3.2 Regularization Parameter C

Let us now discuss the choice of parameter C for use in (2) and (8). Since
designing the soft-max combining function is a relatively small optimization
problem with only 2M or M2 variables, we can use k-fold cross-validation to
tune this regularization parameter with little extra computation cost.

We can do k-fold cross-validation at various values of C and then choose one
C value based on measurements, of the multi-category classifier’s performance,
estimated from cross-validation. In our study, we do 5-fold cross-validation and
try the set of C values: C = {2−15, 2−14, · · · , 215}. Let us denote the cross-
validation estimates of error rate and NLL with cvErr and cvNLL. In order
to get a good classification accuracy as well as good posteriori probability es-
timates, instead of choosing the C associated with the least cvErr, we do the
following. First, let us denote the least cvErr with Err Least and define the C
set: SCLeastErr = {C : cvErr(C) ≤ 1.05Err Least}. Second, let us define the
least cvNLL, with C ∈ SCLeastErr, as NLL Least. Based on NLL Least, the
relaxed C set is defined: SCLeastNLL = {C : cvNLL(C) ≤ 1.05NLL Least, C ∈
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SCLeastErr}. The smallest C ∈ SCLeastNLL is chosen as the final regularization
parameter value.

3.3 Simplified Soft-Max Function Design

We may simplify the soft-max function design by minimizing only the second
term in (2) and (8), i.e., omit the use of regularization; equivalently, set C =
+∞. The only change in solving the optimization problem is that, the gradient
expression of (5), (6), (11) and (12) are appropriately modified. In the next
section, we will evaluate this simplified design against the one designed with
regularizer, as well as against standard multi-category methods.

4 Numerical Study

In this section, we numerically study the performance of the soft-max combi-
nation methods and compare it with other implementations of one-versus-all
and one-versus-one methods. For the basic binary classifier the following three
methods were used: (a) the support vector machine (SVM)[6]; (b) support vector
machine with Platt’s posterior probabilities (PSVM)[4]; and (c) kernel logistic
regression (kLOGREG) [5]. SVM, PSVM and kLOGREG all are kernel-based
classification methods. The Gaussian kernel, K(xi,xj) = e−‖xi−xj‖2/2σ2

was
employed. The following multi-category classification methods were studied:

– Soft-max combination of SVM one-versus-all classifiers: The soft
max functions may be designed with the regularizer or without it (the
simplified design); we refer to the corresponding methods as SMC1va and
SSMC1va (the first “S” denotes “simplified”).

– Soft-max combination of SVM one-versus-one classifiers: The
method in which the combination function is designed with the regularizer
is referred as SMC1va; the method which did not use the regularizer (the
simplified design) is referred as SSMC1v1.

– Winner-Takes-All implementation of one-versus-all classifiers: Us-
ing SVM, PSVM and kLOGREG for binary classification with WTA we ob-
tain 3 methods: WTA SVM, WTA PSVM and WTA KLR. For WTA PSVM
and WTA KLR, we can obtain posteriori probability estimates crudely by
simple normalization, i.e., Prob(ωk|x) = pk/

∑M
t=1 pt, where pk is the prob-

abilistic output of kth binary classifier (class ωk versus the rest).
– Max-Wins voting implementation of one-versus-one classifiers: Us-

ing SVM, PSVM and kLOGREG for binary classification with MWV we
obtain 3 methods: MWV SVM, MWV PSVM and MWV KLR.

– Pairwise coupling implementation of one-versus-one classifiers: We
refer to the PWC implementations with PSVM and kLOGREG methods
respectively as PWC PSVM and PWC KLR.

Each binary classifier (whether it is SVM, PSVM or kLOGREG) requires
the selection of two hyperparameters (a regularization parameter C and kernel
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Table 1. Basic information about the datasets and training sizes used in the numerical
study

Dataset #Classes #Inputs #Training Examples #Total Examples

ABE 3 16 560 2,323
DNA 3 180 500 3,186
Satellite Image (SAT) 6 36 1,500 6,435
Image Segmentation (SEG) 7 19 500 2,310
Waveform (WAV) 3 21 300 5,000

parameter σ2). Every multi-category classification method mentioned above in-
volves several binary classifiers. We take the C and σ2 of each of the binary
classifiers within a multi-category method to be the same. The two hyperparam-
eters are tuned using 5-fold cross-validation estimation of the multi-category
classification performance. We select the optimal hyperparameter pair by a two-
step grid search. First we do a coarse grid search using the following sets of
values: C = { 1.0e-3, · · ·, 1.0e+3} and σ2 = { 1.0e-3, · · ·, 1.0e+3}. Thus 49 com-
binations of C and σ2 are tried in this step. An optimal pair (Co, σ

2
o) is selected

from this coarse grid search. In the second step, a fine grid search is conducted
around (Co, σ

2
o), where C = {0.2Co, 0.4Co, · · · , 0.8Co, Co, 2Co, 4Co, · · · , 8Co} and

σ2 = {0.2σ2
o , 0.4σ2

o , · · · , 0.8σ2
o , σ2

o , 2σ2
o , 4σ2

o , · · · , 8σ2
o}. All together, 81 combina-

tions of C and σ2 are tried in this step. The final optimal hyperparameter pair
is selected from this fine search. In grid search, especially in the fine search step,
it is quite often the case that there are several pairs of hyperparameters that
give the same cross validational classification accuracy. So, some principles have
to be used to select one pair of C and σ2 from these short-listed combinations.
For the methods with posteriori probability estimates, where cross-validation
estimated error rate (cvErr) and NLL (cvNLL) are both available, the follow-
ing strategies are applied sequentially until we find one unique parameter pair:
(a) select the pair with smallest cvErr value; (b) select the pair with smallest
cvNLL value; (c) select the pair with smaller C and larger σ2; (d) select the pair
with smallest 8-neighbor average cvErr value; (e) select the pair with smallest
8-neighbor average cvNLL value; (f ) select the pair with smallest C value. For
the methods without posteriori probability estimates, only step (a), (c), (d) and
(f ) are sequentially applied.

When the training size is large enough, probably all the methods may per-
form as well as Bayes-optimal algorithm. So, to clearly see differences in the
performance of various methods, reasonably sparse training sets at which there
is still room for performance improvement should be used. For this purpose, we
run all the methods on 5 datasets with training sets that are somewhat smaller
than those which are usually used. The training set sizes are chosen based on the
suggestions in [1]. The 5 standard datasets used are: ABE, DNA, Satellite Image
(SAT), Image Segmentation (SEG) and Waveform (WAV). ABE is a dataset
that we extract from the dataset Letter by using only the classes corresponding
to the characters “A”, “B” and “E”. All the continuous inputs of these datasets
are normalized to have zero mean and unit standard deviation. Table 1 summa-
rizes the basic information about the datasets and the training set sizes used.
For each dataset, we randomly partition the whole dataset into a training set
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Table 2. The mean and standard deviation of test error rate (in percentage) over 20
partitions, of the methods based on the one-versus-all binary classifiers

SMC1va SSMC1va WTA SVM WTA PSVM WTA KLR

ABE 0.91±0.37 0.95±0.30 0.91±0.33 0.90±0.35 0.90±0.34
DNA 7.66±0.73 7.54±0.64 7.80±0.74 7.73±1.00 7.74±0.73
SAT 10.07±0.44 10.16±0.49 10.02±0.41 10.13±0.43 10.28±0.47
SEG 6.01±0.80 5.91±0.94 6.56±0.88 6.18±0.96 5.72±0.80
WAV 15.17±0.77 15.33±0.76 15.29±0.74 15.40±0.99 14.82±0.59

Table 3. The mean and standard deviation of test error rate (in percentage) over 20
partitions, of the methods based on one-versus-one binary classifiers

SMC1v1 SSMC1v1 MWV SVM MWV PSVM MWV KLR PWC PSVM PWC KLR

ABE 1.20±.0061 0.99±0.40 1.01±0.41 0.98±0.38 0.97±0.36 0.87±0.28 0.93±0.37
DNA 7.81±.0096 7.96±0.77 7.65±0.93 7.89±0.93 7.81±0.70 7.65±0.77 7.56±0.73
SAT 10.31±.0064 10.03±0.37 10.37±0.71 10.18±0.50 10.23±0.43 9.98±0.41 10.21±0.39
SEG 5.92±.0156 5.66±0.93 5.41±1.02 5.38±0.96 4.85±0.69 5.42±0.90 4.82±0.68
WAV 14.47±.0087 14.55±1.08 16.01±1.06 14.62±0.82 14.63±0.66 14.66±0.76 14.66±0.67

Table 4. mean and standard deviation of test NLL value over 20 partitions, of the
methods with posteriori probability estimates

SMC1va SSMC1va SMC1v1 SSMC1v1 WTA PSVM WTA KLR PWC PSVM PWC KLR

ABE .0452±.0378 .0392±.0226 .0661±.0413 .0460±.0368 .0316±.0096 .0257±.0068 .0361±.0057 .0306±.0142
DNA .2250±.0346 .2153±.0123 .2295±.0386 .2154±.0212 .2326±.0235 .2315±.0290 .2105±.0166 .2165±.0195
SAT .3129±.0103 .3017±.0116 .2911±.0134 .2763±.0110 .3231±.0093 .2887±.0462 .2976±.0078 .2915±.0144
SEG .2080±.0496 .2221±.0413 .2353±.0985 .2723±.0782 .2392±.0226 .2098±.0294 .2923±.0200 .1752±.0134
WAV .3808±.0452 .3664±.0198 .3584±.0522 .3448±.0231 .3617±.0229 .4353±.0698 .3553±.0154 .4132±.0436

and a test set 20 times by stratified sampling. For each partition of one dataset,
after each multi-category classifier is designed using the training set, it is tested
on the test set. Then the mean and the standard deviation of the test set error
rate of each method is computed using the results of the 20 runs. These values
are reported in Table 2-3 for the five datasets. For the methods with posteriori
probability estimates, the mean and the standard deviation values of the test
set NLL are reported in Table 4.

5 Results and Conclusions

Let us now analyze the results of our numerical study. First, it is easy to see
from Tables 2–4 that all the methods included in the numerical study give com-
petitive performance. However, some methods show overall betterness over other
methods. We do a finer analysis and comparison to see this.

Suppose we want to compare method 1 against method 2 on a given dataset.
The pairwise t-test is conducted to analyze if the (test set) error of method 1
is greater than that of method 2. Assuming normality of the populations and
using the hypothesis that the mean errors of the two methods are same, we
compute the p-value, which is the probability that the mean error of method
1 is greater than that of method 2. Thus, a large p-value (say > 0.9) indicates
that method 1 is clearly worse than method 2, while a small value (say < 0.1)
indicates that method 1 is clearly better than method 2. Since there are five
datasets, we compute a set of five p-values, using the following order for the
datasets: ABE, DNA, SAT, SEG and WAV. Similar to (test set) error, we can
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also conduct the above analysis for (test set) NLL. Unless mentioned otherwise,
all p-values will refer to the (test set) error.

For the WTA implementations of one-versus-all methods, WTA KLR has a
slightly better classification accuracy than WTA SVM and WTA PSVM. The
sets of p-values of WTA KLR against WTA SVM and WTA PSVM are {0.4005,
0.3121, 0.9995, 2.5044e-5, 1.1164e-4} and {0.4818,0.5433,0.9557,0.0015,0.0078}.
The set of p-values of WTA PSVM against WTA SVM is {0.4225, 0.3360, 0.9323,
0.0092, 0.7166}; these two methods give close performance.

For the MWV implementation of one-versus-one methods, MWV KLR and
MWV PSVM have slightly better classification accuracy than MWV SVM. The
sets of p-values of MWV KLR and MWV PSVM against MWV SVM are
{0.3278, 0.9300, 0.1887, 0.0133, 1.0282e-5} and {0.2574, 0.8499, 0.0749, 0.3617,
1.4880e-7}. The classification accuracies of MWV KLR and MWV PSVM are
close; the set of p-values of MWV KLR against MWV PSVM is {0.4846, 0.3713,
0.7442, 0.0082, 0.5160}.

For soft-max combination of one-versus-all classifiers, SSMC1va and SMC1va
give close classification accuracy. But SSMC1va has a better probability esti-
mate. The set of p-values of SSMC1va against SMC1va, from the pairwise t-test
on (test set) NLL, is {0.2242, 0.1088, 9.9571e-6, 0.9070, 0.0610}. It should be
noted that the design of the combination function for SSMC1va is also much
simpler than that of SMC1va.

For soft-max combination of one-versus-one classifiers, SSMC1v1 is better
than SMC1v1, both, in terms of classification accuracy as well as probability
estimate. The sets of p-values from pairwise t-test on (test set) error and (test
set) NLL, of SSMC1v1 against SMC1v1, are {0.0088, 0.1808, 0.0141, 0.1830,
0.6939} and {0.0053, 0.0652, 1.0274e-4, 0.9233, 0.1437}.

Overall, the two PWC implementations, PWC PSVM and PWC KLR, are
the best. The variance of PWC KLR is smaller than that of PWC PSVM for (test
set) error while the variance of PWC PSVM is smaller than that of PWC KLR
for (test set) NLL. The variances of PWC PSVM and PWC KLR are also smaller
than those of other methods. Given below are the p-values, from the t-test of
(test set) error on five datasets, of PWC PSVM and PWC KLR against the rest
of the methods:

PWC PSVM PWC KLR
ABE DNA SAT SEG WAV ABE DNA SAT SEG WAV

WTA SVM 0.1613 0.1470 0.2604 1.5271e-6 1.4349e-4 0.6248 9.2922e-20 6.0812e-25 2.0127e-16 3.8722e-26
WTA PSVM 0.2994 0.3629 0.0183 3.5621e-4 0.0016 0.8127 0.2274 0.7764 5.8390e-7 6.3759e-4
WTA KLR 0.3001 0.2742 7.6409e-5 0.0570 0.1989 0.6858 0.0849 0.1823 1.1105e-6 0.0822
MWV SVM 0.0124 0.4869 0.0054 0.5111 3.0141e-7 0.1892 0.1950 0.1432 0.0040 1.0058e-5
MWV PSVM 0.0421 0.0375 0.0077 0.6686 0.6191 0.2977 0.0673 0.6182 0.0019 0.5838
MWV KLR 0.0525 0.1572 2.2732e-4 0.9960 0.5539 0.2319 0.0027 0.3458 0.3473 0.6276
SMC1va 0.2785 0.4609 0.1310 0.0012 0.0011 0.6116 0.2159 0.9468 1.2190e-7 0.0045
SSMC1va 0.0656 0.7975 0.0026 0.0016 0.0014 0.4209 0.5673 0.7105 7.0694e-7 0.0041
SMC1v1 0.0011 0.1920 0.0120 0.0277 0.8451 0.0012 0.0924 0.1992 0.0016 0.8008
SSMC1v1 0.0410 0.3818 0.2655 0.1022 0.6799 0.1786 0.1423 0.9896 8.5907e-5 0.6631

To conclude, we can say the following. WTA KLR seems to be the best
WTA implementation among all one-versus-all classifiers. MWV KLR seems to
be the best MWV implementation among all one-versus-one classifiers. The two
PWC implementations, PWC PSVM and PWC KLR are the best overall. The
proposed soft-max combination methods with simplified combination function
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design, SSMC1va and SSMC1v1, are better than their ‘regularized’ counterparts,
SMC1va and SMC1v1; they are also much simpler to design. The proposed soft-
max combination methods provide new good ways of doing multi-category clas-
sification with binary classification methods, and more importantly, new ways of
obtaining posteriori probability estimates from binary classifiers whose outputs
are not probabilistic values.
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Abstract. A method for multiple classifier selection and combination is
presented. Classifiers are selected sequentially on-line based on a context
specific (data driven) formulation of classifier optimality. A finite subset
of a large (or infinite) set of classifiers is used for classification resulting
not only in a computational saving, but a boost in classification perfor-
mance. Experiments were carried out using single class binary classifiers
on multi-class classification problems. Classifier outputs are combined
using a Bayesian approach and results show a significant improvement
in classification accuracy over the AdaBoost.MH method.

1 Introduction

The combination of multiple classifiers to improve classification performance is
currently a popular research area. It is often desirable (for computational, as well
as accuracy, reasons) to select a subset of a large (or infinite) set of classifiers.
Typical methods (such as boosting [1]) select a fixed subset of classifiers prior to
classification, however the optimal approach to classification sometimes differs
from this. As an example the game ‘Animal, Vegetable, Mineral’ (also known
as ‘20 questions’) demonstrates well an alternative approach to classification.
One player picks an object, which is kept secret from the other. The second
player asks a fixed number of questions in order to determine the identity of
this object. The nature of these questions (especially in the latter stages of
the game) is determined by the answers given to previous questions and the
resultant hypotheses formulated by the second player. Applying boosting type
methods to this problem would result in a fixed list of questions that would be
asked by the player without reference to the answers of the previous questions.
Experience tells us that this is not a good strategy for playing this game. In this
paper we develop a strategy for automatic (object) classification inspired by the
human method for playing this game and demonstrate that such a technique can
outperform static boosting type algorithms in this domain also. The technique
is (currently) limited to binary output classifiers, however the concept could
potentially be extended to continuous output classifiers. It is advantageous to
use single class classifiers as they require no re-training if an additional class is
added to the problem.

The statistical learning algorithm presented in this paper is divided into two
parts; 1) Selection of a finite set of classifiers from an infinite (or prohibitively
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large) set, and 2) Learning an optimal classifier selection strategy, based on ob-
servations of a random selection strategy. Part 1) is based around a stochastic
select and replace strategy. This relies on a multi-class extension of boosting (Ad-
aBoost.MH [2]) to order, and assign a quality measure to, a selected sub-set of
classifiers. Part 2) is based on a statistical analysis of the likelihood of a particular
classifier resulting in a true positive classification given some knowledge obtained
from the outputs of previously used classifiers. The cross-entropy between the
probability distribution of a given parameter (P (X)) and that parameter con-
ditioned on subsequent true positive classification (P (X|T.P.)) is used to select
parameters / parameter values that give information about a likely true positive
classification for a given classifier. This information is combined across multiple
parameters and multiple classifiers to make a selection of the next classifier that
is most likely to result in a true positive classification.

2 Background

The problem of multi-classifier combination may be divided into three main sub-
problems; Multiple Classifier Training, Classifier Selection and Classifier Output
Combination. In this paper we focus on Classifier Selection and Output Combi-
nation, however here we present a brief review of all three areas.

Multiple Classifier Training: Several methods have been presented for multi-
ple classifier training given a single learning algorithm and a training/
example data set. These are essentially based around obtaining classifiers with
different properties which, when combined, result in a better classification than
using a single application of the learning algorithm. Perhaps the simplest of
these is Bagging [3]. This involves training the learning algorithm with different
subsets of the complete training set. This can lead to improved performance,
however if the training set is not sufficiently large ‘over-fitting’ of the classifiers
to the training data may occur. An alternative approach is boosting [1] (see sec-
tion 2.1), in which the entire training set is used. The training set is re-weighted
after each time a new classifier is trained to emphasise examples where past
classification performance has been poor. Hierarchical Mixtures of Experts [4] is
an architecture where all learning algorithms are trained simultaneously using
the iterative Expectation Maximisation algorithm. The hierarchical architecture
used means that individual instances of the learning algorithm work together,
and may not be used as individual classifiers as in the case of Boosting or Bag-
ging. Gating networks ‘dynamically’ change the way node outputs are combined
based on the input data being classified.

Classifier Selection: Many methods for classifier combination ignore the clas-
sifier selection problem by using just a single machine learning algorithm and
training it with different representations/subsets of a training set (e.g. Boosting
and Bagging). Viola and Jones [5] point out classifier learning is analogous to
classifier selection and many instances of classifier training may be replaced with
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an optimal classifier selection. This allows classifiers of many different forms to
be combined using methods such as Boosting or Bagging. AdaBoost [1] (a form
of boosting) ranks classifiers in order with an associated weight. This may be
used to select an ‘optimal’ subset of classifiers from a finite set by picking the
first N or putting a lower limit on the weight. It does not allow the selection of a
subset of classifiers from an infinite set (see section 4). Mertz takes a data driven
approach to classifier selection called ‘Dynamic Selection’ [6]. This involves se-
lecting (and possibly weighting) classifiers based on the input being classified.
This selection is based on cross-validation results from a training set. This is
much in common with the Gating networks used in the Hierarchical Mixtures
of Experts scheme described previously. Woods et al. [7] present an approach in
which the single classifier used to perform classification is selected based on the
output of a K-nearest neighbours classifier (to obtain the ‘locally best’ classi-
fier). Kuncheva [8] presents a method where the output of a relatively general
classifier is used to determine whether a more specific classifier is used. If so the
outputs of the two (or more) classifiers are combined to give the final classifi-
cation. Our work is along similar lines to that of Kuncheva, however classifier
selection is based on learned statistics rather than heuristics, and the outputs
of all previously used classifiers (plus estimated class probabilities) are used to
select the next classifier to use.

Classifier Output Combination: Several approaches have been taken to the
combination of multiple classification methods. Perhaps the simplest are voting
and weighted voting [9]. In this scheme each classifier casts a vote (in weighted
voting the votes of some classifier are worth more than others). The final classifi-
cation is given as the class with the largest vote (essentially a sum rule). Empir-
ical and theoretical work [10,11] has compared the sum rule with a product rule
approach (essentially multiplying continuous classifier outputs). The conclusion
was that essentially the product rule should perform better (as it more closely
maps to Bayesian combination), however it is more sensitive to noise than the
sum rule. This is because erroneous near zero outputs effect the result dispropor-
tionately. Alkoot and Kittler [10] present a method for improving product rule
combination by dynamically putting a lower bound on classifier outputs. Mertz
re-defines the classifier combination problem as nearest neighbour classification
problem in a space calculated using Correspondence analysis [12]. This approach
incorporates prior information about the nature of classifier outputs, which gives
improved performance over voting approaches.

2.1 AdaBoost

The AdaBoost algorithm [1] is useful for multiple classifier training and also for
multiple classifier selection [5] and combination. Empirical studies [13] suggest
AdaBoost is a good baseline method to use (and make comparison with). In
this paper an extension of the basic AdaBoost algorithm is used for classifier
selection and ranking. The basic algorithm for selection using AdaBoost (taken
from [5]) is as follows:
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– Consider a set of labelled training examples (x1, y1), ...(xn, yn), where yi =
0, 1 for negative and positive examples respectively.

– Initialise data weights equal (or using some other sensible weighting).
– Repeat (until sufficient/all classifiers selected):

1. Normalise the weights wi ← wi∑n

j=1
wj

2. select the classifier hj with the lowest error ε =
∑n

i=1 wi|hj(xi)− yi|.
3. Update the weights winew = wiβ

1−ei
t where ei = 0 if example xi is

classified correctly, or ei = 1 otherwise, and βt = ε
1−ε

– The final classifier is:

h(x) =
{

1
∑T

t=1 αtht(x) ≥ 1
2

∑T
t=1 αt

0 otherwise
Where αt = log 1

βt

2.2 Multi-Class Extensions of AdaBoost

Adaboost [1] may be extended to multi-class classification scenarios in a num-
ber of ways. The simplest of these is AdaBoost.M1 (see [1]). In this method the
classifier output (yi) is now assumed to be one of a finite set of class labels. The
original AdaBoost algorithm is then applied in much the same way as detailed
in section 2.1. This method cannot be applied when multiple binary classifiers,
with knowledge of only a single class, are applied to a multi-class classification
problem. This is because the definition of ‘classified correctly’ is not easily spec-
ified in these cases. In fact there are four scenarios for a single binary classifier
output (true positive, false positive, true negative and false negative). It is ob-
vious that true positive and true negative classifications are ‘correct’ and false
positive and false negative classifications are ’incorrect’, however true positive
classifications are more important than true negative classifications in actually
determining to which class an object belongs. There is no mechanism within
AdaBoost.M1 for encoding this and, as such, this approach can favour classifiers
that are good at telling that an object is NOT of a certain class rather than
that it IS of a particular class. This is a particular problem if there are a large
number of classes.

An alternative multi-class extension of AdaBoost is AdaBoost.MH [2,1]. This
is effectively a set of single class Adaboost implementations (one per class) that
are combined to give a multi-class classification. This method is better suited to
combining multiple single class classifiers, has theoretically less limitations [1],
and appears to perform better than AdaBoost.M1 in our ad-hoc experiments.
As presented in [2] AdaBoost.MH simply provides a yes/no classification of an
object for each class (as with standard AdaBoost), however the classifications
can also be ranked by considering the magnitude of the classification:

mag(t) =
∑T

t=1 αtht(x)∑T
t=1 αt

(1)
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3 A Novel Framework for Multiple Classifier Selection
and Combination

The following sections detail a framework in which multiple classifiers are se-
lected and combined in a novel way. Initially a finite set of classifiers are selected
from a large or infinite set using a method based on AdaBoost.MH (section 4).
Classifiers are selected sequentially on-line based on (statistical) context specific
optimality criteria (section 5), and their outputs combined using a Bayesian
approach (section 6).

4 Selection of Optimal Classifiers from an Infinite Set
Using AdaBoost.MH

AdaBoost [1], and a number of related algorithms for classifier combination
(Boosting, Bagging etc [13]), are based on training multiple instances of a learn-
ing mechanism (e.g. a neural network) using different weightings of a training
data set to produce a set of ‘weak’ classifiers. When combined these can result in
a more robust classification in comparison to using a single instance of the learn-
ing algorithm. Viola and Jones [5] suggested that classifier learning is analogous
to classifier selection and presented a method in which a finite set of classification
methods are selected (and combined) based on the AdaBoost principle. In prac-
tice there may be an infinite (or prohibitively large) set of possible classification
methods, such as with our chosen example exemplars. Exemplars may be chosen
from a large (if represented in a discrete space) or infinite (if represented in a
continuous space) set. Classification using exemplars may also involve various
thresholds which are usually continuous and thus come from an infinite set. For
example the selection of a simple colour exemplar classifier would be as follows:

– Select a colour exemplar (i.e. A point in RGB or YUV colourspace)
– Select a distance (in colourspace) from exemplar threshold.
– Select a minimum (or maximum, or both) proportion of the object that

should be within this threshold for a true classification

AdaBoost alone cannot select an optimal subset of classifiers from an infinite
set. To achieve this we have implemented the novel stochastic select and evaluate
process detailed below:

1. Select (randomly or stochastically) a subset of Nc classifiers from the infinite
set of classifiers for each class

2. Use AdaBoost.MH to rank these classifiers (within each class) and assign a
weight (αt)

3. Replace classifiers with a weight below Wmin (and the classifier with lowest
weight)

4. Repeat from 2 until replacement doesn’t occur for M iterations
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5 Sequential Classifier Scheduling:
Context Specific Classifier Selection

In section 1 we discussed the differences between the static approach to classifica-
tion typical of algorithms such as AdaBoost, and the dynamic, context sensitive,
approach taken by humans. The challenge is to replicate the approach taken by
human beings without adding significant computational expense to the system.
We pose the problem in a statistical framework as a problem of successively se-
lecting the classifier that is most likely to result in a true positive classification.
An alternative approach would be to select the classifier that is most likely to
result in a correct classification, however in practice this results in a less efficient
strategy as it is usually easier to pick a classifier that results in a true negative
classification than a true positive one if the number of classes � 2.

We consider our knowledge so far (Kt) as a conditioning variable on the
likelihood of a true positive outcome for a given classifier. This knowledge may
consist of previous classifier outputs, estimates of class probabilities and any
other relevant information. Our aim is to estimate the conditional density of a
true positive classification for a given classifier (Cn) over all possible Kt:

PTP (n) = P (Cn = True positive (T.P.)|Kt) (2)

Classifier scheduling / selection is then simply a matter of selecting the clas-
sifier with the highest value of PTP (n) as the next classifier to use. In our im-
plementation we constrain each classifier to a single use (for each object classi-
fication) to retain classifier diversity.

There are standard techniques for estimating multivariate densities such as
PTP (n) from training data, such as Gaussian Mixture models [14]. Alternatively
a neural network could be used to approximate these densities. In practice mod-
elling such a multivariate distribution is hard because 1) Kt may contain both
discrete and continuous elements, and 2) The dimensionality of Kt may be high
which can put a prohibitively high cost on the estimation and evaluation of
PTP (n). In many cases human data fusion discounts the covariance terms be-
tween information and simply adds information, for example: “f it is orange AND
spherical AND bounces it is likely to be a basketball”. This is not true in every
case, but we propose this is a good simplifying model. This allows the problem
to be broken up into a set of low dimensional density estimation problems (one
for each element of Kt) and a data fusion problem.

5.1 Cross-Entropy for Data Fusion

Estimation of PTP (n) (equation 2) directly is not possible as probabilities are
not directly observable. Methods such as Expectation Maximisation [14] or his-
tograms may be used, but an alternative is to reformulate the problem using
Bayes rule as:

PTP (n) =
P (Ktm |Cn = T.P.)

P (Ktm)
P (Cn = T.P.) (3)
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As P (Cn = T.P.) is independent of Ktm this may be regarded as a constant
and so the information available from Ktm depends only on P (Ktm |Cn = T.P.)
and P (Ktm), which may be easily approximated from a training set.

Our approach to the data fusion problem is to use the cross-entropy between
these distributions to formulate a weighted voting process between knowledge
variables (Ktm). Cross entropy (XE) is defined as the difference in information
content between two probability densities (i.e. identical densities have zero cross-
entropy), calculated as:

XE(t,m) =
∫

P (Ktm |Cn = T.P.) log
P (Ktm |Cn = T.P)

P (Ktm)
dx (4)

For discrete distributions (i.e. where Ktm is the output of a particular binary
classifier at step t) this simplifies to a sum. In our implementation distributions
over continuous variables (i.e. where Ktm is the estimated probability of the ob-
ject being of a given class at step t, see section 6) are approximated by Gaussian
distributions. It can be shown for 1D Gaussians (proof available on request) that
cross-entropy may be calculated as:

XE(t, m) = loge

(
σp

σq

)
+

σ2
q − σ2

p

2σ2
p

+
2σ2

px̄2
q + σ2

q (x̄2
q − x̄2

p − x̄px̄q)
2σ2

pσ2
q

(5)

Where:
x̄q = The mean of the Gaussian approximation to P (Ktm |Cn = T.P.)
σ2

q = The std. deviation of the Gaussian approximation to P (Ktm |Cn = T.P.)
x̄p = The mean of the Gaussian approximation to P (Ktm)
σ2

p = The std. deviation of the Gaussian approximation to P (Ktm)

5.2 Efficient Scheduling

As some knowledge variables (Ktm) convey little or no information about the
likely outcome of a given classifier an efficient approach is to only evaluate those
Ktm that are likely to add knowledge. In this paper we formulate this by ordering
the knowledge variables for each classifier and selecting a fixed number (N) of
Ktms as pre-condition variables for each classifier. An alternative approach
would be to put a lower limit on the cross-entropy.

Classifier selection is performed by adding the cross-entropy information
for all pre-condition variables Ktm where Ktm is better represented by the
P (Ktm |Cn = T.P.) distribution than the P (Ktm) distribution over all classifiers
(this may be implemented very efficiently for discrete and Gaussian distribu-
tions).

TCI(t, n) =
N∑

m=1

XE(t, m)S(m) (6)

Where: S(m) =
{

1 P (Ktm |Cn = T.P.) > P (Ktm)
0 otherwise
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Fig. 1. Effect of varying constant T to include P (Cn = correct) information

The final selection may be based on the highest value of this ‘total conditional
information’ (TCI) alone, however significantly better results may be achieved by
considering the a-priori probability of a correct classification (P (Cn = correct))
for each classifier as follows:

– Calculate the highest value of ‘total conditional information’ TCImax

– Determine the subset of classifiers for which ‘total conditional information’
is within T of XEmax

– Select the classifier from this subset that has the highest value for P (Cn =
correct)

Note: P (Cn = correct) is estimated from a training data set. Figure 1 shows
the effect of using different values of T for the basketball scene data used in
section 7 (Note: majority voting is used to combine classifier outputs in this
experiment, as this emphasises changes in T ).

From figure 1 it is clear that there is an optimal value of T . This matches
with intuition, as zero T makes the classifier selection decision entirely depen-
dant on the ‘total conditional information’ and increasing T makes the decision
increasingly dependant on the a-priori probability of a correct classification. An
optimal selection is based on both these variables. For this example the op-
timum is around 1. This may be determined for an arbitrary data set using
cross-validation.

6 Bayesian Classifier Output Combination

Bayesian combination is an alternative to the classifier output combination tech-
niques detailed in section 2 when information is available about the likelihood
of correct and incorrect classification for each classifier. The scheme detailed in
this section is specific to binary output classifiers. Using Bayes law:

P (class|Cout) =
P (Cout|class)P (class)

P (Cout)

=
P (Cout|class)

P (Cout|class) + P (!class)
P (class) P (Cout|!class)

(7)

Where: Cout is the outputs of the classifiers. For a binary classifier we can define:
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Pisn =
{

PTPn if classifier output is true/yes
PFNn if classifier output is false/no (8)

Pnotn =
{

PFPn if classifier output is true/yes
PTNn if classifier output is false/no (9)

The probabilities (PTPn , PFNn , PFPn , and PTNn) may be estimated by ap-
plication of the classifiers to a training data set. Thus:

P (Cout|class) =
N∏

n=1

Pisn
P (Cout|!class) =

N∏
n=1

Pnotn
(10)

Substituting these into equation 7 gives:

P (class|Cout) =
∏N

n=1 Pisn∏N
n=1 Pisn + P (!class)

P (class)

∏N
n=1 Pnotn

(11)

P (class), and thus P (!class), may be estimated from a training set. P (class)
= P (!class) = 0.5 is often a useful approximation. This allows probabilities that
an object is of a given class to be estimated and compared across the set of
possible classes. It should be noted that this approach differs from voting in
that classifier output information is combined as a product rather than a sum.
The use of a probabilistic formulation overcomes many of the shortcomings of
product based combination discussed by Alkoot and Kittler [10] as zero values
of Pisn never occur in practice as this would imply a perfect classifier and thus a
classifier combination scheme would not be necessary. (In practice the data may
suggest a perfect or a perfectly imperfect classifier due to small sample size. In
such circumstances Pisn and Pnotn can be set to sensible defaults.).

7 Experimental Evaluation

For two data sets cross-validation tests were carried out. A set of classifiers was
formed for each experiment using the method described in section 4. Training of
our scheduling method and AdaBoost.MH was carried out on the same training
set as used in this initial phase. The methods were then applied to unseen data
and the relative performance compared. The first data set used was from a scene
of three people playing basketball, tracked and segmented using an object tracker
[15] (training set and test set sizes were 4x50 examples of 3 people plus ball).
The second data set was the CogVis project image library (41 views/images
each of 10 examples each of 8 classes - 3280 segmented images). A set of 80
leave-one-(example)-out tests were performed.

A set of colour exemplar classifiers (as described in section 4) was used to
classify each segmented example by its colour distribution alone. Classification
results for our method using Bayesian Output combination (see section 6) and
simple voting are compared to those for AdaBoost.MH in figure 2.
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Fig. 2. Classification Accuracy of Cross-entropy Precondition Selection (C.P.S. - 10
Pre-conditions/classifier) with Bayesian and Simple Voting output combination, and
AdaBoost.MH for a) Basketball scene data and b) CogVis Image Library Data

8 Discussion

The results presented in section 7 show the method of Cross-entropy Pre-con-
dition selection (C.P.S.) results in an overall performance increase (of 7-12%)
when compared to the static AdaBoost.MH method, and also that the maxi-
mum performance for C.P.S. requires a significantly lower number of classifiers
than AdaBoost.MH. This is due to a more optimal subset of classifiers being se-
lected dynamically in our method than the fixed set selected by AdaBoost.MH.
However, the performance of C.P.S. reduces after an optimum peak as increasing
numbers of poorer classifiers are used. In contrast, the drop in performance of
AdaBoost.MH is near insignificant as later classifiers are associated with increas-
ingly smaller weights. Bayesian combination outperforms simple voting combina-
tion, as this captures the information present in negative classifications as well as
positive ones, as well as assigning greater significance to classifiers that are more
likely to output a correct result. The disadvantage of C.P.S. over static schedul-
ing methods, such as AdaBoost, is the extra computational expense involved at
run-time. While this is small if small numbers of classifiers are used for classi-
fication, the complexity grows with approximately order 2. This is a significant
extra cost when using larger numbers of classifiers, however for the examples we
are currently using it is optimal to use a relatively small number of classifiers.
For the future we hope to develop a method of combining the information from
TCI and P (Cn = correct) (section 5.2) in an information theoretic way, and
determine a way of automatically deciding on the number of classifiers to use
(possibly on-line). Evaluation with more data sets and different classification
methods is also the subject of current work.
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Abstract. For a complex multiclass problem, it is common to construct the 
multiclass classifier by combining the outputs of several binary ones. The two 
basic methods for this purpose are known as one-per-class (OPC) and pairwise 
coupling (PWC) and their general form is error correcting output code (ECOC). 
In this paper, we review basic decomposition methods and introduce a new se-
quential fusion method based on OPC and PWC according to their properties. 
In the experiments, we compare our proposed method with each basic method 
and ECOC method. The experimental results show that our proposed method 
can improve significantly the classification accuracy on the real dataset. 

1 Introduction 

For a complex multiclass problem, it is common to construct the multiclass classifier 
by combining the outputs of several binary ones. They first decompose a multiclass 
problem into a set of separated two class problems and then reconstruct the outputs of 
the binary classifiers in order to solve the original polychotomy [1]. The problem 
complexity can be reduced through the decomposition of the polychotomy into less 
complex subproblems. The two basic methods for this purpose are known as one-per-
class (OPC) and pairwise coupling (PWC) [2], and their general form is error correct-
ing output code (ECOC) [3]. OPC separates one class from all other classes and PWC 
separates only two classes for each possible pair of classes. ECOC consists of several 
dichotomizers with class redundancy to get robustness in case some dichotomizers 
fail. 

OPC suffers from the problems of having complex dichotomizers and PWC has a 
problem that nonsense outputs from unrelated dichotomizers are considered in the 
final decision. To improve the performance of PWC, Moreira and Mayoraz suggested 
PWC+OPC and correcting classifier (CC) [4]. In PWC+OPC, the outputs of PWC are 
weighted with the outputs of OPC. However, it failed to improve the classification 
accuracy because of combining all the outputs of PWC without regarding to the con-
fidence level of OPC outputs. CC itself is a good decomposition method in the aspect 
of ECOC and showed significant improvement of classification accuracy in their 
experiments, however the method generates more complex dichotomies than that of 
OPC and needs much more training time than those of both OPC and PWC. 
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In this paper, we review briefly the properties of OPC and PWC and propose a 
new combining method strongly motivated from PWC+OPC. The proposed method 
is to combine OPC and PWC subsequently according to the strength and weakness of 
them. The main difference of PWC+OPC and our proposed method is as follows. 
First, we consider only one machine instead of all the machines in PWC whereby the 
one machine is selected by the OPC outputs with the two highest confidence values. 
Second, we adopt support vector machines (SVM) as base binary learning machines. 
SVM is recently proposed by Vapnik [5] and is well known for optimal binary classi-
fier that can give complex decision boundary. 

The paper is organized as follows. We will briefly review output coding methods 
in section 2. In section 3, we will introduce sequential fusion of basic decomposition 
schemes. In the next section, we will show that our proposed method generates more 
accurate classification through the experiments on the real dataset. Finally, conclu-
sions will be given in section 5. 

2 Output Coding Methods 

2.1 Fundamental 

Learning machines implementing decomposition methods are composed of two parts; 
one is decomposition (encoding) and the other is reconstruction (decoding) [1]. For 
more detailed summary, refer to [6], [7]. 

In decomposition step, we generate decomposition matrix { } KLD ×+−∈ 1,0,1 that 

specify the K classes to train L dichotomizers, Lff ,,1 � . The dichotomizer lf is trained 

according to row ),( ⋅lD . If 1),( +=klD , all examples of class k are positive and 
if 1),( −=klD , all examples of class k are negative, and if 0),( =klD  none of the exam-
ples of class k participates in training of lf [6]. The columns of D are called codewords 

[7]. 
In reconstruction step, a simple nearest-neighbor rule is commonly used. The class 

output is selected that minimizes the some similarity measure 

],0[}1,0,1{: ∞→−× LLRS , between )(xf and column ),( kD ⋅ [7]. 

)),(),((minarg_ kDfSoutputclass k ⋅= x                              (1) 

When the similarity measure is defined based on margin the method is called margin 
decoding. The margin of an example ),( yx with respect to f is defined as 

)(xfy ⋅ where )(xf is a function of binary linear classifier like SVM and x is an input 
vector and y is the class label.  

∑=⋅ l l klDfkDfS ),()()),(),(( xx                                     (2) 

When the classifier outputs hard decision, { }1,1)( −∈xh , the method is called hamming 

decoding. 
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∑ −×=⋅ l lH klDhkDhS )),()(1(5.0)),(),(( xx                             (3) 

Theoretical and experimental results indicate that margin decoding is better than 
hamming decoding [8].  

2.2 One Per Class (OPC) 

Each dichotomizer if has to separate a single class from all the others. Therefore, if 

we have K classes, we need K dichotomizers. In reconstruction step, max-win decod-
ing is commonly used for this scheme, i.e., a new input x can be classified as class 
j such that jf gives the highest value as we use similarity measure. In real applica-

tions, the decomposition of a polychotomy gives rise to complex dichotomies and we 
need in turn complex dichotomizers [7]. One of the merits of OPC is to train all the 
classes at once, however it can give complex dichotomies because it groups various 
classes into one, so the performance of OPC depends heavily on the performance of 
base classifier. 

2.3 PairWise Coupling (PWC) 

Each dichotomizer ijf is to separate a class i from a class j for each possible pair of 

classes therefore a dichotomizer is trained on the samples related to the two classes 
only. The merit is that simpler dichotomy can be made, but the demerit is when we 
consider decoding procedure. If an input x  which belongs neither to class i nor to 
class j is fed into ijf , nonsense output can come out [4]. As the number of classes 

increases, the performance becomes lowered by the nonsense outputs. The number of 
dichotomizer is 2/)1(2 −= KKCK  and hamming decoding is frequently used. To re-

duce decoding time, tree-structured decoding is applied in [9].  

2.4 Correcting Classifier (CC) 

Correcting classifier is proposed in [4] to handle the problem of nonsense output of 
PWC. Each dichotomizer ijf is to separate two classes i  and j  from the other classes 

for each possible pair of classes, so the number of dichotomizer is the same as PWC. 
The performance of this method shows significant improvement than OPC or PWC in 
the experiments on some dataset in UCI repository [10]. This is because of its error 
correcting ability based on large hamming distance, ∆ = 2(K-2). The disadvantage is 
that all the data is used for the training of each dichotomizer, as a result it needs a 
considerable amount of total training time. 

On the other side, PWC+OPC method is also referenced in [4] to handle the non-
sense output problem of PWC. However, it performs worse than PWC for most of the 
dataset. In this scheme, the class probability of a class i is estimated as follows: 
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where, ijp  assumes that an input x is in class i or in class j and computed from PWC 

and iq  assumes that an input x is in class i and computed from OPC. 

From (4), we can see that all the outputs of PWC are still involved in computing 
class probability with regard to iq  and jq . However, iq  and jq  might have low con-

fidence because OPC make complex dichotomies, and low confidence value cannot 
have any information. The decomposition matrix of OPC, PWC and CC schemes, 
for 4=K , are given in Fig. 1. 

3  Sequential Fusion of Output Coding Methods 

OPC and PWC are frequently used as a decomposition method for multiclass prob-
lem. However, they have their own problems due to their intrinsic decomposition 
algorithm. OPC suffers from the problems of having complex dichotomizers and 
PWC has a problem that nonsense outputs from unrelated dichotomizers are consid-
ered in the final decision. 

In decoding stage, if a simple nearest-neighbor rule with hamming distance is 
used, then OPC is more apt to generate uncertain codes that do not match exactly the 
code words in decoding matrix than PWC is. Uncertain codes correspond to uncertain 
regions in Fig. 2. OPC has more uncertain regions than PWC, and uncertain outputs 
of OPC are another useless information as well as nonsense outputs of PWC in final 
decision.  

Based on the ground explained above, we propose a new decoding scheme that 
only uses certain outputs of OPC and PWC by combining OPC and PWC subse-
quently. We find two classes according to the two largest confident outputs of OPC 
on a given input, and then consult on a proper PWC. The framework of our proposed 
method is illustrated in Fig. 3. 

 
  

(a) OPC (b) PWC (c) CC 

Fig. 1. Decomposition matrix of OPC, PWC and CC schemes for K=4, Each row corresponds 
to one dichotomy and each column to one class. In (a) and (c), all the columns are filled with 1 
or –1 for each dichotomy; all the classes are trained for each dichotomy. In (b) one dichotomy 
involves two classes except for the classes with elements of value 0. 
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(a) OPC (b) PWC 

Fig. 2. 2D dataset with 3 classes: The questions marks indicate the uncertain regions. OPC has 
more uncertain regions than PWC 

 

Fig. 3. Reconstruction flow of our proposed method. In final class decision, only one relative 
machine training class i and class j is used. Class i and class j are determined by OPC outputs 
with the two largest confidence values 

The proposed strategy can be supported by the error bound concept. The training 
error bound of OPC and PWC are presented respectively in [7]: 

bK Kεε =                                                             (5) 

bK K εε )1( −≤                                                         (6) 

where bε is the error rate of dichotomizers that is average of the number of training 

examples misclassified and K is the number of classes. The confidence level of the 
complex dichotomizer might be lower than that of simple dichotomizer. In other 
words, since each PWC dichotomizer is trained on only two classes, one would ex-
pect that classification error rate of PWC is lower than the corresponding error rate of 
OPC. This agrees with the fact that the bound in (6) is lower than in (5) [7].   
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Let 1s is the largest output and 2s is the second largest output among { })(,),(1 xx Lff �  
where class { })(arg 1 xiii fsc ==  and class cj = argj {s2 = fj (x)}, then final decision is 

done as (7): 







<

≥
=

0

0
_

ijj

iji

SVMifc

SVMifc
outputclass                                              (7) 

where ijSVM is a binary classifier that is trained with class i as positive class and class 

j as negative class. 

4 Experimental Results 

We will use satimage from the dataset presented in [10] and the ORL face dataset to 
show the performance comparison of our proposed method and the representative 
existing methods. We choose satimage because of its high dimension and large num-
ber of samples and it is divided into two parts; one is for training and the other  is for 
testing.  

The ORL dataset is one of the popular public datasets in face recognition. The im-
age sets consist of 400 images, ten images per each individual. Each image for one 
person differs from each other in lighting, facial expression and pose. We get the final 
training and testing dataset by applying image preprocessing and principal component 
analysis (PCA). That procedure is presented in FERET, face recognition evaluation 
protocol [11]. Fig. 4 shows examples of the normalized face images after the pre-
processing. 

The characteristics of these datasets are given in Table 1. The datasets for SVM, 
base learner we adopt, are shifted using the mean and scaled by their standard devia-
tion. We used SMOBR that is one of the SVM implementations [12]. We performed 
SVM by radial basis function (RBF) kernel with various C that is the trade-off be-
tween margin maximization and training error minimization. 

 

Fig. 4. Example of normalized face images in the ORL face images 
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(a) Success rate by rank (b) Difference of success rate between ranks 

Fig. 5. Test on the satimage dataset using OPC with margin decoding, In (b) difference of 
success rate between rank 1 and 2 is 5.9% 

4.1 Experiments on Difference of Success Rate between Ranks 

Our proposed method considers only the highest and second highest ranked candi-
dates. It means that the right answer should be one of those two candidates. Fig. 5 
shows the success rate according to the rank change on the satimage dataset. OPC 
with margin decoding and RBF kernel with =0.2 and C=8 were used for this ex-
periment. We can see that success rate increases as the rank increases in Fig. 5(a). 
Moreover, shown in Fig. 5(b), the difference of success rate between rank 1 and rank 
2 is distinguishable from other pairs 

The similar results from the test on the ORL dataset are given in Table 2. The av-
eraged results are collected with the same parameters; OPC with margin decoding 
and RBF kernel with =0.8 and C=2. We also see that the difference of recognition 
rate between rank 1 and rank 2 is distinguishable.  

From the results, we show that most of the right answer is the top two candidates 
in OPC with margin decoding. 

4.2 Performance Comparison 

In this section, we compare the recognition performance of OPC, PWC, CC and our 
proposed method. OPC and PWC are basic decomposition method and CC is one of 

Table 1. Dataset characteristics 

Dataset # set # train # test # class # dim 

satimage 1 4435 2000 6 36 

ORL face 5 200 200 40 50 

We made datasets for the ORL face images by dividing 400 images into two equal parts; 5 
images per person for training and the other 5 images for testing randomly and repeat it five 
times. 
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the representative ECOC methods. We calculated the recognition rate varying C from 
1 to 10 and RBF kernel with dispersion from 0.2 to 1.2. For satimage, we choose the 
best recognition rate among them and for ORL dataset we tested on the 5 datasets 
with the same parameters for each dataset and averaged the results. We got the results 
of our proposed method by combining OPC with margin decoding and PWC with 
hamming decoding using the best parameters for each method. We summarized the 
results in Table 3. 

Our proposed method shows significantly better performance than OPC, PWC, 
and CC, which is representative ECOC method.  

The main difference between OPC and PWC is the number of classes that are con-
cerned in training. In OPC, all the classes are trained for one machine, on the other 

Table 2. Preliminary Test on the ORL dataset 

Rank 
Average        

recognition rate 
Variance 

Difference of recognition rate 
between ranks (%) 

1 0.93 0.00015 - 

2 0.97 0.00017 3.9 

3 0.98 0.00013 0.9 

4 0.98 0.00011 0.6 

5 0.99 0.00004 0.4 

6 0.99 0.00005 0.4 

7 0.99 0.00003 0.1 

8 0.99 0.00003 0.2 

9 1.00 0.00001 0.2 

10 1.00 0.00002 0.1 

 
Table 3. Classificaton / Recognition Accuracy Rate (%) 

 Satimage dataset ORL dataset 

Method  
(# machines)     

Hamming 
decoding 

(C, ) 

Margin decod-
ing 

(C, ) 

Hamming 
decoding 

(C, ) 

Margin decod-
ing 

(C, ) 

OPC  
(6, 40) 

90.30 
92.05 

(8, 0.2) 
68.50 

93.40 
(2, 0.8) 

PWC  
(12, 780) 

92.00 
(3, 0.3) 

91.70 
91.70 

(5, 1.0) 
88.20 

CC  
(12, 780) 

91.50 92.00 90.50 93.60 

Our Method 
(18, 820) 

97.40 96.00 

The number of machines is for satimage and ORL respectively. 
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hand just two classes are trained for one machine in PWC. When we compare the two 
methods, in case of hamming decoding, PWC shows significantly better performance 
than OPC, but in case of margin decoding, OPC shows better performance. Overall 
OPC with margin decoding shows slightly better performance than PWC with ham-
ming decoding. 

Each machine in OPC and CC trains all the classes at once. In this case, CC shows 
significantly better performance than OPC in hamming decoding like PWC due to its 
large number of machines, however when it comes to margin decoding, the perform-
ance of the two is almost the same regardless of the quite difference of the number of 
machines. 

5 Conclusions 

OPC and PWC are frequently used as a decomposition method for multiclass prob-
lem. However, they have their own problems due to their intrinsic decomposition 
algorithm. OPC suffers from the problems of having complex dichotomizers and 
PWC has a problem that nonsense outputs from unrelated dichotomizers are consid-
ered in the final decision. To solve the problem, we proposed a new sequential fusion 
method based on OPC and PWC according to their properties.  

In the experiments, we showed that we had margin for improvement in OPC 
method. Our proposed method is one of the strategies that use the margin.  

From the comparison results, we showed promising results of our proposed 
method to solve the complex multiclass problem like face recognition. Face recogni-
tion suffers from small number of training samples for their high dimensional feature 
space. In such a case, OPC can be preferred for its advantage of training all the sam-
ples at once. However, it also causes the problem of generating complex dichotomy. 
PWC can be effectively used for this situation. 

We also showed that PWC suited with hamming decoding and OPC suited with 
margin decoding.  

The disadvantage of our methods is to require more binary machines and more 
elaboration for selecting suitable model parameters in both PWC and OPC. 
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Abstract. In recent work, we introduced a generalization of ECOC learning un-
der the theory of recursive error correcting codes. We named it RECOC (Recur-
sive ECOC) learning. If long output codewords are allowed, as in the case of
problems involving a large number of classes, standard recursive codes such as
LDPC or Turbo can be used. However, if the number of classes is moderated,
neither good LDPC nor Turbo codes might exist due to the small block lengths
involved. In this paper, RECOC learning based on the recently introduced en-
semble of Product Accumulated codes is analyzed. Due to their native data
storage oriented design, smaller block lengths are allowed. In addition, because
of their simplicity, all key concepts regarding RECOC learning can be easily
explained.

1 Introduction

There is a strong Machine Learning community consensus [1] that good Error Cor-
recting Output Codes (ECOC) [2] should resemble random ones. In addittion, since
standard ECOC codes construction is NP-hard [3], one should not expect further gen-
eralizations of ECOC learning by keeping the paradigm changeless. In fact, past
ECOC developments are far from being coherent. Both ad-hoc codes (standard
ECOC), and algebraic codes (BCH codes used in [4]) have been used. Furthermore,
completely random codes, dense and sparse, have been used [5]. In all cases and dis-
regarding the underlying coding structure (none, algebraic, dense or sparse random),
trivial1 decoding algorithms based on Minimum Hamming Distance have been used.
It should be noted, however, that the important fact about the ECOC framework is
that coding theory results can be used for explaining and improving ECOC behavior.
A first attempt in this line of research can be found in [6].

In recent work [7][8], we introduced a generalization of ECOC learning under the
theory of recursive codes [9]. We named it Recursive ECOC (RECOC) learning.
Roughly speaking, recursive codes are codes constructed from component subcodes.
Subcodes might be weak when working on their own, but strong when working alto-

                                                          
1 We rule-out brute-force search decoding algorithms
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gether…RECOC learning reduces multiclass problems to multiclass ones. Reduction
is achieved by means of recursive error correcting codes with each component sub-
code defining a local multiclass learner. In addition at each local multiclass learner,
reduction proceeds until binary learning is required. It might be argued that if at the
end binary learning is performed, a multiclass-to-multiclass reduction might be use-
less in view of the standard ECOC approach. It should be noted, however, that local
multiclass learners are constrained to follow some rules of consistency, commonly
expressed in a coding theory language. Therefore, despite of local binary learners’
weaknesses, learning as a whole can still be good.

Recursive codes allow a "regulated" degree of randomness in their core design.
Randomness is the holy grail of Shannon’s coding theory. A random code is the ideal
way to protect information against noise. However, it is also the most expensive way
to do it.  By preserving native coding structures in component subcodes and allowing
some degree of randomness, recursive codes permit crucial but efficient soft iterative
decoding algorithms to be used. In ECOC learning terms, soft iterative decoding im-
plies iterative error adaptative learning.

RECOC learning for classification problems involving a large number of classes
can be solved by means of standard recursive codes such as LDPC [10] or Turbo [11].
However, finding good LDPC or Turbo codes becomes difficult with small block
lengths. In this paper, we present a RECOC learning approach based on recently dis-
covered ensemble of Product Accumulated (PA) [12] codes. Their high channel rates2

(at least 0.5) and relative short codewords turn them suitable for classification prob-
lems involving a modest number of classes. We give experimental evidence, sup-
ported in well-known coding theory results, that RECOC learning based on PA codes
is highly competitive even when resting on simple Decision Stump binary learners.
Similarly to all RECOC counterparts, RECOC PA learning subtleties can be ex-
plained by means of graphical models [13].

The remainder of this paper is organized as follows. In section 2, we revisit
RECOC learning models. In section 3, we present a RECOC instance based on PA
codes. In section 4, we present experimental results. Finally, in Section 5 conclusions
and further work are presented.

2 RECOC Learning

The ECOC algorithm is applicable to the supervised learning of target concepts c
belonging to target classes YXC →: , 2|| �MY = , i.e. non-binary classification
problems. Let Θ→Y:E  be an output-encoding mapping based on some Θ  recur-
sive-coding scheme. Recursive error correcting codes, can be modeled by means of
Tanner graphs [14] . A Tanner graph is a bipartite graph i.e. only two type of nodes
exist and there is no connection between nodes of the same type. Variable nodes
model codeword symbols. Check nodes model coding constraints on subsets of vari-
able nodes. Each check node can be understood as a component subcode. Undirected
edges are put between check nodes and participating variable nodes. Clearly, the Sin-

                                                          
2 We want to transmit blocks of k source symbols in presence of noise. We pack them into

blocks of n symbols, n > k. Hence, we are transmitting information at a channel rate r= k/n
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gle Parity Check3 (SPC) code is the simplest coding constraint that we can impose.
Because component subcodes are low complexity error correcting codes, they are
easy to decode. Overall decoding of recursive codes is approximated by means of a
message-passing algorithm between decoding algorithms on component subcodes. In
Fig. 1., a simple recursive code built from two SPC component subcodes 10, ≤≤ j S j ,

on codeword bits 50 ≤≤ i  ,ci , is shown.

0c 1c 2c 3c 4c 5c

0S 1S

Fig. 1. Tanner graph for a simple recursive code built from two component subcodes

Now, let us consider how Tanner graphs can be used for the design of distributed
ECOC learning strategies when an underlying recursive code is used. Without loss of

generality, let us consider the output encoding of kM 2=  classes by means of binary

linear block codes ( )dkn ,, 4. For the sake of simplicity, let 162=M  so that any

linear block code with 16=k  and satisfying standard ECOC constraints will suffice.

Assume we could not find such a good block code but found one for 4’ =k , 4’ 2=M .
For the sake of simplicity, let us assume such code be a ( )3’,4’,7’ === dkn 5 Ham-
ming code. Now, we must tackle the following, purely constructivist, problem

The Recursive Learning Problem: Let c  be a target concept,

22,: �kMY YXCc ==→∈ . Let S , mS = , be a training sample. Let

{ } ( ) { } ( )inik
i

’’ 1,01,0: →θ , ( ) kik �’ , ( ) nin �’ , nk � , 1−≤≤ ri0 , a set of output en-

coding mappings. Construct an n-ECOC algorithm A  in terms of the ( )in ’ - ECOC

algorithms iA  arising from S  and [ ]iθ , 1−≤≤ ri0 .

To some extent, the recursive learning problem captures the greedy way we pro-
ceed when learning difficult concepts. We argue that a nice solution for the recursive
learning problem can be obtained by performing recursive error correcting output
encoding. By doing so, simpler ECOC versions of the target learning problem can be
obtained at the encoding stage. Similarly, a combination mechanism on the set of
available ECOC solutions can be obtained at a  recursive decoding stage.

                                                          
3 Sum mod 2 of involved bits equals zero
4 In standard coding notation, it refers to block codes with codeword length n , each codeword

carrying k  informative bits and Minimum Hamming Distance d
5 ( )3,12,12 =−−=−= drkn rr
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A simple way for constructing an ( )dkn ,16, =  block code from  (n’ = 7, k’ = 4,

d’ = 3) Hamming subcodes is the product form [9]. Blocks of 16=k  information bits
are arranged in matrices of four rows and four columns. Both rows and columns, each

one carrying 4’ =k  informative bits, are Hamming encoded (see Fig. 2.). The result-
ing product code is ( )9,16,49 === dkn block code. Its minimum distance 9=d ,
can be derived using graph theory based arguments. In its construction, exactly

77 × simple ( )3’,4’,7’ === dkn  Hamming  subcodes are used. General product

),,( 212121 ddkknn ⋅⋅⋅  codes can be constructed taking 1n  Hamming

( )222 ,, dkn subcodes and 2n  Hamming ( )111 ,, dkn subcodes.
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Fig. 2. Product codeword (49, 16, 9) from 77 × component Hamming (7,4,3) codes

For our learning problem involving 162=M classes, output coding by means of an
( )9,16,49 === dkn  product code implies ECOC learning based on 49=n  binary
learners. Alternatively, it also implies 77 ×  ECOC learning instances, each of them

involving only 4’ 2=M  classes and requiring only 7=′n  binary learners. Hence,
recursive coding is one solution for our recursive-learning problem. Its formulation
leads us to the Recursive ECOC (RECOC) learning approach.

RECOC learning algorithms arise when observing that at the ECOC prediction
stage only noisy versions of transmitted binary concepts are available. If binary pre-
dictions are independent, it follows that RECOC learning can be analyzed as a de-
coding problem over an additive Discrete Memoryless Channel [15]. In addition,
required channel statistics can be gathered at the ECOC training stage.

The existence of recursive codes of the product type above provides a nice theo-
retical solution for the recursive learning problem. However, it does not guarantee the
fundamental ECOC requirement about rows and columns Hamming distances.
Roughly speaking, it only guarantees good separations between rows (codewords)
disregarding column separation issues. In the worst case of identical columns, identi-
cal binary learners might be obtained and hence secure dependency between their
errors. As a result, ECOC training error performance [6] will be seriously degraded.
However, coding theory deserves a surprising notice for our thoughts: recursive codes
can be enriched with randomness! Furthermore, these are the codes coding theorists
have been searching for almost the last 50 years. C. Berrou et al [16] discovered them
by 1993 when presenting the amazing Turbo codes.  Regarding our learning frame-
work, Turbo output encoding might be feasible only for high dimensional output
spaces, where the so-called interleaver gain [11] could be strongly expressed. At rela-
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tive low dimensional output spaces, we found the class of Product Accumulated
Codes (PA) proposed by Li et al [12], as a good researching alternative. These codes
might be also a good choice for ECOC learning with bounded redundancy (a con-
straint that may arise in real time processing applications). Due to the high channel
rates involved by PA codes (at least 0.5), the number of redundant binary learners
cannot be greater than k.

3 RECOC Learning Based on Product Accumulated Codes

Product Accumulated codes are a class of simple, soft decodable, high rate codes
based on SPC Turbo Product codes. Information to be encoded, binary expansions of
class labels must be first arranged into a matrix of p  rows and t columns. Thus, at a

first attempt only classification problems involving tpM ×≤ 2 classes ( )tpk ×=  can
be considered. Initially, a round of p  SPC encoding operations is computed on each
of input data row so that a p -column vector is obtained. Following the well-known

Turbo approach, the same input data matrix is passed through an interleaver6 1π . A

second round of p  SPC encoding operations is performed again so that a new p -
column vector is obtained. The concatenation of the input data matrix with the two
p -columns of SPC bits defines a SPC Turbo Product codeword with length

( )2+×= tpn . Finally, a serial concatenation with a rate one inner code through a new

interleaver 2π is performed.

Fig. 3. A Product Accumulated encoder. The D unit stands for bit delay

The introduction of interleaving stages gives SPC product codes the required de-
gree of randomness so that they become suitable candidates for the design of good

RECOC learning algorithms. Clearly, PA codes work at channel rates 
2+

==
t

t

n

k
r .

Because the minimum t  value is two, it follows that PA codes allow only channel
rates 5.0≥r . In RECOC learning terms, such high channel rates imply stronger re-

                                                          
6 A device which permutes the order of matrix elements in a pseudorandom way
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quirements on underlying binary learners in order to keep learning generalization
error within acceptable limits.

Decoding of PA codes does not differ from the way we decode general recursive
codes. We apply a message-passing algorithm on the associated Tanner graph. The
message-passing algorithm is a generalization of Pearl’s Belief Propagation algorithm
in loopy Bayesian networks [17]. We recall here that Pearl’s belief propagation algo-
rithm is an artificial intelligence development, suitable for modeling human inference
in presence of distributed sources of knowledge.  Loopy belief propagation results in
coding theory should not be confused with those developed in the Artificial Intelli-
gence field [18].  Coding theory results are mainly limited to the binary case and rely
on the presence of certain combinatorial properties in the underlying loopy Bayesian
network or Tanner graph.

For the sake of brevity, we refer the interested reader to [12] and references therein
for details of iterative decoding of PA codes. For purposes of RECOC PA implemen-
tation, we only need to characterize the additive Discrete Memoryless Channel at the
end of which, binary weak learners ,10 −≤≤ ni  ,WLi  make their noisy predictions.
Under this learning-coding theory setting, binary learners' training errors

,10 −≤≤ ni  ,pi are a good approximation for true probabilities of bit error at bit posi-

tions 10 −≤≤ ni . Following is the algorithmic formulation of RECOC PA learning.

�����������	
��
��

Input

{ }k
M YBSpan 1,0: → �� k �������������
����������� { }kMY 2,...,1 ≤=

�����	�
��� 2=t � tpk ×= �� ( )2+×= tpn

���������������� S �� Sm  S = ������������ �!�������WL

"
������������������������������
���������������������

Processing

#$%&%' S � PA ����� 0WL ���� 1−nWL � 0p ����� 1−np (

Output

( ) ,xBP ,((1 PABSpanh Mf
−=x ������ 0WL ����� 1−nWL � 0p ����� 1−np ( )

End

The RECOC procedure performs the standard ECOC encoding-training stage
based on PA codes with the additional computation of training error responses ip

achieved by binary learners 10, −≤≤ ni WLi . Binary learners are improved with T
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inner AdaBoost [19] boosting steps. A prediction on an unseen feature vector x  re-
quires an iterative decoding stage on a received noisy codeword under the assumption
of a given Discrete Memoryless Channel. The received noisy codeword is provided
by the set of binary predictions iWL , 10 −≤≤ ni , on the given x . The Discrete

Memoryless Channel is characterized by probabilities 10, −≤≤ ni pi . The decoding

stage is performed by the well-known Belief Propagation (BP) algorithm based on at
most I iterative steps. As a result, k  binary predictions are estimated. A concluding

hypothesis is obtained by application of the inverse 1−
MBSpan  to the latter binary pre-

dictions. Note that if kM 2� , the latter step might fail because of an unrecognized k -
binary pattern. In such cases, a random decision could be applied.

Before moving on to experimental results, we would like to make a few remarks
about the expected performance of RECOC PA learning. Consistent with their recur-
sive coding nature, performance of PA codes does not depend on the Minimum
Hamming distance between codewords [20]. Roughly speaking, the code may have
low weight codewords, and hence poor error correcting capabilities in classical cod-
ing theory, but with low probability of appearance, so that on the whole it might be-
have as good error correcting code. From a coding theory point of view of the learn-
ing problem, we could conjecture a negligible fraction of knowledge concentrated in
the neighborhood of low weight codewords.

4 Experimental Results

Learning algorithms were developed using the public domain Java WEKA library
[21]. Therefore, AdaBoost and Decision Stump (DS) implementation details can be
fully determined from WEKA documentation. PA coding and decoding routines were
implemented based on [12].

Learning performance was measured by the 10-fold crossvalidation error for I=1,
30 iterative decoding steps and T=10, 50, 100 AdaBoost steps for DS learners and
T=1, 10, 50 for C4.5 learners. For purposes of fair comparisons, experimental results
are shown only for five small datasets regarding the limitations of boosting C4.5
learners on big datasets7. Results confirm that RECOC PA learning can tackle learn-
ing complexity. Clear learning improvements are observed when boosting or im-
proving base binary learners i.e. error adaptation holds. Similarly, improvements are
observed when performing iterative decoding i.e. greedy learning is achieved in the
temporal domain. For questions of stability of iterative decoding algorithms, a thresh-
old value of 0.01 was assumed for all binary-training errors characterizing the under-
lying channel. This fact is particularly important with binary learners achieving tiny
binary training errors. Belief propagation algorithms cannot manage them. Hence,
abnormal learning behavior might be observed i.e. iterations might increase the train-
ing error instead of lowering it. In addition, when dealing with a small number of
classes, interleavers cannot provide good Tanner Graph structures for efficient belief
propagation, which might result is an sticking effect with no further iterative decoding
improvement (the Lymph case).

                                                          
7 See Conclusions and Further Work
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Regarding further comparisons with other ECOC learning schemes, one may argue
that better results have been obtained in [5]. It should be noted, however, that   results
in [5] are based in a hard preprocessing stage for hunting good random codes at
clearly lower channel rates (0.06 and 0.1). We do not perform any preprocessing
stage. Also we work at clearly higher channel rates (0.5). In addition, results in [7] do
not provide experimental evidence of how error adaptation takes place when aug-
menting the strength of binary learners. Their results assume either an AdaBoost DS
binary learner with T=10 inner boosting steps or an unboosted SVM learner, with the
former one providing better results despite of its smaller complexity.

Table 1. RECOC PA 10-fold cross validation on UCI datasets using AdaBoost DS learners

Dataset Size Attrib-
utes

M T=10
I=1

T=10
I=30

T=50
I=1

T=50
I=30

T=100
I=1

T=100
I=30

Audiology 226 69 24 0.433 0.460 0.429 0.429 0.424 0.424
Primary
Tumor

339 17 22 0.707 0.707 0.716 0.710 0.716 0.710

Glass 214 10 7 0.471 0.471 0.453 0.453 0.434 0.434
Anneal 798 38 6 0.044 0.052 0.026 0.027 0.017 0.066
Lymph 148 18 4 0.236 0.229 0.1891 0.189 0.189 0.189

Table 2. RECOC PA 10-fold cross validation on UCI datasets using AdaBoost C4.5 learners

Dataset Size Attrib-
utes

M T=1
I=1

T=1
I=30

T=10
I=1

T=10
I=30

T=50
I=1

T=50
I=30

Audiology 226 69 24 0.331 0.327 0.234 0.230 0.207 0.194

Primary
Tumor

339 17 22 0.707 0.699 0.710 0.699 0.672 0.657

Glass 214 10 7 0.415 0.406 0.345 0.579 0.303 0.570
Anneal 798 38 6 0.017 0.11 0.003 0.113 0.003 0.113
Lymph 148 18 4 0.25 0.25 0.162 0.162 0.141 0.141

5 Conclusions and Further Work

RECOC learning brings light into an important widespread phenomenon in nature:
random structures can easily achieve certain combinatorial properties that are very
hard to achieve deterministically. In this paper, we propose RECOC learning models
based on PA codes to be one expression of randomized learning strategies. Clearly,
any other code comprising some degree on randomness and defining short codewords
is a good candidate for RECOC learning in low dimensional output spaces. In this line
of research, array codes [22] appear to be a good option for surveying.

Regarding practical applications, RECOC learning emerge as an important line of
research for the development of low complexity learning algorithms for classification
problems in Functional Genomics [23]. In such setting, learning is constrained by a
hierarchical, multilabel output space with either vast or small datasets. A moment of
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thought reveals that all these learning constraints could be tackled uniformly under a
RECOC approach. Vast datasets could be broken down into smaller ones and each of
them could be further independently binary expanded. Similarly, multiple independ-
ent binary expansions could be used for obtaining independent replicas for small da-
tasets. For each binary expansion, a RECOC instance could be computed. From a set
of RECOC instances a new RECOC stage can be applied...Hopefully, both manifest
and subtle learning factors could be captured in this way.
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Abstract. In this paper, we present a multiple data clusterings com-
biner, based on a proposed Weighted Shared nearest neighbors Graph
(WSnnG). While combining of multiple classifiers (supervised learners)
is now an active and mature area, only a limited number of contem-
porary research in combining multiple data clusterings (un-supervised
learners) appear in the literature. The problem addressed in this paper
is that of generating a reliable clustering to represent the natural cluster
structure in a set of patterns, when a number of different clusterings of
the data is available or can be generated. The underlying model of the
proposed shared nearest neighbors based combiner is a weighted graph,
whose vertices correspond to the set of patterns, and are assigned relative
weights based on a ratio of a balancing factor to the size of their shared
nearest neighbors population. The edges in the graph exist only between
patterns that share a pre-specified portion of their nearest neighborhood.
The graph can be further partitioned into a desired number of clusters.
Preliminary experiments show promising results, and comparison with a
recent study justifies the combiner’s suitability to the pre-defined prob-
lem domain.

1 Introduction

1.1 Motivations

Cluster analysis is an un-supervised learning method used in exploratory data
analysis. It provides a means to explore and uncover the clustering structure of
a set of patterns. However, the variety of techniques for representing data, mea-
suring similarity between patterns, and grouping data elements, have produced
“a rich and often confusing assortment of clustering methods” [1]. Without a
priori knowledge about the structure of the data, which after all, is what cluster
analysis all about, it is very difficult to choose the best clustering method.

It is further well known that no clustering method can adequately handle
all sorts of cluster shapes and structures. In fact, the cluster structure produced
by a clustering method is sometimes an artifact of the method itself that is
actually imposed on the data rather than discovered about its true structure.

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 166–175, 2003.
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This is a very real problem in the application of clustering methods [2]. Moreover,
natural clusters present in a set of patterns may be of different sizes, densities
and shapes, making it more difficult for a clustering method to discover natural
cluster structures.

While combining multiple classifiers (supervised learners) is a mature area,
and an approach that is proved to enhance the quality of classification results,
research in combining multiple data clusterings has only started to emerge. In
[3], the reasons that impede the study of clustering combination are: (1) It is
believed that the quality of clustering combination algorithms can not be evalu-
ated as precisely as combining classifiers. A priori knowledge or user’s judgement
always play a critical role in clustering performance estimation. This problem
gives an obstacle to propose a mathematical theory to design clustering combina-
tion algorithms. (2) As various clustering algorithms produce results with large
difference due to different clustering criteria, directly combining the clustering
results with integration rules, such as sum, product, median and majority vote
can not generate a good meaningful result. In [4], combining multiple clusterings
is regarded as a more difficult problem than combining multiple classifiers, since
cluster labels are symbolic and one must also solve a correspondence problem.
Additionally, there are other difficulties pertaining to the variability of the num-
ber and shape of clusters provided by individual solutions, and the desired or
the unknown “right” number.

However, as noted in [4,5], combining multiple clusterings can lead to im-
proved quality and robustness of clustering solutions across a wider variety of
data sets, enable knowledge reuse, and distributed clustering both in terms of
objects or features. Moreover, we believe that one of the potential benefits of
combining multiple clusterings lies in leveraging the ability of cluster analysis
to uncover the natural or difficult cluster structures inherent in the data, rather
than imposing one that is an artifact of the clustering method itself.

1.2 Related Work

Representative work in combining multiple clusterings is found in [6]. The idea of
evidence accumulation for combining multiple clusterings which follows a split
and merge strategy is used. The data is decomposed into a large number of
compact clusters using the k-means with different initializations. The data or-
ganization present in the multiple clusterings is mapped into a co-association
matrix which provides a measure of similarity between patterns. The final clus-
ters are obtained by clustering this new matrix, corresponding to merging of
clusters. The proposed method was able to identify arbitrary shaped clusters.
The method relies on the repeated use of a single technique (the K-means), at
different fine grain levels.

Another key contribution found in [5], introduced the problem of combining
multiple clusterings of a set of objects without accessing the original features.
Several application scenarios for the resultant “knowledge reuse” framework,
referred to as “cluster ensemble” were identified. A formal definition of the clus-
ter ensemble problem as an optimization of normalized mutual information is
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proposed, in which the optimal combined clustering is defined as the one that
has maximal average mutual information with all individual clusterings. Three
consensus functions (combiners) were presented for solving it. An un-supervised
“supra-consensus” function evaluates all three functions and selects the best
clustering as the combined one. In general, the consensus functions, and the
normalized mutual information criterion favor well-balanced clusters. For exam-
ple the normalized mutual information between two identical clusterings will
be less than 1.0 unless all categories have equal prior probabilities. While the
generation of well-balanced clusters is desirable in many applications, natural
clusters present in a set of patterns may be of different probability distributions,
and the ability to find such clusters remains important in other scenarios.

In an earlier contribution [7], we observed the different clustering solutions
produced using different clustering methods on high dimensional text data (the
Reuters-21578). We proposed an aggregation scheme that consolidates two dif-
ferent clusterings of given sets of documents into one combined clustering. The
combiner algorithm works by tracking the overlaps between the two different
clusterings and chooses to either merge or separate overlapping clusters, based
on the levels of overlaps, and by accessing the original input patterns.

1.3 Contribution of This Paper

In this paper, we address the problem of combining multiple clusterings in order
to generate a reliable partitioning that helps reveal the natural cluster structure
of a set of patterns.

We believe that some of the difficulties encountered when combining differ-
ent clusterings concern (1) the construction of multi-fold similarity relationships
between various objects (i.e. construction of clusters) based on evidence of di-
rect similarity between sets of objects as determined from different partitionings
and (2) the reliability of such induced relationships. For example, Let there be
evidence of similarity - as determined by the consensus among different cluster-
ings - between pattern i and pattern j, and between pattern j and pattern k.
However, no (enough) evidence of similarity between patterns i and k was deter-
mined. So, should all three patterns i, j, and k be merged in the same cluster?
Or, are objects i and j “really” similar, if they are not both similar to the same
object k? The idea of shared nearest neighbors provides a reliable way to analyze
the similarities between objects and therefore ideas based on this concept, such
as those used in this paper, can help in determining the cluster structure of the
data, beyond applying strict consensus or transitivity on similarity relationships.

At the representation level of the clusterings, we use the same approach as
in [6], and [5] to induces a pairwise similarity measure between objects from the
different partitionings based on their co-occurrence in the given clusterings. At
the combiner level, we emphasize the shared neighborhood relationships between
the objects based on shared nearest neighbors, an approach to similarity proposed
in 1973 by Jarvis and Patrick [8] and recently extended in [9]. We further define
the shared nearest neighbors population associated with each object i as the
number of objects with a “relatively significant” sharing of nearest neighbors
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with object i. We use this number in determining the relative weights of objects.
A Weighted Shared nearest neighbors Graph (WSnnG) is constructed, in which
weights are assigned on both edges and vertices.

In preliminary experiments, we compare the results of the proposed combiner
based on the WSnnG, and referred to as the Snn-based combiner, to the supra-
consensus function described in [5] on a number of data sets. Preliminary results
show improvement in the case of unbalanced data, and are as good as the supra-
consensus function on well balanced data.

2 Shared Nearest Neighbors Based Combiner

2.1 Formulation

Let X = {x1, x2, · · · , xn} denote a set of objects, and C = {C1, C2, · · · , Cr} is
a set of r clusterings (partitionings) of the n objects. The number of clusters in
clustering Ci is denoted by ki. From the given ensemble of clusterings C of the n
data objects , we construct a WSnnG = (V, E), where V = {v1, v2, · · · vn} is the
set of weighted vertices corresponding to the set of objects. E = {e1, e2, · · · , em}
represents the set of weighted edges connecting the objects, where m is the
number of edges. An edge between any pair of vertices is counted only once,
i.e. edge connecting object i to object j is not counted separately from edge
connecting j to i. The evaluation of weights assigned to the vertices and edges
of the WSnnG, are described in Section 2.2.

The graph WSnnG = (V, E) is partitioned using the graph partitioning pack-
age METIS [10], in which the underlying algorithms are described in [10,11,12],
and are known for robustness and scalability. METIS can partition a graph in
the presence a balancing constraint. The idea is that each vertex has a weight
associated with it, and the objective of the partitioning algorithm is to minimize
the edge-cut subject to the constraint that the weight of the vertices is equally
distributed among the domains.

2.2 Weighted Shared Nearest Neighbors Graph

A reliable way to define similarity between objects is in terms of their shared
nearest neighbors. In other words, one can confirm the similarity between two
objects by their common (i.e shared) nearest neighbors. For instance, if object
i is similar to object j and if they are both similar to a set of objects S, then
one can have greater confidence in the similarity between objects i and j, since
their similarity is confirmed by the objects in set S.

In order to construct the WSnnG = (V, E), we proceed as follows:

1. Computation of co-associations (direct-similarities): Similar to the
voting mechanism described in [6], a similarity measure between patterns
is summarized in the co − assoc matrix:

co − assoc(i, j) =
votesij

r
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where votesij is the number of times, the objects i and j are assigned to the
same cluster among the r clusterings. That is 0 ≤ co − assoc(i, j) ≤ 1.0.

2. Sparsification of the similarity matrix: Sparsify the co − assoc matrix,
by keeping only the most similar neighbors to each object. We determine
those neighbors based on a voteThresh. We maintained a value of 0.5 for
this threshold throughout the experiments, which corresponds to enforcing
a majority vote.
Increasing the value of this threshold corresponds to imposing stricter con-
sensus among the clusterings, and revealing of fewer nearest neighbors for
each object. For instance a value of 1.0 means agreement among “all” clus-
terers. On the other hand, decreasing this value, corresponds to reducing
the number of votes needed for a consensus and leads to revealing of more
nearest neighbors. This is analogous to selecting K in a K-nearest neighbors
approach, but the number of nearest neighbors for each object is not fixed.

3. Constructing the skeleton of the WSnnG: For each pair of objects i
and j, determine the size of their shared nearest neighbors, that is, the
size of intersection |A ∩ B| of their respective nearest neighbors lists A and
B. The strength σij of the association between the two objects i and j is
given by:

σij = 2 × |A ∩ B|
|A| + |B|

If σij satisfies a strength threshold σijThresh, where this threshold is evalu-
ated dynamically for each pair of objects i and j, and is given as, σijThresh =
µ×max(|A|, |B|). The parameter µ determines the required ratio of overlap.
In the reported experiments µ = 0.5, indicating that objects must share at
least 50% of their nearest neighbors in order to satisfy the strength threshold.
Then
– Create an edge between i and j with weight σij

– Increment shared nearest neighbors populations θi, θj for objects i and j
4. Assignment of Vertices Weights: The weight ωi of each object i is com-

puted as the ratio of a balancing factor l (we choose l = n), where n is the
number of objects, to the shared nearest neighbors population θi associated
with object i. That is, ωi = l

θi

The WSnnG is then partitioned into k clusters, so as to minimize the edge-
cut subject to the constraint that the weight on the vertices is equally distributed
among the domains. The issue of how to determine k is not the focus of this
work. It is rather assumed that k is available to all clustering methods, and to
the combiner. However, this issue will be investigated in a future study. In fact,
the WSnnG itself, without partitioning, would represent a partitioning of the
data objects at a given level of granularity. If one want to see it at a specific
level, the graph is partitioned into the desired number of clusters k.

By assigning relative weights ωi to the vertices based on the their respective
number of shared nearest neighbors, we embed in the graph information about
the densities and sizes of neighborhood around each object, thus accommodating
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Fig. 1. WSnnG = (V, E) for the example given in Section 2.3

for structure imbalances. The weights σij on the edges, are based on the strength
of link with respect to the connected objects i and j. Stronger links are less likely
to be cut, again subject to the balance constraint.

2.3 Example

Let X = {x1, x2, · · ·x10} be a set of 10 objects, whose true cluster structure
is C0 = {{x1, x2, x3, x4, x5, x6, x7, x8}, {x9, x10}}. Let C = {C1, C2, C3} be a
given set of 3 clusterings of the objects, with three different misplacements of
the objects x8, x7, x6 as shown below. The generated WSnnG for this example
is shown in Figure 1.
C1 = {{x1, x2, x3, x4, x5, x6, x7}, {x8, x9, x10}},
C2 = {{x1, x2, x3, x4, x5, x6, x8}, {x7, x9, x10}}, and
C3 = {{x1, x2, x3, x4, x5, x7, x8}, {x6, x9, x10}}.

The strength of the edges is reflected by the thickness of the lines. The weights
are assigned to the vertices so as to ensures the balance between the clusters.
The graph combines all three clusterings and represents a partitioning of the
objects into two clusters that perfectly match the true clusters C0.

3 Experimental Analysis

In order to assess the proposed Snn-based combiner, preliminary experiments
are performed on a number of balanced and unbalanced data sets, which are
described below. Both artificial and real data sets are used.
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We used ClusterPack, a cluster analysis package by Alexander Strehl avail-
able at http://strehl.com/ to generate the ensemble of clusterings, using a total
of 9 different techniques. The combined clustering, using the supra-consensus
function [13] is also generated. The individual clustering techniques used are
graph partitioning and k-means, each using 4 different similarity measures (Eu-
clidean, cosine, extended Jaccard and correlation), in addition to hypergraph
partitioning. The techniques represent a diverse collection of clusterers as pro-
posed by [5]. We used the generated ensemble of clusterings to build the WSnnG,
and generate the combined clustering based on the partitioning of the WSnnG.

We used the F-measure [14] to evaluate the quality of all clusterings. The F-
measure is an external criteria based on additional information not given to the
clusterer, which is the labelled categorization assigned externally by humans. The
experimental results are discussed in the following subsections and summarized
in Table 1.

3.1 Artificial Data Sets

In the first two illustrations, we used artificial data sets used in [13], and down-
loaded from http://strehl.com/. The first is the 2D2K, containing 1000 points
from two 2D Gaussian clusters (500 points each), with means (−0.227, 0.077)
and (0.095, 0.322) and equal variance of 0.1. A test is performed on a random
sample of 200 points, (100 from each distribution). The value of the F-measure
for both clusterings generated by the supra-consensus function [13] and by the
Snn-based combiner is 0.98.

In the second illustration, we used the data set (8D5K), which contains 1000
points from 5 multivariate Gaussian distributions (200 points each) in 8D space.
All clusters have the same variance (0.1), but different means. Means were drawn
from a uniform distribution within the unit hypercube. A test performed on a
random sample of 250 points (equally distributed among the five classes) yields
an F-measure value of 1.0 using both the supra-consensus and Snn-based com-
biner.

We artificially generate the data set (2D-2C) shown in Figure 2 (a). Note
that the clusters are of different sizes and densities. The value of the F-measure
for the clustering generated using the supra-consensus is 0.76, and 0.94 for the
clustering generated using the Snn-based combiner, an improvement of 23%.

Another artificially generated data set (2D-3C) is shown in Figure 2 (b), in
which the three clusters of points are of different sizes, shapes and densities. The
values of the F-measure for the clustering generated using the supra-consensus
and the Snn-based combiner are 0.68 and 0.87 respectively, that is an improve-
ment of 27%.

3.2 Real Data Sets

Experiments are performed on the Iris Plant Database, one of the best known
databases in the pattern recognition literature, downloaded from the UCI ma-
chine learning repository. The data set contains 3 classes of 50 instances each,
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Fig. 2. (a) Data set (2D-2C) consists of two clusters of points of sizes (50, 150)
sampled from two Gaussian distributions with different means and variances. (b) Data
Set (2D-3C) consists of three clusters of points of sizes (50, 150, 75) sampled from three
Gaussian distributions with different means, and co-variance matrices

where each class refers to a type of iris plant, and the data is represented by 4
attributes. One class is linearly separable from the other 2; the latter are not
linearly separable from each other. An F-measure value of 0.95 was obtained
using both the supra-consensus and Snn-based combiner. The ensemble’s averge
F-measure is 0.81.

The second real dataset used is the Wisconsin Diagnostic Breast Cancer
Database (WDBC) [15], also downloaded from the UCI machine learning reposi-
tory. The Data contains 569 instances, described by 30 real-valued input features.
The sets are linearly separable using all the 30 input features. Each instance has
one of 2 possible classes: benign or malignant. The class distribution is 357
benign, and 212 malignant (that’s about 63% to 37%). The F-measure values
obtained are 0.81 and 0.89 using the supra-consensus function and Snn-based
combiner, respectively. It is noted that using the supra-consensus function, two
equal size clusters were generated (that is a balance of 50% to 50%). The Snn-
based combiner, on the other hand, generated two clusters with 70% to 30%
distribution, which is closer to the actual class distribution. Interestingly, it is
further noticed that the distribution of the individual clusterings was as follows:
5 out of the 9 clustering techniques generated two equal clusters, one generated
a cluster distribution of 99% to 1%, that is almost one cluster, two were 78% to
22% and one was 72% to 28%. The experiment demonstrates the ability of the
Snn-based combiner to recover a better clustering structure from a collection of
clusterings with different biases. Moreover it flexibly handles class distributions
that are not necessarily well balanced, making it a clustering combining method
that is adequate for finding natural clusters.

Table 1 summarizes the results of all the experiments described above, with
more details on the F-measure of the individual clusterings. It is noticed from
the results in Table 1 that the quality of the clustering generated using the
Snn-based combiner always surpasses the average quality of the basic individual
clusterings.



174 Hanan Ayad and Mohamed Kamel

Table 1. Summary of experimental results

Data sample # ensemble ensemble Supra- Snn-based Improvement
Set size classes size F-measure consensus combiner over

r (Mean, Std-Dev) F-measure F-measure ensemble’s mean
2D2K 200 2 9 (0.86, 0.18) 0.98 0.98 13%
8D5K 250 5 9 (0.87, 0.21) 1.0 1.0 14%
2D-2C 200 2 9 (0.73, 0.15) 0.76 0.94 28%
2D-3C 275 3 9 (0.69, 0.19) 0.68 0.87 26%

Iris Plant 150 3 9 (0.81, 0.18) 0.95 0.95 17%
WDBC 569 2 9 (0.74, 0.13) 0.81 0.89 20%

4 Conclusions

In conclusion, we introduced in this paper a multiple data clusterings combiner
based on a weighted shared nearest neighbors graph. The shared nearest neigh-
bors approach to similarity provides an alternative, or rather a complement, to
direct similarities between objects and is a reliable approach to analyze and ex-
tract complex similarity relationships among sets of patterns. We believe that
this approach is particularly useful in combining clusterings.

We used the strength of neighborhood sharing to measure the association
between objects and defined the shared nearest neighbors population to assign
relative weights to objects. The combiner based on the WSnnG is characterized
by the ability to reveal natural cluster structures. Preliminary experiments are
showing promising results.

In Future work, we would like to further analyze the WSnnG both theoreti-
cally and experimentally. Moreover, we want to extend the Snn-based combiner
and explore its applicability in the domain high dimensional data, overlapping
clusters, and multi-class patterns. Finally, it is worth noting that in this work,
we emphasized the underlying model and process for combining a given number
of different data partitionings, while the issue of which clustering techniques to
use, as an ensemble, is not emphasized. Nonetheless, the study of which clus-
tering techniques would produce the best results with the proposed combiner,
could be addressed in future work.
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Abstract. We have recently introduced Learn++ as an incremental learning al-
gorithm capable of learning additional data that may later become available.
The strength of Learn++ lies with its ability to learn new data without forgetting
previously acquired knowledge and without requiring access to any of the pre-
viously seen data, even when the new data introduce new classes. Learn++, in-
spired in part by AdaBoost, achieves incremental learning through generating
an ensemble of classifiers for each new dataset that becomes available and then
combining them through weighted majority voting with a distribution update
rule modified for incremental learning of new classes. We have recently dis-
covered that Learn++ also provides a practical and a general purpose approach
for multisensor and/or multimodality data fusion. In this paper, we present
Learn++ as an addition to the new breed of classifier fusion algorithms, along
with preliminary results obtained on two real-world data fusion applications.

1 Introduction

1.1 Incremental Learning and Data Fusion

A common, and often painful, characteristic of classification algorithms is that they
require the availability of an adequate and representative set of training examples for
satisfactory generalization performance. Often, acquisition of such data is expensive
and time consuming. Consequently, it is not uncommon for the entire data to become
available in small batches over a period of time. Furthermore, the datasets acquired in
later batches may introduce instances of new classes that were not present in previous
datasets. In such settings, it is necessary to update an existing classifier in an incre-
mental fashion to accommodate new data without compromising classification per-
formance on old data. The ability of a classifier to learn under this setting is usually
referred to as incremental (also called cumulative or lifelong) learning.

Incremental learning however, is conceptually related to data fusion, as new data
may be obtained using a different set of sensors, or simply be composed of a different
set of features. In such cases, the classifier is expected to learn and integrate the novel
information content provided by new features, hence data fusion.

Ensemble or multiple classifier systems (MCS) have attracted a great deal of atten-
tion over the last decade due to their reported superiority over single classifier sys-
tems on a variety of applications. MCS combines an ensemble of generally weak
classifiers to take advantage of the so-called instability of the weak classifier. This
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instability causes the classifiers to construct sufficiently different decision boundaries
for minor modifications in their training datasets (or other parameters), causing each
classifier to make different errors on any given instance. A strategic combination of
these classifiers then eliminates the individual errors, generating a strong classifier.

A rich collection of algorithms have been developed using multiple classifiers with
the general goal of improving the generalization performance of the classification
system. Using multiple classifiers for incremental learning, however, has been largely
unexplored. Learn++ was developed in response to recognizing the potential feasibil-
ity of ensemble of classifiers in solving the incremental learning problem.

In our previous work, we have shown that Learn++ is indeed capable of incremen-
tally learning from new data, without forgetting previously acquired knowledge and
without requiring access to previous data even when additional datasets introduce new
classes [1]. The general approach in Learn++, much like those in other MCS algo-
rithms, such as AdaBoost [2], is to create an ensemble of classifiers, where each clas-
sifier learns a subset of the dataset. The classifiers are then combined using weighted
majority voting [3]. Learn++ differs from other techniques, however, in the way the
data subsets are chosen to allow incremental learning of new data.

Recognizing that data fusion also involves combining different datasets consisting
of new features or modalities, we have evaluated Learn++ on two real world applica-
tions requiring data fusion. Learn++ was used to generate additional ensembles of
classifiers from datasets comprising of different features/sensors/modalities, which
were then combined using weighted majority voting. While the algorithm certainly
has much room for improvement when used in data fusion mode, the initial results
utilizing the existing version of the algorithm have been very promising. In this paper,
we describe the Learn++ algorithm and how it can be used as a general purpose ap-
proach for a variety of data fusion applications, along with our preliminary results on
two such applications.

1.2 Ensemble Approaches for Data Fusion

Several approaches have been developed for data fusion, for which ensemble ap-
proaches constitute a relatively new breed of algorithms. Traditional methods are
generally based on probability theory, such as the Dempster-Schafer (DS) theory of
evidence and its many variations. However, algorithms based on DS require specific
knowledge of the underlying probability distribution, which may not be readily avail-
able. The majority of these algorithms have been developed in response to the needs
of military applications, most notably target detection and tracking [4-6]. Ensemble
approaches seek to provide a fresh and a more general solution for a broader spectrum
of applications. Such approaches include simpler combination schemes such as ma-
jority vote, threshold voting, averaged Bayes classifier, maximum/minimum rules,
and linear combinations of posterior probabilities [6-8]. More complex data fusion
schemes are also widely used in practice including ensemble based variations of DS,
neural network and fuzzy logic classifiers, and stacked generalization [9-14].

A related approach to data fusion and classifier combination schemes is input
decimation, the use of feature subsets in multiple classifiers [15, 16].  In addition to
the simpler combination methods of majority vote, maximum, minimum, average, and
product, slightly more complex combination schemes such as behavior-knowledge
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space or decision templates can be employed [15, 16]. Input decimation can be useful
in allowing different modalities, such as Fourier coefficients and pixel averages, to be
naturally grouped together for independent classifiers [15].  Input decimation can also
be used to lower the dimensionality of the input space by “weeding out input features
that do not carry strong discriminating information” [16]. A useful addition to this list
of classifier ensembles is a more general structure capable of using a variety of differ-
ent basic network architectures and containing the ability to combining their outputs
for (a) a stronger overall classifier, (b) a classifier capable of incremental learning,
and (c) a classifier capable of easily fusing its outputs with other ensembles.

2 Learn++

The power of Learn++ as an ensemble of classifiers approach lies in its ability to learn
incrementally additional information from new data.  Specifically, for each database
that becomes available, Learn++ generates an ensemble of relatively weak classifiers,
whose outputs are combined through weighted majority voting to obtain the final
classification.  The weak classifiers are trained based on a dynamically updated distri-
bution over the training data instances, where the distribution is biased towards those
novel instances that have not been properly learned or seen by the previous ensem-
ble(s).  The pseudocode for the Learn++ algorithm is provided in Figure 1.

For each database �k, k=1,…,K that is submitted to Learn++, the inputs to the al-
gorithm are (i)                                        , a sequence of mk training data instances xi

along with their correct labels yi, (ii) a weak classification algorithm BaseClassifier to
generate weak hypotheses, and (iii) an integer Tk specifying the number of classifiers
(hypotheses) to be generated for that database.  The only requirement on the Base-
Classifier algorithm is that it can obtain a 50% correct classification performance on
its own training dataset. BaseClassifier can be any supervised classifier such as a
multilayer perceptron, radial basis function, or a support vector machine, whose
weakness can be achieved by reducing their size and increasing their error goal with
respect to the complexity of the problem.  Using weak classifiers allows generating
sufficiently different decision boundaries based on slightly different training datasets.
Weak classifiers also have the advantage of rapid training because, unlike stronger
classifiers, they only generate a rough approximation of the decision boundary, fur-
ther helping to prevent overfitting of the training dataset.

Learn++ starts by initializing a set of weights for the training data, w, and a  distri-
bution D obtained from w, according to which a training subset TRt and a test subset
TEt are drawn at the tth iteration of the algorithm.  Unless apriori information indicates
otherwise, this distribution is initially set to be uniform, giving equal probability to
each instance to be selected into the first training subset.

At each iteration t, the weights adjusted at iteration t-1 are normalized to ensuring a
legitimate distribution, Dt, is obtained (step 1). Training and test subsets are then
drawn according to Dt (step 2), and the weak classifier is trained with the training
subset (step 3).   A hypothesis ht is obtained as the tth classifier, whose error t is com-
puted on the entire (current) database Sk=TRt + TEt, simply by adding the distribution
weights of the misclassified instances (step 4)

( ){ }, | 1, ,k i i kS x y i m= = �
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The error, as defined in Equation (1), is required to be less than ½ to ensure that a
minimum reasonable performance can be expected from ht.  If this is the case, the
hypothesis ht is accepted and the error is normalized to obtain the normalized error
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If  t � ½, then the current hypothesis is discarded, and a new training subset is se-
lected by returning to step 2.  All hypotheses generated thus far are then combined
using the weighted majority voting to obtain the composite hypothesis Ht (step 5).
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The voting scheme used by Learn++ is less than democratic, however, as the algo-
rithm chooses the class receiving the highest vote from all hypotheses, where the
voting weight for each hypothesis is inversely proportional to its normalized error.
Therefore, those hypotheses with good performances are awarded a higher voting
weight. The error of the composite hypothesis is then computed in a similar fashion as
the sum of distribution weights of the instances that are misclassified by Ht (step 6)
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where [| · |] evaluates to 1, if the predicate holds true.
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The normalized composite error Bt is computed for the weight update rule (step 7):
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Equation (6) reduces the weights of those instances that are correctly classified by
the composite hypothesis Ht, lowering their probability of being selected into the next
training subset. In effect, the weights of misclassified instances are increased relative
to the rest of the dataset. We emphasize that, unlike AdaBoost and its variations, the
weight update rule in Learn++ looks at the classification of the composite hypothesis,
not of a specific hypothesis. This weight update procedure forces the algorithm to
focus more and more on instances that have not been properly learned by the ensem-
ble. When Learn++ is learning incrementally, the instances introduced by the new
database (and in particular from new classes, if applicable) are precisely those not
learned by the ensemble, and hence the algorithm quickly focuses on these instances.
At any point, a final hypothesis Hfinal can be obtained by combining all hypotheses that
have been generated thus far using the weighed majority voting rule

Simulation results of Learn++ on incremental learning using a variety of datasets
as well as comparisons to the AdaBoost algorithm and other methods of incremental
learning including ensemble of classifier approaches can be found in [1] and refer-
ences within.
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3 Simulation Results on Learn++ for Data Fusion

Similar to other classifier fusion algorithms, Learn++ seeks to acquire novel and ad-
ditional information content by selectively distributing the information to individual
elements of the ensemble and then strategically combining them. While Learn++ was
originally developed as an incremental learning algorithm, its ensemble structure
allows it to be used in data fusion applications as well. This is because, the algorithm
does not assume that instances in consecutive databases are composed of the same
features as those seen previously. When used in data fusion mode, Learn++ seeks to
incrementally learn additional information provided by consequent databases, where
the instances of the new data still come from the same application but are composed
of different features.

We have tested Learn++ on two real world classification problems which required
data fusion. In the first, additional databases provided sensor measurements obtained
with different sensors. In the second application, additional databases were con-
structed by taking different transforms of a time domain signal. These applications,
how they relate to data fusion, and Learn++ simulation results are presented next.

3.1 Gas Identification Database

The gas identification database used in this study consisted of responses of quartz
crystal microbalances to twelve  volatile organic compounds (VOC), including ace-
tone, acetonitrile, toluene, xylene, hexane, octane, methanol, ethanol, methyethylke-
tone, tricholoroethylene, tricholoroethane, and dicholoroethane.  The task was identi-
fication of an unknown VOC from the sensor responses to that VOC. A total of 12
sensors were used, where each sensor was coated with a different polymer to alter its
sensitivity and selectivity to different VOCs. The entire data was available in three
databases S1, S2, S3, where each database consisted of responses of 4 of the 12 sensors.
More information on this database, including the experimental setup, names of the
polymers, and sample instances are available on the web [17].

Sensor responses were acquired in response to seven different concentrations for
each VOC, producing a total of 84 instances for each database. Thirty instances from
each database were used for training and the remaining 54 were used for validation.
We note that the validation data was not used by Learn++ during training. At any
iteration t, the test subset, TRt mentioned above is a different subset of the 30 instance
training data. We have randomly mixed the sensors for four separate trials of the algo-
rithm, where the sensors were combined in mutually exclusive groups of four. For
each run, R1, R2, R3, R4, three ensembles E1, E2, E3, were generated by Learn++, one for
each database.  Table 1 summarizes sensor (feature) selection for each run. For the
results shown in Table 2, each ensemble consisted of a multilayer perceptron network
with a single 8-node hidden layer and an error goal of 0.005.  The individual perform-
ances indicate the generalization performance of Learn++ when trained with only four
features. Results for binary combination of ensembles indicate the generalization
performance when two ensembles were combined by Learn++ to effectively fuse
information from two four-feature datasets. Finally, the tertiary combination of en-
sembles show how the algorithm performed when three datasets were combined to
fuse information from three four-feature datasets.
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Table 1. Ensemble features for each run were determined randomly to form three ensembles
with four mutually exculsive sets of features.

Dataset features E1 E2 E3

R1 12, 7, 6, 3 10, 4, 5, 9 8, 1, 2, 11
R2 2, 9, 4, 3 10, 11, 5, 1 6, 8, 7, 12
R3 3, 2, 10, 12 7, 5, 9, 8 1, 11, 4, 6
R4 3, 7, 12, 11 1, 8, 9, 10 4, 5, 6, 2

Table 2. Learn++ generalization performance on the validation dataset.

Individual Performance Combined Performance
E1 E2 E3 E1 E2 E1 E3 E2 E3 E1 E2 E3

R1 69.0% 79.8% 66.7% 82.1% 83.3% 82.1% 82.1%
R2 79.8% 79.8% 75.0% 82.1% 91.7% 83.3% 95.2%
R3 78.6% 77.4% 76.2% 76.2% 84.5% 81.0% 84.5%
R4 81.0% 82.1% 77.4% 86.9% 84.5% 90.5% 92.9%

The results indicate a general improvement in the generalization performance when
the ensembles are combined.  The best performance is indicated in bold for each run.
It is interesting to note that in R1, the best performance was achieved when combining
ensembles E1 and E3. In all other cases, combining all three ensembles produced a
performance increase over performances of any individual ensemble or any binary
combination of other ensembles. Furthermore, no combination ever performed worse
than an individual ensemble, demonstrating the ability of Learn++ in fusing informa-
tion from three different datasets and acquiring additional information from each
consecutive database.

3.2 Ultrasonic Weld Inspection (UWI) Database

The UWI database consists of ultrasonic scans of nuclear power plant pipes for the
purpose of distinguishing between three types of pipe wall defects.  The three defects
of interest in this database are intergranular stress corrosion cracking (IGSCC), coun-
terbores, and weld roots.  IGSCCs are usually found in an area immediately neigh-
boring the welding region, known as the heat affected zone, and form a discontinuity
in the pipe that can be detected by using ultrasonic (or eddy current) techniques.  The
counterbore and weld roots also appear as discontinuities in the pipe wall, but they do
not degrade the structural integrity of the pipe.  These two geometric reflectors often
generate signals that are very similar to those generated by cracks, making the defect
identification a very challenging task.  The cross section in Figure 2 helps illustrate
the ultrasonic testing procedure, employing 1 MHz ultrasonic transducers, used to
generate the first database analyzed in this study.

The goal of the classification algorithm is to distinguish between the three different
types of pipe wall defects from the ultrasonic scans.  The database consists of 1845
instances, specifically 553 crack, 615 counterbore, and 677 weld root instances.  A
subset of these instances was given to the first ensemble of each run as the time do-
main information.  The Fourier Transform of each instance was obtained and the
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same subset as before was given to the second ensemble of each run as frequency
domain information.  Finally, the discrete wavelet transform coefficients from a Dau-
bechies-4 mother wavelet were computed to form the third ensemble of each run as a
time-scale representation of the data.  Training three ensembles of Learn++ on the
time, frequency, and time-scale data provided three modalities of information to be
fused for final classification.  Table 3 shows the base classifier architecture and num-
ber of classifiers generated for five different runs, whereas Table 4 presents the results
obtained by Learn++ on the UWI database when used in data fusion mode.

As before, combinations of ensembles performed better than individual ensembles.
In general, the combination of all three ensembles (that is combining time, frequency
and time-scale information) performed better than any individual or other binary
combination, with the exceptions of R3 and R5, where the frequency and time-scale
combination performed only slightly better then the combination of all. The results
given in Table 4 provides further promising results indicating that the algorithm is
able to combine information of different features from different datasets.

Fig. 2. Ultrasonic testing of nuclear power plant pipes for identification of hazardous crack vs
non-hazardous weld root and counterbore.

Table 3. UWI Database: Ensemble parameters for individual runs

# of classifiers/ensemble
Run #

Hidden
Layer
nodes

Error
goal

Training
size E1 E2 E3

R1 8 0.1 500 15 20 23
R2 20 0.1 500 23 19 25
R3 30 0.1 500 8 8 9
R4 10 0.1 500 6 10 7
R5 20 0.1 500 10 8 9

4 Discussion and Conclusions

Learn++ has been evaluated as a potential data fusion algorithm capable of combining
data from ensembles trained on separate uncorrelated features, as well as ensembles
trained on different correlated modalities such as time, frequency, and wavelet do-
main data.  The algorithm relies on the weighted voting scheme inherent to Learn++
to take advantage of the synergistic knowledge acquisition property of an ensemble of
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classifiers. In essence, the incremental learning algorithm is used in a data fusion
seting, where the consecutive databases use instances of different features.

Table 4. Learn++ Datafusion performance on the test dataset

Individual Performance Combined Performance
E1 E2 E3 E1 E2 E1 E3 E2 E3 E1 E2 E3

R1 87.36% 81.41% 87.36% 89.29% 88.84% 89.77% 91.52%
R2 86.84% 80.52% 86.47% 88.69% 87.36% 90.93% 91.30%
R3 82.97% 79.03% 81.04% 85.80% 82.16% 85.80% 85.72%
R4 82.01% 78.74% 82.01% 84.24% 81.19% 84.01% 85.58%
R5 80.74% 80.30% 80.30% 86.10% 80.59% 86.62% 85.13%

The two datasets presented here show improved performance when the ensemble’s
information are combined, forming a joint classification.  However, the datasets also
show that not all combinations are necessarily better than a single ensemble’s per-
formance. This information could be used to help select the features and modalities
for future ensembles. A related advantage of Learn++ used in a data fusion setting is
the ability of the algorithm to add or remove modalities or feature groups from the
overall system without having to retrain the complete system.  The algorithm has
already been shown to be capable of incremental learning [1], so the combination of
incremental learning of new data with the flexibility of adding or removing features
and/or modalities makes for an extremely versatile algorithm.

Further testing on the algorithm is currently underway, along with the following
future directions:
• Determine whether the algorithm can be used to obtain the optimum subset of a

large number of features
• Since the algorithm is independent of the base classifiers, determine whether using

different classifier structures particularly suited to a specific set of features may
also be combined for improved data fusion performance (Learn++ has already
demonstrated that it can work with a variety of base classifiers when running in the
incremental learning mode [18]).
In summary, the unique characteristics of the Learn++ algorithm make it a poten-

tially powerful and versatile system that can not only incrementally learn additional
knowledge, but also can combine ensembles generated by training with different fea-
tures for a diverse set of data fusion applications.

Acknowledgement

This material is based upon work supported by the National Science Foundation un-
der Grant No. ECS-0239090.



An Ensemble Approach for Data Fusion with Learn++      185

References

[1] R. Polikar, L. Udpa, S. Udpa, V. Honavar, “Learn++: An incremental learning algorithm
for supervised neural networks,” IEEE Trans Systems, Man and Cybernetics, vol.31, no.4,
pp.497-508, 2001.

[2] Y. Freund and R. Schapire, “A decision theoretic generalization of online learning and an
application to boosting,” Computer and System Sciences, vol. 57, no. 1, pp. 119-139,
1997.

[3] N. Littlestone and M. Warmuth, “Weighted majority algorithm,” Information and Com-
putation, vol. 108, pp. 212-261, 1994.

[4] D. Hall and J. Llinas, “An intrododuction to multisensor data fusion”, IEEE Proceedings,
vol. 85, no. 1, 1997.

[5] D. Hall and J. Llinas (editors), Handbook of Multisensor Data Fusion, CRC Press: Boca
Raton, FL, 2001.

[6] L. A. Klein, Sensor and Data Fusion Concepts and Applications, SPIE Press, vol. TT35:
Belingham, WA, 1999.

[7] J. Grim, J. Kittler, P. Pudil, and P. Somol, “Information analysis of multiple classifier
fusion,” 2nd Intl Workshop on Multiple Classifier Systems, MCS 2001, pp. 168-177.

[8] J. Kittler, M. Hatef, R.P. Duin, J. Matas, “On combining classifiers,” IEEE Trans on
Pattern Analysis and Machine Intelligence, vol. 20, no.3, pp. 226-239, 1998.

[9] L.O. Jimenez, A.M. Morales, A. Creus, “Classification of hyperdimensional data based on
feature and decision fusion approaches using projection pursuit, majority voting and neu-
ral networks, IEEE Trans  Geoscience and Remote Sensors, vol. 37, no. 3, pp 1360-1366,
1999.

[10] G.J. Briem, J.A. Benediktsson, and J.R. Sveinsson, “Use of multiple classifiers in classifi-
cation of data from multiple data sources,” Proc. of IEEE Geoscience and Remote Sensor
Symposium, vol. 2, pp. 882-884, Sydney, Australia, 2001.

[11] A. Krzyzak, C.Y. Suen, L. Xu. “Methods of combining multiple classifiers and their
applications to handwriting recognition,” IEEE Trans Systems, Man, and Cybernetics,
vol.22, no.3, pp. 418-435, 1992.

[12] F.M. Alkoot.; J. Kittler. “Multiple expert system design by combined feature selection and
probability level fusion,” Proc of the 3rd Intl Conf on FUSION 2000, vol. 2, pp. 9-16,
2000.

[13] D. Wolpert, “Stacked Generalization,” Neural Networks, vol. 2, pp 241-259, 1992.
[14] B.V. Dasarathy, “Adaptive fusion processor paradigms for fusion of information acquired

at different levels of detail,” Optical Engineering, vol 35, no 3 pp 634-649, 1996.
[15] L. Kuncheva and C. Whitaker, “Feature subsets for classifier combination: an enumerative

experiment,” 2nd Intl Workshop on Multiple Classifier Systems, MCS 2001, pp. 228-237.
[16] N. Oza and K. Tumer, “Input decimation ensembles: decorrelation through dimensionality

reduction,” 2nd Intl Workshop on Multiple Classifier Systems, MCS 2001, pp. 238-247.
[17] R. Polikar, VOC Identification database available at 

http://engineering.eng.rowan.edu/ ~polikar/RESEARCH/voc_database.doc
[18] R. Polikar, J. Byorick, S. Krause, A. Marino, M. Moreton, “Learn++: a classifier inde-

pendent incremental learning algorithm for supervised Neural Networks,” Proc. of Intl
Joint Conf on Neural Networks, vol.2, pp. 1742-1747, 2002.



The Practical Performance Characteristics
of Tomographically Filtered
Multiple Classifier Fusion

David Windridge and Josef Kittler

Dept. of Electronic and Electrical Engineering
University of Surrey, Guildford, Surrey, GU2 7XH, UK

{D.Windridge,J.Kittler}@surrey.ac.uk

Abstract. In this paper we set out to give an indication both of the
classification performance and the robustness to estimation error of the
authors’ ‘tomographic’ classifier fusion methodology in a comparative
field test with the sum and product classier fusion methodologies.
In encompassing this, we find evidence to confirm that the tomographic
methodology represents a generally superior fusion strategy across the
entire range of problem dimensionalities, final results indicating an as
much as 25% improvement on the next nearest performing combination
scheme at the extremity of the tested range.

1 Introduction

In a series of previous papers [1-6], we have mathematically elaborated a meta-
phor between, respectively, the processes of feature selection and classifier fusion,
and the processes of Radon transformation and back-projection (the latter famil-
iar from, in particular, medical imaging cf eg [23-25]). The entity which is thus
implicitly reconstructed by back-projection/classifier-combination is the prior
probability density function pertaining to the entirety of the pattern-space before
feature-selection took place and gave rise to a series of predominantly disjoint
feature sub-sets represented within individual classifiers (see [7-10] for experi-
mental evidence of the likelihood of this configuration when feature-selection is
explicitly carried out with respect to the combined classifier output).

It is consequently possible to consider the individual classifiers as being, in
a mathematically definable sense, morphological probes of the underlying com-
posite pattern space PDF, since, intuitively, we expect feature selection to occur
on the basis of the representative ability of the classifiers. The earlier papers
in this series [1-6] consequently sought to morphologically optimise the process
of classifier combination by introducing a pre-combination filtration process to
eliminate the artifacts generated by the mechanics of specifically linear back-
projection upon on the recovered composite PDF that are implied by all existing
combination schemes.

The principle motivation behind the tomographic approach to classifier com-
bination is thus to derive and optimise the classifier-combination process on
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purely a priori grounds (as opposed to seeking optimisation from within a pre-
existing combination strategy selected on contingent or heuristic grounds; cf eg
[11-15]).

In the particular case of sum rule combination scheme, the mathematical
analogy with back-projection is exact (the remaining combination schemes (eg
[16-21]) having been demonstrated to constitute specifically constrained forms
of back-projection), and the proposed ‘tomographically-filtered’ combination
scheme thus acts in relation to this particular fusion methodology. Precise al-
gorithmic details of the methodology arising from this approach are set out in
[4], the main results of which are reprinted in appendix 1, which will thus serve
in the current context as the test-bed tomographic combination methodology
through which we shall address the paper’s objectives. (It should be noted in
passing that the appendix’s technique is highly optimised, and superficially be-
trays little of its tomographic pedigree: interested readers are thus referred to
[4] for precise details of its derivation and relation to tomography. Cursory in-
spection of the economised procedure should, however, reveal that it seeks, like
tomography, to correlate related morphology across all of the classifiers’ feature
spaces in a manner not feasible for any simply linear combination).

1.1 Objective of the Current Paper

We have argued before [1-6] that the expected error resilience of the tomographic
method ought to be similar to that of the sum rule, the optimal combination
strategy in terms of robustness to estimation error [1], since the back-projection
aspect of the tomographic fusion technique imposes exactly the same averag-
ing process with respect to stochastic variation. However, a precise calculation
was omitted since it depends critically on the interaction between the filtering
mechanism and the morphological characteristics of the classifier (which is not
something we would wish to specify in advance, the tomographic method being
intended as a ‘black box’ approach, to which novel methods of classification may
be appended as developed). Given this theoretical limitation on characterising
the error resilience of the proposed method, it will be necessary to base the at-
tempted quantification of the resilience to estimation error instead on a practical
investigation.

More generally, though, we have yet to fully establish the most significant
performance statistic for the tomographic combination method in relation to the
conventional alternatives: the effect on the misclassification rate. A very limited
example of such statistics within an applications context were given in [1] for the
two-dimensional case (that is, the combination of two classifiers containing a sin-
gle feature). However, an inspection of the methodology set out in the appendix
would indicate that it is not possible to guarantee an equivalent performance re-
sponse for combinations of higher dimensionality without a great deal of further
analysis. Indeed, this is self-evidently not the case if the classifiers constituting
the combination exhibit any degree of estimation error, since error resilience
scales differently with dimensionality for the sum and product rule combina-
tion schemes (see discussion in [22]). It is therefore necessary, in any reasonable
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attempt to quantify the general performance of tomographic combination, to es-
tablish performance across the range of feature-space dimensionalities: we should
in particular like an assurance that the tomographic method remains the opti-
mal choice at higher dimensionalities within a representative range of scenarios.
The following section will therefore set-out our attempts to achieve this on a
practical level.

2 Investigation of Relative Real-World Performance
of Tomographic Classifier Fusion

Giving any comparative performance benchmark for the tomographic combi-
nation method requires that we test it against a representative sample of the
remaining combination schemes. Kittler et al. [17] have demonstrated that the
majority of commonly used decision rules can be considered to derive from either
the sum or the product decision rules: It is therefore these two methodologies, in
particular, against which we shall choose to benchmark the tomographic combi-
nation system of appendix 1.

The ‘real-world’ data upon which we shall perform this experimental com-
parison derives from a set of expertly-classified geological survey images, with
the 26 dimensions of the pattern vectors corresponding to 26 distinct cell-based
processes for texture characterisation. The arbitrary nature of these processes
means that the data simultaneously exhibits all three of the distinct character-
istics of, respectively; large-scale feature redundancy, feature independence and
its converse, feature dependency within its various feature subsets: that is, very
largely the full range of possible behaviours with regard to feature selection,
classification and classifier combination.

Also, since we are primarily interested in testing the relative capabilities
of the combination schemes, we shall seek both to homogenise the classifiers
constituting the combination, and to make them as representative of the pattern-
data as possible. Thus, rather than the customary arrangement in which feature
sets are allocated to a morphologically disparate set of classifiers on the basis of
their individual representative strengths, we shall instead artificially impose a
uniform classification scheme, a probability density function derived by regularly-
spaced block-density histogramming of the pattern-data, upon each of the tested
feature subsets constituting the combination.

Furthermore, in order that we might establish a direct measure of the clas-
sification performance of the various combination schemes, we shall impose the
condition that the composite feature space PDF of i-dimensions which we are
implicitly reconstructing by classifier combination is that obtained by a block
density histogramming of the original i-dimensional space. In other words, we
are designating the i-dimensional PDF thus derived as the underlying prior prob-
ability density function of the i-dimensional space.

For this approach to have general validity it is necessary that a large number
of pattern vectors are sampled per histogram, even at the extremity of the tested
dimensionality range. Thus we are also required to impose a relatively small
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Fig. 1. Experimental format, indicating (in three-dimensional terms) the principle
types of data involved in the performance measurement: the original unprojected 3-D
pattern-space, three pseudo-Bayesian 2-D reference spaces to be reconstructed, and
three 1-dimensional spaces representing feature-selected classifiers.

number of bins per feature (r) in order to maintain reasonable count statistics
at the extremity of the range: of the order of r =4, given our ≈ 125000 pattern
vectors and 8 dimensional range.

Because of the need to establish a meaningful performance comparison across
the dimensional range, it is additionally necessary to derive each of the tested
multi-dimensional composite reference feature-space PDFs from the same exper-
imental source. Hence we obtain the various i-dimensional spaces via projection
of the complete n-dimensional pattern-space, finally averaging over all nCi per-
formance figures thus obtained. Clearly, as the dimensionality i varies, the av-
erages thus obtained are subject to a statistical fluctuation associated with low
number statistics (becoming asymptotic at i = n when only one subspace exists),
and hence the tested sequence is required to terminate well short of this value
(coupled with the aforementioned consideration of avoiding under-sampling of
the prior PDF at higher dimensionalities).

The reason it shall only prove necessary to consider the combination con-
figuration consisting of i one-dimensional classifiers (that is, combinations with
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one feature per classifier), is that we are principally interested in characterising
the variation of combination performance in relation to a uniform ‘morpholog-
ical information shortfall’. That is, we are primarily interested in the extent to
which a combination scheme can make use of the ri possible classifier ordinate
values to reconstruct the ri possible co-ordinates of the prior PDF: introducing
additional combinations of classifiers containing differing numbers of features
would tend only to obscure this perspective without generating any additional
insight into the combination processes not already encompassed by the latter ap-
proach. The experimental format for the real-world combination test is therefore
as illustrated in figure 1.

We should clarify that the test scenario in no way intended to represent a
plausible real-world situation when feature-selection is explicitly taken into con-
sideration: Given that we are in a position to obtain sufficient pattern-vectors
as to be able to constrain a plausible model of the i-dimensional prior PDF, the
most effective feature selection strategy (presuming a reasonably flexible set of
classifier morphologies to choose from) would, most naturally, be to allocate the
maximal i features to the best performing classifier of the ensemble in order to
guarantee retention of the maximal quantity of discrimination information. We
have, however, imposed the one-feature-per-classifier limitation in order that we
might mimic the generalised situation in which any one-classifier parameterisa-
tion of the whole i-dimensional space would likely be subject to serious over-
parameterisation error, and therefore disposed to reduce the classification rate
in relation to a combination of classifiers of lower, but better sampled, feature
dimensionalities. Of course, this condition being an external restriction means
that, in fact, we do have access to a plausible model for the i-dimensional prior
PDF as required for the purposes of performance evaluation.

The specified experimental scenario should thus be considered from the con-
text of the broader tomographic perspective, within which feature-selection can
be envisaged as seeking an appropriate balance between the mutually exclusive
requirements of maximising the retention of class-discriminant morphology in-
formation through the allocation of spaces of higher feature dimensionalities to
the classifiers, and the minimisation of the dangers of over-classification through
the allocation of lower feature-space dimensionalities to classifiers.

The remaining aspect of the investigation, the assessment of the resilience
to estimation error of the three fusion methods, is addressed in the above ex-
perimental context by the straightforward simulation of classifier error through
adding uniform stochastic noise to each of the classifier density histograms (simu-
lating, in effect, estimation-error arising from an insufficient degree of parameter-
freedom amongst the classifiers, rather than estimation-error attributable to, say,
incorrect, or over, parameterisation).

The performance results for the ‘real-world’ geological survey data are thus as
depicted in figure 2 (with an appropriate horizontalising log-space offset added
for clarity), and which will consequently constitute the basis of the following
assessment of tomographic fusion performance in the field.
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Fig. 2. Misclassification Rate vs Dimensionality for the Real-World Data

3 Analysis of Results

The performance results for the 2-class rock-strata data quantified in figure 2
would indeed appear to indicate that the ability of the tomographic combiner to
correlate morphology between the i discrete classifiers is of concrete utility in a
practical context, with a clear performance advantage over the sum and product
rules developing with increasing dimensionality.

In terms of the point-by-point relationship between the three combining
methodologies, it would appear that the tomographic method more closely mim-
ics the performance of the product rule than the sum rule, despite its origins in
the latter technique. We hypothesise that this is a consequence of actual feature
independence in the original PDFs being recovered by the tomographic method
(which is feasible, given that, on inspection, the prior PDFs have an approxi-
mately similar morphology to the Gaussian distribution of uniform covariance).
It should be noted, however, that the tomographic estimation-error graph more
closely mimics that of the sum rule than the product rule.

4 Conclusions

From the point of view of advocating a generally superior combination strategy
for non-specific classification problems, it would appear, on the basis of the tests
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we have conducted, that the tomographic method is the indicated approach,
both in terms of its reconstructive ability, as well as in its estimation error re-
silience (for which the method approaches the performance of the sum rule,
without that technique’s reconstructive deficiencies). In particular, these advan-
tages would appear to scale favourably with the number of classifiers constituting
the combination.

It must, however, be clearly understood that the scatter of data points in
figure 2 is such that it is not possible to guarantee in all cases (or even much
more than half of the cases for the lower dimensionalities) that the tomographic
method is optimal (it being always possible to consider composite pattern-space
PDF morphologies that favour either of the alternative strategies). Our argu-
ment, we emphasise, is with respect to arbitrary underlying PDF morphologies,
for which the presence of back-projection artifacts implied by conventional lin-
ear combination methods (the gamut of which the sum and product rules are
deemed to collectively encompass) are taken to be generally unrepresentative.
It is interesting to note, however, on the evidence of figure 2, that in the real
world scenario, despite the presumed presence of these artifacts, the product
rule would appear to be significantly better at composite PDF morphology re-
covery than the sum rule. This is presumably a consequence of the fact that
the reconstruction artifacts are suppressed (but, note, not fully removed) via re-
peated multiplication. This advantage, however, is generally suppressed by the
multiplicative cumulation of estimation-error effects for all but ideal classifiers.

With respect to the prospects for further improving the tomographic combi-
nation methodology, one possibility is to note that the modified Högbom method
specified in the appendix inherently regards the rectanguloid hypercube as its
deconvolution primitive, and thus constitutes only a partial realisation of the
potential for applying tomographic filtration to combined classifiers, the cen-
tral idea of which is removal of all axial bias from back-projected radon data.
Clearly, while the rectanguloid hypercube primitive serves to remove much of
the the feature-axial alignment imposed by classifier combination (in particular,
the elongated striations depicted in fig 2 of [1]), it still exhibits an obvious axial
alignment on the local scale. Thus there is scope for future methodological im-
provement by introducing more rotationally symmetric primitives (for instance
hyper-ovoids, which would be capable of reconstructing complete Gaussians).

Another, complementary, approach is to seek to increase the computational
performance of the tomographic method, which at present, though considerably
economised [4] (and parametrically tunable to a high degree), falls significantly
behind the linear sum and product methods. To remedy this situation, it is
necessary to employ a pre-filtration approach. That is, we should have to apply
a filtering convolution to the individual classifier PDFs and combine via the
sum rule, imposing a positivity condition on the output. Such a method, while
conjectured to be of somewhat less accuracy than the current approach, would
have the benefit of scaling linearly in terms of operation time with the number
of classifiers. To determine exactly what the accuracy deficit might be for such a
procedure would be the basis of further empirical and theoretical investigation.
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In sum, then, we have provided performance statistics to complement the
earlier theoretical assertion that tomographic combination recovers the greatest
degree of the composite pattern space PDF morphology lost during feature se-
lection (the precise quantity of recoverable information being indicated by the
relative disparity of the Bayesian and tomographic error rates in figure 2).

Moreover, we have demonstrated that the tomographic method, as well as
having the best underlying performance rate, has also a similar error resilience
to the sum-rule combination methodology, thereby combining the best of both
of the aspects of combination through which classification performance can im-
prove, namely, the morphologically reconstructive and the error-negating: these
two aspects being previously partially, though separately, represented within the
product and sum rules, respectively.
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Appendix 1: Step-by-Step Approach to Procedurally
Implementing Tomographic Classifier Combination

1. Assemble experts constituting the combination as a series of PDFs ranging
over n discrete feature spaces of respective dimensionality; a1, a2 . . . an for
the class set; ω1, ω2, ...ωm.

2. Select the first class of the series, ω1, and establish peak probability density
value(s), Pai , for of each expert’s individual representation of that class.

3. Specify a pair of accuracy parameters, ∆z and ∆x, that respectively denote
the probability density and feature-space resolutions.

4. Establish the ‘hyper-area’ between the probability density ordinates repre-
senting the peak value and (peak value−∆z) for each of the classifier PDFs:
ie, the scalar number of (∆x)ai × ∆z units between the two probability
density values for each of the classifiers in the fusion.

5. Specify a matrix of dimension; a1 + a2 + . . . + an with each element des-
ignating an (initially zero) probability density value attributable to every
(∆x)a1+a2+...+an unit of the composite feature-space1. Add a value, N ,
to those points representing all combinations of n concatenations of the
respective (co-)ordinates established in 4: That is, the Cartesian product
{X1} × {X2} × {X3} × . . . × {Xn}. (N must be >

∑n
i=1 Pai).

1 In a memory-restricted environment, it is alternatively possible to perform itera-
tions 7-11 simultaneously for the respective classes, retaining only those points of
coincidence between the various class probabilities: a significantly smaller set than
the matrix specified in 5. The total memory footprint for this configuration is of
the order {X}a1 + {X}a2 + . . . {X}an , rather than the former; {X}a1+a2+...+an (for
feature-spaces of uniform dimensional size X); which is to say, an equivalent memory
requirement to conventional linear methods of combination.
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6. Subtract the resolution parameter ∆z from each peak value Pai ; ∀i, and set
an iteration parameter (say, t) to zero.

7. Subtract a quantity |X1| × |X2|...× |Xi−1| × |Xi+1| × ...× |Xn| × dz from the
current peak value of each classifier, Pai ; |Xj | being the scalar values derived
in 5, ie: the number of coordinate vectors {Xi} of dimensionality ai counted
by the PDF hyper-area establishing procedure above. Note, especially, the
absence of |Xi| in the product entity.

8. Establish the new hyper-area value associated with the subtraction 7, that
is: the hyper-area between the probability density ordinates representing the
previous and current peak-values (as per 4).

9. Allocate a value N − t.∆z to those points in the deconvolution matrix rep-
resenting novel coordinates established after the manner of 4. That is, the
Cartesian product difference:
[({X1}old∪{X1}new)×({X2}old∪{X2}new)×. . .×({Xn}old∪{Xn}new)]−
[{X1}old × {X2}old . . . {Xn}old]
(t the cycle count number, N as above).

10. Increment the cycle counter, t, by 1 and go to 7 while Pai > 0, ∀i.
11. After termination of the major cycle 7-11, subtract a value t.∆z from each

point of the deconvolution matrices to establish true PDFs, if required (see
footnote 5).

12. Repeat from 2 for the remaining classes in the sequence ω1, ω2 . . . ωm.
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Abstract. This paper presents a technique for normalizing likelihood of multi-
ple classifiers, allowing their fair combination. Our technique generates for 
each recognizer one general or several stroke-number specific characteristic 
functions. A simple warping process maps output scores into an ideal character-
istic. A novelty of our approach is in using a characteristic based on the accu-
mulated recognition rate, which makes our method very robust and stable to 
random errors in training data and requires no smoothing prior to normalization. 
In this paper we test our method on a large database named Kuchibue_d, a pub-
licly available benchmark for on-line Japanese handwritten character recogni-
tion and very often used for benchmarking new methods.  

1 Introduction 

Combining different classifiers for the same classification problem has become very 
popular during the last years [7,9]. In handwriting recognition, classifier combinations 
are of particular interest since they allow bridging the gap between on-line and off-
line handwriting recognition. An integrated on-line/off-line recognition system can 
exploit valuable on-line information while off-line data guarantees robustness against 
stroke order and stroke number variations. Since the different nature of on-line and 
off-line data complicates their combination, most approaches combine both types of 
information either during pre-processing; i.e. feature computation [1-3] or, like this 
paper, in post-processing [5-8].  

In this paper, we report experiments on the combination of on-line and off-line 
recognizers for on-line recognition of Japanese characters. Multiple classifiers, espe-
cially on-line and off-line classifiers, very often generate likelihood values that are 
incompatible. The focus of this paper lies on our accumulated-recognition-rate nor-
malization technique, which tries to overcome this problem by aligning the likelihood 
values with the actual performance of each classifier. At first we define the accumu-
lated recognition rate, which is normalized to a linearly growing function. Using nor-
malized likelihood ensures a fair combination of classifiers.  

We have introduced our warping technique in [13, 16], and tested its efficiency on 
a small NTT-AT database. That database is a collection of patterns written by elderly 
people, usually by incorrect writing style. We have achieved improvement of the 
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recognition rate from 89.07% for the best single classifier to 94.14% by combining 
seven classifiers in our combination system [13] and in [16] 93.68% by combining 
two classifiers. However, since the NTT-AT database is not a collection of typical 
character patterns and the number of samples and categories is low, a good perform-
ance cannot be easily generalized for common Japanese character patterns. In this 
paper we experiment with the benchmark database Kuchibue_d, which contains on-
line Japanese handwritten characters for which many researchers have already pub-
lished recognition rates. 

This paper is structured as follows: Section 2 and 3 outline the work described in 
our previous paper [13] and describe the general theoretical framework of our nor-
malization technique based on accumulated recognition rate. In Section 4 we intro-
duce our improved approach utilizing information about stroke number, firstly pub-
lished in [16]. Section 5 describes single classifiers and combination schemes used in 
our experiments. Section 6 presents our new results on the Kuchibue_d benchmark 
set, which allows comparison of our recognition results on the same benchmark with 
other research groups or with our previous results on the NTT-AT database (Section 
7). Finally, Section 8 concludes this paper with a general discussion of our results. 

2 Comparability of Different Classifiers 

Let A be a classifier that maps an unknown input pattern x to one of m possible classes 
(ω1, …, ωm), and returns values ai = A(x, ωi) denoting its confidence that x is a mem-
ber of class ωi,. For an ideal classifier, each returned value ai corresponds to the true 
probability of ωi given x: Pi(ωi,|x), also called a-posteriori probability, with 0 ≤ 
ai=Pi(ωi,|x) ≤ 1. In real practice, however, the output values ai can merely be approxi-
mations of the correct a-posteriori probabilities. Many classifiers do not even output 
approximations but only values related to the a-posteriori probabilities. For instance, 
A(x, ωi) = ai very often denotes the distance between the input pattern x and the class 
ωi in a high-dimensional feature space under a given metric, sometimes with 
ai∈[0;∞]. In this case, the best candidate is not the class with the maximum value 
among all ai, but the class having the smallest ai; i.e., the class with the shortest dis-
tance. Also, the scale of output values is generally unknown. For example, from ar = 
2ap one cannot predict that class ωr is twice as likely as class ωp.  

These inadequacies generally pose little problem for a single classifier that needs to 
find only k-best candidates. If a single classifier rejects patterns with confidence val-
ues below a certain threshold, a relation between confidence and a-posteriori probabil-
ity is useful for setting the threshold. However, for combining several classifiers {A, 
B, C…} we necessarily need some relation among candidates stemming from differ-
ent classifiers {ai =A(x, ωi), bi =B(x, ωi), …} in order to compare them and to select 
the best class. 

To better describe the output of classifiers, we define two auxiliary functions, n(ak)  
and ncorrect(ak) counting the overall number of samples and correctly recognized sam-
ples for each output value respectively: Function n(ak) returns the number of test pat-
terns classified with output value ak and function ncorrect(ak) returns the number of cor-
rectly recognized test patterns. We begin by counting the number of correctly and 
incorrectly recognized samples for each value: ncorrect(ak) and nincorrect(ak)= nt(ak)-
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ncorrect(ak). Graph 1 and Graph 2 show two exemplary histograms of these numbers for 
off-line and on-line recognition respectively. 

An ideal classifier returns only correct answers with likelihood values covering the 
whole range of possible values. As a matter of fact, most practical classifiers also 
return incorrect answers and do not cover all output values. Graph 1 and Graph 2 
illustrate this for the off-line classifier - most of the correct output is around a =600 -, 
while the on-line classifier has most of its correct answers around a=900. The peak of 
ncorrect(a) differs from nincorrect(i) in both classifiers. Also, both classifiers use only a small 
range of the output interval [0;1000] intensively. 
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Graph 1. Histogram for an off-line recognizer 
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Graph 2. Histogram for an on-line recognizer 
 

For a single classifier system, only the recognition rate; i.e., the number of correctly 
recognized patterns (i)ncorrect

i
∑  divided by the number of overall patterns, is of im-

portance. However, for combining multiple classifiers, not only the recognition rate, 
but also the distribution of )( kcorrect an  and )( kincorrect an  is of interest. If some 
classifiers provide better recognition rates than the best single recognition rate on 
several sub-intervals, then we can suppose that by combining multiple classifiers the 
combined recognition rate will outperform the single best rate. Graph 3 and Graph 4 
show the recognition rates corresponding to Graph 1 and 2 respectively. 
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Graph 3. Rcg.Rate for an off-line recognizer 
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3 Normalization and Warping 

Our goal is to normalize the output of each classifier so that it better reflects the actual 
classifier performance for each output value and allows direct comparison and combi-
nation with outputs from other classifiers. The main idea is to turn confidence values 
into a monotone increasing function depending on the recognition rate. After normali-
zation, the highest output should still define the most likely class of an unknown input 
pattern x; ai > aj should imply that P(ωi,|x) > P(ωj|x). However straightforward nor-
malization of classifier outputs to a monotone increasing function is not possible, 
because classifier confidence is neither a continuous nor a monotone function.  

In our new approach we solve this problem by defining the accumulated recogni-
tion rate (which is always a continuous function) and applying a warping process on 
it. This process expands and compresses local subintervals of the horizontal likeli-
hood-axis to better match the practical recognition rates achieved, without changing 
the order and without adding artificial error by additive smoothing.  

The confidence value is often either smaller than the value suggested by the recog-
nition rate, which means that the confidence value is “too pessimistic,” or it is higher 
than the actual recognition rate suggests, which is then a “too optimistic” value. We 
proposed using a second training set to measure the classifier performance for each 
likelihood value, given an appropriate quantization of likelihood, and then calibrate 
likelihood in a post-processing step according to the performance measured. Let  
A={a0,…, ai, …, amax } be a set of likelihood values with a0 being the lowest and amax 
being the highest likelihood assigned by the classifier. In our experiments, the likeli-
hood values span the integer interval ranging from 0 to 1000, and thus 

]1000;0[=A , 1000max = , and kak = . The calibration replaces the old likelihood 

values ia  by their corresponding recognition rates new
ii ar =  so that after normali-

zation likelihood and recognition rate are equal:  Ai=Ri 
Using our auxiliary functions, we can state this as follows: 
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Graph 5 and Graph 6 show the accumulated recognition rates before and after nor-
malization computed for the off-line and on-line recognition rates shown in Graph 3 
and Graph 4 respectively. 

The error rates depicted in Graph 5 and Graph 6 show the remaining percentage of 
misclassified patterns for likelihood values higher than a particular value ai. 

Note that the accumulated recognition rate is a monotone growing function over 
classifier output. Our normalization method equals the accumulated likelihood mass 
with the corresponding accumulated recognition rate. Using the nomenclature intro-

duced above, our normalization ensures the following equation: ii RA 00 = , which 
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For each classifier, we thus normalize the output so that the accumulated probability 
function R(<0,ai>) becomes a function proportional to the classifier output. Accord-
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where maxa  is the maximum possible output of a classifier ( maxa = 1000 in our 
experiments), N is the number of overall patterns, and ri stands for the partially accu-
mulated recognition rate. We call this classifier-specific adjustment “the characteristic 
function [charfi]” of a classifier. To compute the [charfi] of a classifier, we need an-
other sample set, which should be independent from the training set. Hence, we use 
data independent from the training set to ensure a proper evaluation, although we 
observed that a characteristic function depends mostly on the classifier and not the 
data.  

To illustrate the effects of normalization we now compare the graphs 1-4 with the 
corresponding graphs computed after normalization; i.e., after adding the adjustment. 
Graph 7 and Graph 8 nicely illustrate the uniform distribution of output values after 
normalization, compared to Graph 1 and Graph 2. In both Graphs 7-8, we see that, 
after normalization, the whole output spectrum is used for correct answers. Moreover, 
incorrect answers concentrate in the left, low-value part with a peak near zero. Since 
both off-line and on-line recognizers show the same output behavior after normaliza-
tion, this provides us with a standard measure for classifier combination. 
Finally, Graph 9 and Graph 10 show the likelihood-dependent recognition rates for 
each likelihood value after normalization, which correspond to the recognition rates 
shown in Graph 3 and Graph 4 before normalization. 

In Graph 9 and Graph 10, the recognition performance quickly increases to a high 
level, and except for very small likelihood values, the recognition rate is about the 
same for each likelihood value. The number of correctly recognized patterns is higher 
than the number of falsely recognized ones, from likelihood values greater than 50 
onwards. Again, both off-line and on-line classifiers behave similarly here. 
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Graph 7. Histogram for an off-line recognizer 
after normalization 
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Graph 8. Histogram for an on-line recognizer 
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Graph 9. Recognition Rate for an off-line 
recognizer after normalization 

0

0.2

0.4

0.6

0.8

1

0 200 400 600 800 1000

correct inccorect

[% ]
Recognition Rate R(ai)

 [a i]

Graph 10. Recognition Rate for an on-line 
recognizer after normalization 

4 Characteristic of On/Off Classifiers According   
to Stroke Number 

Number of strokes is the basic feature of Chinese and Japanese characters. The right 
stroke number can be found in a dictionary and varies from 1 to about 30. However, 
for fluently and quickly written characters, the number of strokes is often lower be-
cause some strokes are connected. In some cases the number of strokes can be higher 
than they should be. An interesting characteristic of stroke number variations is given 
in [11]. Graph 11-12 show the recognition rate according to the stroke number for an 
on-line and off-line recognizer respectively. Even from a brief view, we see the big 
difference between both classifiers. An off-line recognizer is weaker in recognizing 
characters written with a low number of strokes. The recognition rate grows with 
increasing complexity of patterns. This is in accordance with the well-known fact that 
for off-line classifiers it is more difficult to recognize simple patterns like Kana than 
difficult Kanji. On the contrary, on-line recognizers are very efficient for one-stroke 
patterns. 

From Graph 12 we see that although an average rate of the on-line recognizer is 
about 5% worse than that of the off-line recognizer, for characters written by one, 
two, or three strokes the recognition rate is better, or at least similar. Since classifiers 
efficiency depends on the strokes number, we tried to make not only one general 
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characteristic function, but 14 specific functions, where the last one is for patterns 
written by fourteen or more strokes. In Graph 13 we show some examples of stroke-
dependent characteristic functions [charfi] for an on-line recognizer and in Graph 14 
for an off-line recognizer. 
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Graph 11. Recognition rate according to the 
stroke number for off-line recognizer 
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Graph 13. Characteristic functions for on-line 
recognizer 
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5 On-Line & Off-Line Classifiers and Combination Schemes 

Our off-line recognizer represents each character as a 256-dimensional feature vector. 
Every input pattern is scaled to a 64x64 grid by non-linear normalization and 
smoothed by a connectivity-preserving procedure. Then, a normalized image is de-
composed into 4 contour sub-patterns, one for each main orientation. Finally, a 64-
dimensional feature vector is extracted for each contour pattern from its convolution 
with a blurring mask (Gaussian filter). A pre-classification step precedes the actual 
final recognition. Pre-classification selects the 50 candidates with the shortest Euclid-
ian distances between the categories’ mean vectors and the test pattern. The final 
classification uses a modified quadratic discriminant function (MQDF2) developed by 
Kimura et al. [5] from traditional QDF. The off-line classifier is trained with the off-
line HP-JEITA database (3,036 categories, 580 patterns per category).  



Accumulated-Recognition-Rate Normalization      203 

The on-line recognizer presented in [12] by Nakagawa et al. employs a two-step 
coarse classification based on easily extractable on-line features in the first step and 
four-directional features in the second step. An efficient elastic matcher exploiting 
hierarchical pattern representations performs the main classification. The recognizer is 
trained with the on-line Nakayosi_t database[6] (163 patterns for each of 4,438 cate-
gories). 

We investigate two different combination strategies for combining our on-line and 
off-line recognizers: max-rule and sum-rule. Max-rule takes the class with the maxi-
mum output value among each classifier, while the sum-rule adds up the output for 
each class and selects the one with the highest sum[7]. 

6 Benchmarking with the Kuchibue_d Database 

This section presents experiments evaluating our proposed normalization with respect 
to the Kuchibue_d database [6], [14], which is a widely acknowledged benchmark for 
Japanese character recognition. It contains handwritten sentences from a Japanese 
newspaper. In total, Kuchibue contains more than 1.4 million characters written by 
120 writers (11,962 Kanji samples per writer). Kuchibue covers 3,356 Kanji catego-
ries including the two phonetic alphabets Hiragana and Katakana, plus alphanumeri-
cal characters. Since our recently published results were based on the ETL9B bench-
mark-database, which does not cover Katakana and alphanumerical characters, we 
confine our experiments to the 3036 categories of Kuchibue (Kanji and Hiragana) 
included in ETL9B. On-line patterns processed by the off-line classifier are converted 
to bitmaps by our calligraphic method [15] painting realistic off-line patterns. 

Table 1. Combination of an on-line and an off-line recognizer, tested on Kuchibue_d 

Single classifier Combination of single classifiers 
Benchmark: Kuchibue_d 

On-line Off-line AND OR Max Sum 

without normalization 
 91.44 96.29 

Normalization by 
1 characteristic function 95.61 97.13 

Normalization by 
14 characteristic function 

91.06 94.69 86.88 98.88 

96.27 97.71 

 
The efficiency of our two single recognizers are 91.06% (on-line) and 94.69% (off-
line); Table 1, column 1 and 2. The higher recognition rate of the off-line recognizer is 
partially result of more training patterns per category (580 against 163) and smaller 
scope of recognizable categories (3036 against 4438). The next two columns show the 
theoretical worst (AND - a pattern was recognized by both classifiers) and best (OR - 
a pattern was recognized at least by one recognizer) combination schemes, which are 
the theoretical bounds for any combination rule. Especially the OR combination 
scheme is important. Although it can never be utilized in a real application, the best 
theoretical boundary is important for comparing the efficiency of other combination 
schemes. 
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Column 5 and Column 6 of Table 1 show the recognition rates for the max-rule and 
sum-rule respectively. The sum-rule performs better than max-rule. A theoretical 
explanation why the sum-rule outperforms the max-rule is given in [7]. The sum-rule 
is also more resistant to problems of non-normalized likelihood. 

We have achieved improvements of single recognition rates from 91.06% and 
94.69% up to 97.71%. And what is also important, our result is very near to the theo-
retical maximum 98.88% of the OR combination scheme. 

7 Benchmarking with the NTT-AT Database 

In this section we compare the results based on Kuchibue_d from Section 6 with re-
sults based on the NTT-AT database published in [16]. The NTT-AT database con-
tains data written by elderly people with an average age of 70.5 years, with the oldest 
writer being 86 years old. These patterns are casually written, very often with an un-
typical stroke order.  

Table 2 shows that our normalization significantly improves the recognition rate. 
From 85.67% (on-line classifier) and 89.07% (off-line classifier) to 93.68%. 

Table 2. Combination of on-line and off-line recognizers tested on NTT-AT 

Single classifier Combination of single classifiers 
Benchmark: NTT-AT 

On-line Off-line AND OR Max Sum 

without normalization 
 92.04 92.08 

Normalization by 
1 characteristic function 92.11 93.40 

Normalization by 
14 characteristic function 

85.67 89.07 79.03 95.71 

92.19 93.68 
 
 

8 Discussion 

In this paper we presented an updated version of our accumulated-recognition-rate-
based normalization for combining multiple classifiers, which was introduced at 
IWFHR 2001 [13,16]. A simple warping process aligns confidence values according 
to the accumulated recognition rate, so that the normalized values allow a fair combi-
nation. In our previous experiments on the NTT-AT database, which contains casually 
written characters often written in untypical writing order, we improved the recogni-
tion rate from 89.07% for the best single recognizer to 93.68%. 

In this paper we used the Kuchibue_d database, which is the well-established 
benchmark of common casually written Japanese characters. Its size is 23 times big-
ger than that of the NTT-AT database. The improvement of the recognition rate is 
from 94.69% for the best single recognizer to 96.29% for the sum-rule combination 
prior to our normalization, 97.13% when normalized by one common characteristic 
function, and finally 97.71% if normalized by 14 stroke-number-specific 
characteristic functions. 
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The main advantages of our normalization based on the accumulated-recognition-
rate are as follows: Firstly, the possibility to combine any number of classifiers, with-
out having weaker classifiers degrade the final result. Secondly, it allows easy combi-
nation of classifiers with incompatible confidence values. Thirdly, normalizing is a 
completely automatic process, without empirical parameter settings. And fourthly, 
normalization is performed only once and does not consume time during recognition. 

Normalization based on stroke numbers better reflects the nature of each recog-
nizer and thus leads to better results; it requires more training patterns for computing 
multiple characteristic functions though. 

Although our accumulated-recognition-rate-based normalization was tested on 
combined on-line/off-line classifiers for on-line Japanese handwritten characters, it 
should be useful for combinations in various fields of pattern recognition. 
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Abstract. Ensemble methods improve accuracy by combining the pre-
dictions of a set of different hypotheses. However, there is an important
shortcoming associated with ensemble methods. Huge amounts of mem-
ory are required to store a set of multiple hypotheses. In this work, we
have devised an ensemble method that partially solves this problem. The
key point is that components share their common parts. We employ a
multi-tree, which is a structure that can simultaneously contain an en-
semble of decision trees but has the advantage that decision trees share
some conditions. To construct this multi-tree, we define an algorithm
based on a beam search with several extraction criteria and with sev-
eral forgetting policies for the suspended nodes. Finally, we compare the
behaviour of this ensemble method with some well-known methods for
generating hypothesis ensembles.

Keywords: Ensemble Methods, Decision Trees, Randomisation, Search
Space, Beam Search.

1 Introduction

Ensemble methods [7] are used to improve the accuracy of machine learning
models. Basically, this technique combines a finite set of hypotheses into a new
hypothesis, which is usually more accurate than any of the ensemble compo-
nents. Examples of well-known ensemble methods are boosting [11], bagging
[2], randomisation [8], etc. Although accuracy is significantly increased, a large
amount of computational resources is necessary to generate, store, and employ
the ensemble due to the large number of different hypotheses that make up the
ensemble. For this reason, there are several contexts where these techniques are
hard to apply.

Since ensemble methods construct a set of models, one way to overcome the
above mentioned drawbacks could be to share the common parts of the models.
In a previous work [10], we presented an algorithm which is able to obtain more
than one tree. It is based on a structure, called multi-tree, which can contain a
set of decision trees that have some of their conditions in common. A multi-tree
is generated by applying a splitting criterion on a node and then storing the
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splits which have not been selected into a list of suspended nodes. The selected
split is pursued until a complete tree is constructed. Later, alternative models
can be generated by exploring the nodes of the list. This way of exploring the
space for generating an ensemble of hypotheses can be considered a beam search
[15].

The use of an auxiliary data structure (list of suspended nodes) must lead to
establishing a policy to manage it. This policy must cover several aspects such
as the definition of a criterion to extract a node in order to further populate the
multi-tree. In this paper, we focus on the study of some strategies for selecting
the nodes to be explored from the list of suspended nodes. We introduce some
methods, and we then study these strategies experimentally. We also compare
the performance of this ensemble method with other well-known methods such
as bagging [2] and boosting [11].

Despite the advantages of the multi-tree approach, there is a great number of
suspended nodes that are never employed. Thus, they occupy memory needlessly
and it would be interesting to forget these nodes. We study some techniques to
keep only one subset of the nodes under consideration. This forgetting technique
leads to a better use of resources as we experimentally demonstrate.

This work can be considered as a continuation of [10]. In that work, we pre-
sented the basis for and main features of a multi-tree as an ensemble method. An
experimental study of some fusion strategies and vector modification techniques
was made. In this work, we investigate some multi-tree search and exploration
policies, and we present an important optimisation in the algorithm.

The paper is organised as follows. In section 2, we introduce the multi-tree
structure. Section 3 includes some experimental evaluations on multi-tree con-
struction. It also explains different forgetting strategies and shows the results of
several experiments related to this technique. Finally, section 4 closes the paper
with conclusions and future work.

2 Shared Ensembles

Ensemble methods require the generation, storage and application of a set of
models in order to predict future cases. This represents an important use of
resources in both scenarios: the learning process and the prediction of new cases.

In our previous work [10], we presented a method that allows a set of decision
trees to be generated from a single evidence. A collection of trees is called a forest,
but our approach is based on a shared ensemble, namely, a collection of trees
that share their common parts (decision multi-tree). The idea is to generate an
AND/OR tree structure, called multi-tree, from which it is possible to extract
a set of hypotheses. We perform a greedy search for each solution, but once the
first solution is found, the following ones can be obtained keeping in mind that
computation time is limited. Therefore, in a certain way, our algorithm can be
considered anytime. An anytime algorithm is one that can be interrupted at
any point during computation to return a result whose quality increases as the
computation time increases [6].
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Since a multi-tree can contain a set of hypotheses, we employ an ensemble
method that combines the individual components of the multi-tree. This ensem-
ble method takes advantage of the internal structure of the multi-tree by sharing
common parts of the components of the ensemble. In this way the amount of re-
sources required for the learning and the application of the ensemble is reduced.
We called this ensemble method: shared ensemble.

A decision multi-tree structure is similar to an option tree [3,4,12]. The main
difference between these methods is the construction strategy. In the multi-tree
method, we store all the rejected splits as suspended nodes, and later we continue
the multi-tree construction selecting one of these suspended nodes according to
a criterion. Option trees are constructed as usual. However, when the differ-
ence between the best test and the other alternatives is small at a level, these
alternatives are also explored as optional tests (OR-nodes). The creation of op-
tional nodes is limited at the upper levels to restrict the size of the option tree.
Therefore, while option trees are constructed by a breadth search, a multi-tree
is generated by a beam search, i.e. we store the discarded alternatives in a list
of suspended nodes, and later, if we want to further populate the multi-tree, we
select one node from the list according to one selection criterion, and at this
point the search is continued.

As we have just seen in Section 1, the decision multi-tree can be populated by
selecting one suspended OR-node from the list of suspended OR-nodes by means
of a selection criterion (suspended OR-node selection criterion). The optimality
computed by the splitting criterion can be used to choose the OR-node to be ex-
plored. We have introduced the following suspended OR-node selection criteria:

– Rival Absolute: The node with the highest optimality is selected from the
list of suspended OR-nodes.

– Rival Ratio: For every suspended OR-node, a rival ratio value is com-
puted as the relation between the optimality of the OR-node and the best
optimality of its sibling OR-nodes (i.e. the children of the same AND-node).
The suspended OR-node with the highest rival ratio value is chosen.

– Random: This criterion just selects nodes pseudo-randomly (uniform dis-
tribution) from the list.

– TopMost: Select the topmost node with the highest optimality first.
– Bottom: Selects the bottom node with the highest optimality first.

Once a multi-tree is constructed, it contains a set of hypotheses which depends
on the number of suspended OR-nodes which have been explored. Note that
the number of hypotheses increases exponentially w.r.t. the number of nodes
explored. Since it could be prohibitive to combine all these models at the top,
the combination is performed inside the multi-tree by a majority vote. A study
of some fusion methods, most of them based on [13], was presented in [10].

2.1 Node Forgetting

Despite the advantages of the multi-tree structure, many suspended nodes are
never ‘woken’, occupying memory needlessly. An additional criterion can be spec-
ified to forget some of the suspended nodes and, hence, to use less memory.



Beam Search Extraction and Forgetting Strategies on Shared Ensembles 209

Table 1. Datasets used in the experiments.

# Datasets Size Classes Nom. Attr. Num. Attr.
1 Balance Scale 325 3 0 4
2 Breast Cancer 699 2 0 9
3 Breast Cancer Wisconsin 569 2 1 30
4 Chess 3196 2 36 0
5 Contraceptive Method Choice 1473 3 7 2
6 Dermatology 366 6 33 1
7 Hayes-Roth 106 3 5 0
8 Heart Disease 920 5 8 5
9 Hepatitis 155 2 14 5
10 Horse-colic-outcome 366 3 14 8
11 Horse-colic-surgical 366 2 14 8
12 House Congressional Voting 435 2 16 0
13 Iris Plan 158 3 0 4
14 MONK’s1 566 2 6 0
15 MONK’s2 601 2 6 0
16 MONK’s3 554 2 6 0
17 New Thyroid 215 3 0 5
18 Postoperative Patient 90 3 7 1
19 Segmentation Image Database 2310 7 0 14
20 Teaching Assistant Evaluation 151 3 2 3
21 Thyroid ANN 7200 3 15 0
22 Tic-Tac-Toe Endgame 958 2 8 0
23 Wine Recognition 178 3 0 13

We have studied several methods for restricting the nodes to be selected:

– Constant: We only store a constant minimum number of nodes.
– Logarithmic: A logarithmic number of nodes is selected (a constant mini-

mum is also applied).
– Logarithmic + depth: A logarithmic number of nodes is selected but

corrected by the depth of the nodes (a constant minimum is also applied).
This correction tends to store more nodes at the top positions, where the
exploration of suspended nodes permits models to become more diverse.

In the following section, we perform an experimental evaluation of forgetting
strategies.

3 Experiments

In this section, we present an experimental evaluation of our approach, as is
implemented in the SMILES system [9]. SMILES is a multi-purpose machine
learning system which (among many other features) includes the implementation
of a multiple decision tree learner.
For the experimental evaluation, we have employed 23 datasets from the UCI
dataset repository [1]. Some details of the datasets are included in Table 1.

For the experiments, we used GainRatio [16] as a splitting criterion. Pruning
is not enabled. The experiments were performed on a Pentium III-800 Mhz with
180MB of memory running Linux 2.4.2. The results present the mean accuracy
of the 10 × 10-fold cross-validation for each dataset, and finally the geometric
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Table 2. Accuracy of combination depending on the second tree criterion.

# Bottom Optimal Random Rival Ratio Top most
1 78.18 79.00 82.61 77.63 86.60
2 93.84 94.70 94.88 93.45 94.45
3 92.43 92.55 93.07 93.75 93.75
4 99.62 99.58 99.38 99.64 99.62
5 48.35 48.23 49.73 48.31 51.70
6 91.86 92.92 94.03 92.17 91.31
7 76.44 76.75 76.75 73.06 76.75
8 52.23 52.48 54.43 52.20 59.13
9 76.07 75.87 81.40 75.93 83.67
10 62.72 62.78 67.28 62.69 75.28
11 78.53 78.00 83.36 78.33 85.83
12 94.70 95.53 95.67 94.35 95.23
13 94.13 94.13 95.33 94.20 94.67
14 95.20 95.91 99.78 99.73 100.00
15 75.42 75.33 75.67 71.05 77.55
16 98.02 98.02 97.85 97.38 97.95
17 92.14 93.38 93.29 93.14 92.43
18 64.63 63.75 63.25 69.88 63.00
19 95.91 95.91 96.40 96.06 96.06
20 60.47 60.60 62.93 60.07 63.40
21 99.24 99.37 99.26 99.23 99.19
22 77.21 76.97 82.01 78.13 84.94
23 92.94 92.59 93.06 94.00 90.00

Geomean 80.56 80.70 82.45 80.69 83.61

mean of all the datasets. First, we analyse the behaviour of the quality of the
shared ensemble depending on some criteria to populate the multi-tree: Bottom,
Optimal, Random, Rival Ratio and Top Most.

Table 2 shows the accuracy comparison between these methods for populating
the multi-tree. According to the results, the best methods for building the shared
ensemble seem to be Random and Top Most. The Top Most method has an
important drawback: the decision trees do not share many components, so the
construction and use of the shared structure is slower. This fact is perceived if
one observes the consumption of time. Table 3 shows the average learning time
for each dataset depending on the method employed to populate the multi-tree.
The difference in time between Random and Top Most is important because
the Top Most method selects the nodes to be explored at the top positions in
the multi-tree. This leads to the generation of very different models because
they do not share many conditions. However, this criterion also produces large
multi-trees where the advantages in resource saving of the multi-tree structure
are practically lost. Consequently, the Random criterion can be considered as an
optimal trade-off between efficiency and accuracy.

3.1 Node Forgetting

In this section, we study the effect of the forgetting optimisation in the perfor-
mance of the ensemble method. Since we have seen that a good criterion is to
select the nodes to be explored randomly, a random strategy of node forgetting
will not alter the suspended node selection criterion, and therefore the accuracy
of the multi-classifier will not be degraded.
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Table 3. Average learning time (in seconds) depending on the second tree criterion.

# Bottom Optimal Random Rival Ratio Top most
1 0.05 0.06 1.10 0.08 31.41
2 0.81 0.34 2.47 0.29 21.92
3 0.09 0.56 11.86 8.77 136.39
4 0.39 0.63 5.78 0.91 0.30
5 0.56 0.46 5.64 40.11 939.99
6 0.30 0.33 3.51 1.09 16.03
7 0.04 0.02 0.07 0.03 0.03
8 0.40 0.36 5.00 5.64 255.20
9 0.06 0.07 1.52 0.13 7.92
10 0.21 0.18 3.59 0.58 83.75
11 0.17 0.14 3.19 0.26 41.93
12 0.02 0.08 0.54 0.07 2.62
13 0.03 0.12 0.35 0.05 1.59
14 0.16 0.02 0.16 0.04 0.26
15 0.02 0.03 0.29 0.07 1.05
16 0.03 0.02 0.15 0.02 0.18
17 0.01 0.16 0.91 0.96 6.93
18 0.01 0.02 0.21 0.03 0.49
19 1.32 2.71 15.92 28.78 15.82
20 0.03 0.04 0.85 11.40 118.58
21 1.24 2.17 11.31 7.56 14.62
22 0.05 0.05 0.46 0.06 9.02
23 0.06 0.57 1.99 0.68 880.00

Geomean 0.10 0.14 1.34 0.46 9.12

A comparison of some of these criteria according to the accuracy of the
classifiers obtained is presented in Table 4. These criteria are: no forgetting,
limiting a constant number of nodes (5) in each OR-node, leaving a logarithmic
number of nodes, and finally a correction of the last method depending on the
node depth. The results of Table 4 indicate that, as expected, the forgetting
process does not produce significant modifications on the quality of the classifiers.

Table 5 contains the average learning time for each classifier and dataset,
and the geometric mean of all the datasets. The experiments demonstrate the
usefulness of node forgetting, because it reduces the learning time. The best
forgetting method is the one based on the selection of a logarithmic number of
all possible nodes. The corrected version (log + depth) is a bit slower because
it selects nodes at the top of the multi-tree. The method based on a constant
number also improves the learning time. However, the results in accuracy are
slightly worse than the logarithmic method.

With regard to the improvement in memory, Table 6 shows the memory (in
Kilobytes) required by the system for learning the multi-tree for some datasets.
We also include the percentage of memory employed by the forgetting method
with respect to the original method (no forgetting). For large and medium
problems (4, 28) the use of forgetting drastically reduces the required memory.
However, for small problems (15) the reduction is more limited. The forgetting
method that requires less memory is the “logarithmic” method.

According to these experiments, the best suspended-node forgetting criterion
seems to be to randomly leave a logarithmic number of nodes, without taking
depth into account.
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Table 4. Accuracy of the combination in the multi-tree depending on the forgetting
method.

# No forgetting Const=5 Logarithmic Log. + depth
1 82.61 81.40 82.24 85.11
2 94.88 95.16 94.93 94.81
3 93.07 93.36 93.41 93.80
4 99.38 99.39 99.37 99.34
5 49.73 49.30 49.51 52.65
6 94.03 94.53 94.42 94.39
7 76.75 76.75 76.44 75.94
8 54.43 54.09 54.26 55.58
9 81.40 81.53 80.67 81.67
10 67.28 66.00 67.42 67.06
11 83.36 83.36 83.19 83.67
12 95.67 95.86 95.91 95.79
13 95.33 95.07 95.00 95.13
14 99.78 99.78 99.89 97.56
15 75.67 75.67 76.38 71.50
16 97.85 97.85 97.75 97.67
17 93.29 93.29 93.57 92.29
18 63.25 62.00 61.88 62.13
19 96.40 96.31 96.61 96.43
20 62.93 62.40 62.87 63.40
21 99.26 99.28 99.33 99.24
22 82.01 82.22 81.78 83.96
23 93.06 92.88 93.76 92.76

GeoMean 82.45 82.22 82.38 82.55

3.2 Comparison with Other Ensemble Methods

Let us compare the behaviour of the shared ensemble technique (random extrac-
tion + logarithmic forgetting) with other popular ensemble methods: bagging
and boosting (Adaboost). We have employed the Weka (version 3.2.3)1 imple-
mentation of these two ensemble methods. The ensemble methods use J48 as
base classifier (the Weka version of C4.5), and we have used the default settings.
Pruning is only enabled for boosting since this method requires pruning to get
good results.

Figure 1 shows the average accuracy (10 × 10-fold cross-validation) obtained
by the three methods depending on the number of iterations. Initially, the best
results are obtained by boosting, whereas bagging and Multi-tree results are
slightly lower. This is probably due to the fact that they do not use pruning. As
expected, when the number of iterations of the ensemble methods is increased,
all the methods improve in accuracy. In this case, we can see that the multi-tree
method is the one that most enhances the results. It even surpasses boosting
at 80 iterations or more. Note that the accuracy of bagging with 100 classifiers
is not shown in the figure. The reason for this is that the computer ran out of
memory for such a configuration.

Finally, although the shared ensemble method has suitable properties in
terms of accuracy of the combined classifier, the most attractive feature of this
algorithm is the sharing of some parts of the ensemble. This fact allows for a
good allocation of computational resources. Figure 2 shows the average train-
1 http://www.cs.waikato.ac.nz/∼ml/weka/
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Table 5. Average learning time for the combined solution in the multi-tree depending
on the forgetting method.

# No forgetting Const=5 Logarithmic Log + depth
1 1.10 0.60 0.62 1.71
2 2.47 1.62 1.66 2.82
3 11.86 12.47 12.00 15.20
4 5.78 5.68 4.77 9.97
5 5.64 3.74 2.48 12.49
6 3.51 3.36 3.10 4.02
7 0.07 0.07 0.02 0.01
8 5.00 2.66 2.64 5.54
9 1.52 1.38 1.36 1.87
10 3.59 2.34 2.45 3.70
11 3.19 2.33 2.28 3.58
12 0.54 0.51 0.47 0.94
13 0.35 0.30 0.27 0.53
14 0.16 0.17 0.14 0.04
15 0.29 0.30 0.29 0.08
16 0.15 0.16 0.12 0.03
17 0.91 0.90 0.74 1.27
18 0.21 0.18 0.16 0.08
19 15.92 17.34 16.17 17.44
20 0.85 0.63 0.57 1.28
21 11.31 12.14 9.79 15.36
22 0.46 0.44 0.37 0.55
23 1.99 2.06 1.70 2.05

GeoMean 1.34 1.16 0.99 1.23

Table 6. Average memory (in Kbytes) for the combined solution in the multi-tree
depending on the forgetting method.

# Original Const=5 % Logarithmic % Log + depth %
4 49512.00 10892.00 22.0%0 6388.00 12.90% 8328.00 16.82%
15 4880.00 4820.00 98.77% 1484.00 30.41% 3472.00 71.15%
23 18800.00 3268.00 17.38% 2272.00 12.09% 2608.00 13.87%

ing time of bagging, boosting, and Multi-tree (shared ensemble) depending on
the size of the ensemble. While bagging and boosting2 show a linear increase in
time, the shared ensemble technique shows a sub-linear increase. Note that the
implementation features of the methods clearly affect the training time (Weka is
implemented in Java, while SMILES is implemented in C++). However, this does
not produce significant changes in the asymptotic behaviour of the algorithms
when varying the number of iterations.

4 Conclusions

This work has presented some strategies for constructing an ensemble based on
a beam search. This search considers the alternative options that are rejected
by classical greedy decision-tree construction algorithms. The main feature of
the technique is the use of a structure called multi-tree that permits sharing
2 The observed non-linear behaviour of Boosting is due to a technique implemented

in it that stops the algorithm when the accuracy does not improve further from
iteration to iteration.
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Fig. 1. Accuracy obtained by the ensemble methods depending on the number of iter-
ations.

Fig. 2. Training time required by the ensemble methods depending on the number of
iterations.

common parts of the single components of the ensemble. For this reason, we call
it shared ensemble.

We have introduced some criteria to populate the multi-tree. These criteria
are variations of a beam search over the multi-tree structure. We have imple-
mented this algorithm and an experimental evaluation has been performed in
order to analyse the performance of these criteria. We have also studied an op-
timisation that permits a better use of resources based on a filter of the nodes
to be stored (forgetting).

The beam search employed for the generation of the multi-tree structure is
related to the rule learning system CN2 [5]. This algorithm performs a search in
which the algorithm maintains a list of k candidates at each selection, instead
of considering just a single option. On each search step, the algorithm generates
descendants from these k candidates, and the resulting set is again reduced to
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the k most promising members. This can be seen as a global forgetting technique
that only stores a constant number k of options. Additionally, CN2 just explores
one option and does not perform combination.

We construct the multi-tree by a random extraction from the node list. There-
fore, our technique is also related to randomisation [8]. This technique constructs
an ensemble of decision trees by injecting randomness into the splitting crite-
rion. The idea is to randomly select among the top 20 best splits. In this way,
the method generates a different decision tree for each iteration. However, ran-
domisation builds forests, i.e. an ensemble of completely independent decision
trees.

Lastly, we have included a comparison of the ensemble method with some
well-known ensemble methods, namely boosting and bagging. Due to the sharing
of the common parts, much less time is required than with classical ensemble
approaches to perform the same number of iterations. Consequently, our system
is very appropriate for complex problems where other ensemble methods such
as boosting or bagging require huge amounts of memory and time.

As future work, we propose the study of a new strategy for generating trees.
This strategy would be different from the current random technique we have
employed to explore OR-nodes, and would probably be based on the semantic
discrepancy of classifiers (using kappa function [14], for instance). This technique
would provide a way to improve the results of our ensemble method with fewer
iterations.
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Abstract. The aim of this paper is to show how the problem of optimising the
processing chain in a classifier combiner network can be recast as a Markov chain
optimisation problem. A summary of the application of coding theory to Markov
chains and to encoder networks is presented, and the key idea of optimising the
joint probability density of the state of the processing chain is stated.An example of
the application of these ideas to processing data from multiple correlated sources
(i.e. a hierarchically correlated phase screen) is then given.

1    Introduction

The aim of this paper is to show how the problem of optimising the processing chain
in a  classifier  combiner network can be  recast  as  a  Markov  chain optimisation prob-
lem, where the input to  the chain is the original  data (possibly derived from multiple
sensors) that needs to be classified, and the stages of the Markov chain progressively
process and combine the data as it passes along the chain.

The  key  problem  is  to  choose  a  suitable  objective  function  for  optimising  the
properties of the Markov chain. In this paper the joint PDF of the states in the chain is
represented in two ways corresponding to forwards and backwards passes through the
chain. The objective is to maximise the log-likelihood that the backwards pass gener-
ates states that look as if they were derived from the forward pass, which is equivalent
to  minimising the number of  bits per  symbol needed to  specify the state of  the chain
(forward  pass)  using a  model  (backward  pass).  This  idea  was originally  proposed  in
[1]. The objective function can be interpreted as imposing a self-consistency condition
on the forwards and backwards passes through the Markov chain. Note that although
these two directions are related by Bayes theorem, in this approach they are treated as
being independent, although they must satisfy the above self-consistency condition.

It  turns  out  that  this  type  of  Markov  chain  is  very  useful  for  implementing
classifier  combiner  networks,  because  if  the  forward  pass  through  the  chain  is
arranged  to  compress  the  data  (e.g.  by  progressively  reducing  the  size  of  the  state
space as the data passes along the chain), then the above optimisation is forced to find
efficient ways of  encoding  the  data.  Typically,  as  the  data  passes  along the  chain its
small degrees of freedom and its internal correlations are progressively removed, and
by the time the data emerges from the far end of the chain only a few large degrees of
freedom remain. In the classifier combiner context the data is encoded in great detail
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near the start of the chain, whereas it is encoded in coarse outline near the far end of
the  chain,  and  the  progressive  compression  of  the  fine  detail  into  coarse  outline  has
exactly the form of a familiar (and possibly hierarchical) classifier combiner network.

In Sect. 2 a brief summary of the relevant parts of coding theory is given, focus-
ing  on  coding  of  sources  and  then  generalising  to  Markov  sources.  In  Sect.  3  these
results  are  applied  to  Markov  chains  used  as  encoder  networks,  and  the  results
obtained  are  shown to  be  equivalent  to  the  self  organising network introduced  in  [2]
and  used  for  some  simple  classifier  combiner  applications  in  [3].  In  Sect.  4  these
results are applied to the problem of designing classifier combiner networks, and this
is  illustrated  by  a  simulation  in  which  hierarchically  correlated  phase  screen  data
causes  the  self-organising  network  to  develop  a  hierarchical  data  processing
architecture.

2    Coding Theory

The  purpose  of  this  section  is  to  firmly establish  the  underlying principles  on  which
the later  derivations  depend.  In Sect.  2.1  a  brief  summary of  source  coding theory is
given, and in Sect. 2.2 this is generalised to Markov chain sources. A  useful reference
work on coding theory is [4], the original papers on information theory are [5], and for
a discussion on the number of bits required to encode a source see [6].

2.1   Source Coding

A source of symbols (drawn from an alphabet of M  distinct symbols) is modelled by a
vector of probabilities P

(1)P � �P1, P2, �, PM �
which  describes  the  relative  frequency  with  which  each  symbol  is  drawn  indepen-
dently  from the  source  P .  An  ordered  sequence  of  symbols  may be  partitioned  into
long  subsequences  of  N  symbols,  and  each  such  subsequence  will  be  called  a  mes-
sage. A message from P  will be called a P -message. The number of times ni  that each
symbol i  occurs in a P -message of length N  is ni � N Pi ,  where �i�1

M Pi � 1  guaran-
tees that the normalisation condition �i�1

M ni � N  is satisfied. Define the entropy H�P�
of  source  P  as  the  logarithm  of  the  number  of  different  P -messages  (per  message
symbol)

(2)H�P� � ��
i�1

M

Pi�log Pi � 0

where H�P�  is the number of bits per symbol (on average) that is required to encode
the source assuming a perfect encoder.

The  mathematical model of P  may be derived  from a vector of  probabilities  Q ,
whose M  elements model the probability  of  each symbol drawn from an alphabet  of
M  distinct symbols. The log-probability �N ��P, Q�  that a Q-message is a P -message
is

(3)�N ��P, Q� � �N ��
i�1

M

Pi�log
Pi���������
Qi

	 0
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which  is  negative  because  the  model  Q  generates  P -messages  with  less  than  unit
probability. The model Q  must be used to generate enough Q-messages to ensure that
all  of  the  P -messages are  reproduced.  This  requires  the  basic  H�P�  bits  per  symbol
that would be required if Q � P ,  plus some extra bits to compensate for the less than
100�%  efficiency (because Q 
 P )  with which Q  generates P -messages. The number
of extra bits per symbol is the relative entropy G�P, Q�  which is defined as

(4)G�P, Q� � �
i�1

M

Pi�log
Pi���������
Qi

� 0

Thus G�P, Q�  is � �N ��P,Q����������������������N , which is minus the log-probability (per symbol) that a Q -
message is a  P -message. Thus Q  is used to generate  exactly the number of  extra Q -
messages that is required to compensate for the fact that the probability that each Q -
message is  a  P -message is  less than unity (i.e.  �N ��P, Q� 	 0).  G�P, Q�  (i.e.  relative
entropy)  is  the  amount  by  which  the  number  of  bits  per  symbol  exceeds  the  lower
bound H�P�  (i.e. source entropy). For convenience, define the total number of bits per
symbol H�P� � G�P, Q�  as L�P, Q�

(5)L�P, Q� � H�P� � G�P, Q� � ��
i�1

M

Pi�log Qi � 0

The expression for G�P, Q�  provides a means of optimising the model Q . Ideally
the  number  of  extra  bits  that  is  required  to  compensate  for  the  inefficiency  of  the
model  should  be  as  small  as  possible,  which  requires  that  the  optimum  model  Qopt

should minimise the objective function G�P, Q�  with respect to Q , thus

(6)Qopt �
arg min

Q
�G�P, Q� � arg max

Q
�log�Q1

n1 �Q2
n2 ��QM

nM �
where log�Q1

n1 �Q2
n2 ��QM

nM �  is the log-probability that a message of length N  generated
by Q  is  a  P -message. G�P, Q�  is  frequently used as  an objective  function in density
modelling.  The  optimum  model  Qopt  is  chosen  as  the  one  that  maximises  the  log-
probability of generating the observed data �n1, n2, �, nM � . Since Qopt  must, in some
sense, be close to P ,  this affords a practical way of ensuring that the optimum model
probabilities  Qopt  are  similar  to  the  source  probabilities  P ,  which  is  the  goal  of
density modelling.

2.2   Markov Chain Coding

The above scheme for using a model Q  to code symbols derived from a source P  may
be extended to the case where the source and the model are L-stage Markov chains as
discussed in [1]. Thus P  and Q  can be split into separate pieces associated with each
stage

(7)
P � P0�P1�0�� PL�1�L�2�PL�L�1 � P0�1�P1�2�� PL�1�L�PL

Q � Q0�Q1�0��QL�1�L�2�QL�L�1 � Q0�1�Q1�2��QL�1�L�QL

where Pk�l  (Qk�l ) is the matrix of transition probabilities from layer l  to layer k  of the
Markov chain of the source (model), P0  (Q0 ) is the vector of marginal probabilities in
layer  0 ,  and  PL  (QL )  is  the  vector  of  marginal  probabilities  in  layer  L .  These  two
ways  of  decomposing  P  (and  Q)  are  equivalent,  because  a  forward  pass  through  a
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Markov chain may be converted into a backward pass through another Markov chain,
where the transition probabilities in the two chains are related via Bayes’ theorem.

The  total  number  of  bits  per  symbol  required  to  code  the  source  P  with  the
model Q  is L�P, Q�  (i.e. H�P� � G�P, Q�) is given by

(8)L�P, Q� ��
l�0

L�1

��
il�1�1

Ml�1

�Pil�1

l�1�Lil�1 ��Pl�l�1, Ql�l�1� � L�PL, QL�
where the suffix il�1  appears on the Lil�1 ��Pl�l�1, Ql�l�1�  because the state of layer l � 1
is fixed during the evaluation of Lil�1 ��Pl�l�1, Ql�l�1� .

This result has a very natural interpretation. Both the source P  and the model Q
are Markov chains, and corresponding parts  of the model are matched up with corre-
sponding parts of the source. First of all, the number of bits that is required to encode
the Lth  layer of the source  is L�PL, QL� .  Having done that,  the number of bits that is
required to encode the L � 1th  layer of the source, given that the state of the Lth  layer
is  already  known,  is  LL��PL�1�L, QL�1�L� ,  which  must  then  be  averaged  over  the
alternative  possible  states  of  the  Lth  layer  to  yield �iL�1

ML �PiL
L �LL��PL�1�L, QL�1�L� .  This

process is then repeated to encode the L � 2th  layer of the source, given that the state
of the L � 1th  layer is already known, and so on back to layer 0 . This yields precisely
the expression for L�P, Q�  given above.

Now  evaluate  the  expression  for  L�P, Q�  in  the  case  where  P  and  Q  run  in
opposite directions through the Markov chain. Define Kil ��Pl�1�l, Ql�l�1�  as

(9)Kil ��Pl�1�l, Ql�l�1� � � �
il�1�1

Ml�1

Pil�1,il
l�1�l �log Qil,il�1

l�l�1

which allows the Pil�1

l�1�Lil�1 ��Pl�l�1, Ql�l�1�  terms in L�P, Q�  to be rewritten as

(10)�
il�1�1

Ml�1

�Pil�1

l�1�Lil�1 ��Pl�l�1, Ql�l�1� ��
il�1

Ml

�Pil
l �Kil ��Pl�1�l, Ql�l�1�

whence L�P, Q�  may be written as

(11)L�P, Q� ��
l�0

L�1

��
il�1

Ml

�Pil
l �Kil ��Pl�1�l, Ql�l�1� � L�PL, QL�

3    Encoder Networks

The  purpose  of  this  section  is  to  translate  the  Markov  chain theory results  that  were
summarised in the previous section into a notation that is more appropriate for process-
ing  vectors  of  input  data,  and  which  also  makes  contact  with  previous  results  on
encoder  networks.  In  Sect.  3.1  the  results  of  Sect.  2.2  are  shown to  be  equivalent to
stochastic vector  quantiser  (SVQ) theory (which is  a  particular  instance of  ACEnet  -
the  adaptive  cluster  expansion  network  [7]),  and  in  Sect.  3.2  this  is  generalised  to
multi-stage stochastic vector quantiser theory.
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3.1   1-Stage Markov Chain

Use the expression for L�P, Q�  in equation 11 to obtain the objective function for a 1-
stage (i.e. L � 1) Markov chain

(12)L�P, Q� ��
i0�1

M0

�Pi0
0 �Ki0 ��P1�0, Q0�1� � L�P1, Q1�

Now change notation in order  to  make contact  with previous results on autoencoders
[2]:  i0�x  (input  vector),  i1� y  (output  code  index  vector),  �i0�1

M0 ��� d x ,
�i1�1

M1 ���y , Pi0
0 �Pr�x�  (input  PDF),  Pi1,i0

1�0 �Pr�y � x�  (encoder),

Qi0,i1
0�1 �V 1������������������������������

�����������
2�� ���dim x �exp�� ��x�x��y���2�������������������������2��2 �  (decoder,  where  V  is  an  infinitesimal volume

element). This allows L�P, Q�  to be written as

(13)L�P, Q� � 1
���������������
4�
2

�DSVQ � log�
V

�����������������������������������������
�	









2�� �
�dim x
� L�P1, Q1�

where DSVQ  is the objective  function for a stochastic vector quantiser (SVQ) defined
as in [2]

(14)DSVQ � 2�� d x Pr�x���
y

Pr�y � x����x � x��y�

2

If the cost of coding the output (i.e. L�P1, Q1�) is ignored, then provided that V  and 

are fixed quantities, the 2-layer Markov source coding objective function L�P, Q�  can
be minimised by minimising the SVQ objective function DSVQ .

If  y � �y1, y2, �, yn�  where  yi � 1, 2, �, M ,  and
Pr�y � x� � Pr�y1 � x��Pr�y2 � x���Pr�yn � x� ,  then  DSVQ 	 D1 � D2  where  D1  and  D2

are defined as in [2]

(15)
D1 � 2����n �� d x Pr�x���

y�1

M
�Pr�y � x����x � x��y�

2

D2 � 2��n�1������������������n �� dx Pr�x����x ��y�1
M �Pr�y � x��x��y�

2

x��y�  is used to approximate x��y�  thus

(16)x��y� � 1
�����
n
��
i�1

n

�x��yi� ��
y�1

M

�n�y��x��y�
where n�y�  is the number of times that the term x��y�  appears in the sum �i�1

n �x��yi� ,
so n � �n�1�, n�2�, �, n�M ��  (where n ��y�1

M n�y�) is the histogram derived from the
vector of samples y � �y1, y2, �, yn�  drawn from Pr�y � x� . Similarly Pr�y � x�  may be
written as

(17)Pr�y � x� ��
i�1

n

�Pr�yi � x� ��
y�1

M

�Pr�y � x�n�y�

so  Pr�y � x�  is  a  function  of  only  the  histogram  n  of  samples  independently  drawn
from Pr�y � x�  (i.e.  n  is a sufficient set of statistics for Pr�y � x�).  This fact allows the
histogram n  to be used instead of the vector of samples y  where convenient. Note that
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the  normalised  histogram  n�����n  is  also  a  sufficient  statistic,  because  the  value  of  n  is
known so it can later be removed to recover n .

3.2   Multi-Stage Markov Chain

The results will now be generalised to an L-stage (i.e.  L � 1  layers) Markov chain to
yield

(18)L�P, Q� ��
l�0

L�1

�
�
�
�������

DSVQ
l

���������������������
4��
l�2 � log�

V l

��������������������������������������������
�	









2�� �
l�dim xl

�
�
������� � L�PL, QL�

where xl  is  the  input  vector  to  stage  l ,  which is  chosen  to  be  the  sufficient  statistic
nl�1

����������nl�1 derived from the output vector yl�1  from stage l � 1. Unlike the original Markov
chain,  this  sufficient  statistic  prescription  causes  the  input  to  stage  l  to  be  different
from  the  output  from  stage  l � 1,  but  this  difference  does  not  affect  the  statistical
properties  of  the  Markov  chain,  as  would  be  expected  since  sufficent  statistics  have
been used. Note that other sufficient statistics (such as n  itself) could be used instead
of the above prescription.

L�P, Q�  is  a  sum  of  1-stage  SVQ  objective  functions  (where  each  term  is
weighted by �
l��2

),  plus  an  output  coding  cost  L�PL, QL� .  If  the cost  of  coding  the
final output is ignored, then the multi-stage Markov chain objective function L�P, Q�
is minimised by minimising the sum of 1-stage SVQ objective functions �

l�0

L�1
�

DSVQ
l

�������������
��l�

2 .

These main benefit of the results is that they provide a unifying framework for a
wide variety of previous results (e.g. [2, 3, 7, 8]).  For instance, in [3] a simple classi-
fier  combiner  problem  was  addressed,  in  which  the  stages  of  the  chain  were  linked
together,  not  by  the  normalised  histogram  n�����n ,  but  by  the  vector  of  probabilities
�Pr�y � 1 � x�, Pr�y � 2 � x�, �, Pr�y � M � x�� .  In  the  limit  n��  these  are  equiva-
lent prescriptions,  because the normalised histogram represented by n�����n  has a limiting
form  that  is  identical  to  the  underlying  probabilities
�Pr�y � 1 � x�, Pr�y � 2 � x�, �, Pr�y � M � x��  that  are  used  to  generate  it.  When  n  is
finite  the  histogram  fluctuates  in  shape  about  the  limiting  form  of  histogram,  and
provided  these  fluctuations are  not  too  large it  turns out  that  they are  ignored by the
encoder in the next stage of the Markov chain. Thus, for Markov chains that progres-
sively compress  the  data  as  it  passes  along the  chain,  it  is  valid  to  use  the  vector  of
probabilities  �Pr�y � 1 � x�, Pr�y � 2 � x�, �, Pr�y � M � x��  to  link  the  stages  of  the
chain even though  more generally the normalised histogram (with its fluctuations) n�����n
should be used. This comment assumes that each encoder in the chain ignores (i.e.  is
invariant to)  the degrees  of  freedom that  comprise the fluctuations about the limiting
form of each normalised histogram (see [8] for detailed analysis of invariance).

A useful side  effect  of  using the  vector  of  probabilities  to  link the stages  of  the
chain is that the effect of later stages of the chain is to soften the probabilities used by
the earlier stages, which encourages the development of separate information process-
ing channels in intermediate stages of the processing chain.
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4    Classifier Combiner Networks

The purpose of this section is to show how the encoder network results of the previous
section are applicable to problems of combining classifiers, and to give an example to
illustrate how this approach  works in practice.  In Sect. 4.1 the problem of combining
classifiers is recast as a problem of designing Markov chains of the type discussed in
Sect. 2 and Sect. 3, and in Sect. 4.2 these results are illustrated by a simulation.

4.1   Augmented Input Space

The L  stage Markov chain has the objective function given in Eq. 18, which is (up to
an  additive  constant)  the  weighted  sum  of  L  SVQ  objective  functions  (DSVQ

l ,
l � 0, 1, �, L � 1),  corresponding  to  the  individual  stages  of  the  chain  leading  from
layer  0  (the  original  input  layer)  to  layer  L  (the  final  output  layer),  plus  a  term
L�PL, QL�  corresponding  to  the  final  output  from the  chain.  The  sum of  all  of  these
contributions  (i.e.  the  overall  objective  function)  is  L�P, Q�  for  the  whole  chain,
whose relevance to the problem of combining classifiers will now be discussed.

In  pattern  processing  the  basic  problem  is  to  characterise  the  PDF  of  the  input
P0 . The simplest approach is to introduce a model Q0 , and to optimise it by minimis-
ing  the  number  of  bits  L�P0, Q0�  needed  to  specify  the  input  (as  specified  by  P0 )
using a  model  (as  specified  by  Q0 ).  This  approach  is  widely used  but  it  has  limited
flexibility  because  the  model  is  used  to  directly  characterise  the  input,  rather  than
indirectly  characterise  it  by  modelling  its  underlying  causes  (for  instance).  More
flexibility is possible if the input is augmented to include properties  derived from the
original input, and then a model is used to characterise the whole augmented input (i.e.
original input and  derived properties).  If these properties of the input are obtained by
applying an  L-stage  Markov  chain  of  processing  to  the  original  input,  then the  PDF
P0  is  augmented  to  become  the  joint  PDF  P0�P1�0�� PL�1�L�2�PL�L�1  and  PDF  Q0

becomes  the  joint  PDF  Q0�Q1�0��QL�1�L�2�QL�L�1 ,  which  is  exactly  the  same  as  the
Markov chain model in Eq. 7.

In  the  approach  described  in  this  paper  the  objective  function  is  applied  to  the
whole  Markov  chain  (i.e  L�P, Q�)  rather  than  to  only  its  input  (i.e.  L�P0, Q0�)  as  is
usually the case in PDF modelling, because this leads more naturally to many  useful
self-organising  properties.  L�P, Q�  has  two  types  of  contribution.  The  sum  of  SVQ
objective  functions (DSVQ

l , l � 0, 1, �, L � 1) acts  to encourage the augmented input
to  encode  useful  information  about  the  original  input.  The  term  L�PL, QL�  acts  to
encourage  the  formation  of  a  good  model  QL  of  the  final  encoded  output  PL .  Typi-
cally the properties of PL  are much simpler than those of the original input P0 , so the
problem  of  minimising L�PL, QL�  is  much  simpler  than  minimising L�P0, Q0� .  Also
optimising  the  Markov  chain  reduces  to  a  number  of  simpler  coupled  optimisation
problems. In the simulation presented in Sect. 4.2 the L�PL, QL�  term is omitted from
the objective function.

There is a lot of flexibility in controlling the type of Markov chain that is used to
augment the input space. The properties of each encoder (i.e. each stage of the chain)
can be controlled  by selecting its  code book  size M  (i.e.  the size of the stage output
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layer),  number  of  samples  n  (i.e.  the  number  of  code  indices  that  are  independently
sampled), and standard deviation 
  (i.e. the smaller 
  is the larger the stage weighting
is in the objective function). The interaction between the stages depends on the choice
of these parameters in all of the stages of the chain.

Optimisation of  the  objective  function for  the  whole  Markov  chain  leads  to  the
self-organising  emergence  of  classifier  combiner  networks.  Each  stage  of  the  chain
automatically  splits  into  a  number  of  separate  information  processing  channels,  and
the  stages  of  the  chain  automatically  connect  together  to  progressively  merge  the
information flowing along these channels. This splitting and merging of information is
the origin of the classifier combiner properties of the approach described in this paper.

4.2   Example of Combining Classifiers

The properties of the objective function L�P, Q�  are difficult to derive analytically, so
a  numerical  simulation  will  now be  used  to  illustrate  the  key  property  (i.e.  splitting
and  merging  of  information  channels)  of  the  self-organising  design  of  classifier
combiner networks.

A  hierarchical  model  will  be  used  to  generate  the  training  data.  The  specific
model will be a hierarchically generated vector of phases ��1, �2, �3, �4�  (i.e.  "phase
screen") that is generated from a single randomly chosen initial phase �1234  using the
following splitting processes: �1234���12, �34� , �12���1, �2� , �34���3, �4� . �12

is uniformly distributed in the interval ��1234 �
�����2 , �1234� , �34  is uniformly distributed

in  the  interval  ��1234, �1234 �
�����2 � , �1  is  uniformly  distributed  in  the  interval

��12 �
�����2 , �12� , �2  is  uniformly  distributed  in  the  interval  ��12, �12 �

�����2 � , �3  is
uniformly distributed in the interval ��34 �

�����2 , �34� , and �4  is uniformly distributed in
the interval ��34, �34 �

�����2 � .
The  phase  screen  ��1, �2, �3, �4�  must  be  pre-processed  in  order  to  convert  it

into  a  form  that  is  suitable  for  input  to  a  chain  of  encoders.  Each  phase  variable
parameterises a circular manifold that needs to be embedded in a 2-dimensional space
(i.e.  �� �cos �, sin��).  Thus  the  phase  screen  is  embedded  in  an  8-dimensional
space  ��1, �2, �3, �4�� �x1, x2, x3, x4, x5, x6, x7, x8�  where
�x2�i�1, x2�i� � �cos �i, sin�i�  for i � 1, 2, 3, 4.

The  phase  screen  ��1, �2, �3, �4�  is  parameterised  by  4  phase  variables,  so  it
lives on a 4-torus manifold. The embedding �x1, x2, x3, x4, x5, x6, x7, x8�  of the phase
screen  is  thus  an  embedding  of  a  4-torus  in  an  8-dimensional  space.  Each  possible
phase screen ��1, �2, �3, �4�  is represented by one point on this 4-torus manifold. The
presence  of  correlations  between  the  phase  variables  means  that  the  probability
density assigned to each point on the 4-torus manifold is non-uniform. The hierarchi-
cal structure of these correlations causes a characteristic pattern of probability density
variations on the 4-torus manifold, which then influences the way in which a chain of
encoders decides how to encode such data.

Ideally, although this is  not guaranteed, a 3-stage chain of encoders  will attempt
to  invert  the  process  whereby the  phase  screen  data  was generated.  Thus  it  will  first
encode  the  data  as  4  separate  phase  variables  (corresponding  to  ��1, �2, �3, �4�),
which it  will then encode as 2 separate  phase variables (corresponding to ��12, �34�),
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which it  will then encode  as  1  phase variable  (corresponding to  �1234 ).  Each succes-
sive  encoding  stage  reduces  the  dimensionality  of  the  encoded  representation  of  the
original data. This is achieved by progressively introducing invariances (i.e. removing
degrees  of  freedom  from  the  encoded  representation)  into  the  overall  encoder.  The
stage 1 encoder removes no degrees of freedom, the stage 2 encoder removes 2 phase
degrees of  freedom, and finally the stage 3 encoder  removes 1 more phase degree of
freedom.  This  particular  sequence  of  invariances  is  not  guaranteed,  but  must  be
discovered by choosing appropriate  parameter values (i.e.  code book size,  number of
samples,  and  weighting  in  the  objective  function)  for  each  encoder  in  the  chain.  In
general,  different  choices  of  the  encoder  parameters  will  lead  to  different  encoding
schemes.

Vectors Large Vectors I Large Vectors II

Fig. 1. Reconstruction vectors in a trained 3-stage network. The left hand diagram shows all of
the  reconstruction  vectors,  using  thickness  to  indicate  absolute  value  and  dashing  to  indicate
negative values. The centre diagram shows only the reconstruction vector components with the
largest absolute value. The right hand diagram is the same as the centre diagram except that the
order of the code indices in layers 1, 2, and 3 have been permuted (together with their connec-
tions) to show more clearly the overall network connectivity.

The  chosen  Markov  chain  network  has  layer  sizes  (4  layers)  chosen  so  as  to
compress the data as it flows along the chain:  M � �8, 16, 8, 4� , numbers of samples
(3 stages) n � �20, 20, 20� ,  and has stage weightings (3 stages) 1�����������4��2 � �1.0, 5.0, 0.1� .
In Eq. 15 (for each stage of the network) the posterior probability is parameterised as
P�y � x� � Q�y�x���������������������������

�y� �Q�y��x�  where Q�y � x� � 1�����������������������������������������������1�exp��w�y�.x�b�y�� ,  and all  the components of the

weight  vectors  w�y� ,  biases  b�y� ,  and  reconstruction  vectors  x��y�  are  initialised  to
random  numbers  uniformly  distributed  in  the  interval  ��0.1, �0.1� .  The  network  is
trained  by  a  simple  gradient  descent  algorithm  using  the  derivatives  of  D1 � D2

obtained from Eq. 15. The detailed derivatives are given in [2].

Fig. 1 shows the reconstruction vectors in the trained 3-stage network. The right
hand diagram clearly shows that  the network has  configured itself into a  hierarchical
processing  architecture  which  processess  the  input  in  separate  information  channels
that are progressively fused as the data passes upwards through the network.
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5    Conclusions

The problem of optimising a classifier combiner network has been recast as a Markov
chain  optimisation  problem  [3].  The  input  to  the  chain  is  the  original  data  (possibly
derived  from  multiple  sensors)  that  needs  to  be  classified,  and  the  stages  of  the
Markov chain progressively process and combine the data as it passes along the chain,
as  illustrated  by  a  simulation using  hierarchically  correlated  phase  screen  data.  This
approach  has  been  shown to  be  equivalent  to  multi-stage stochastic  vector  quantiser
theory [2, 7, 8].

This approach is based on optimising the joint probability density of the states of
all  of  the  layers  in  the  Markov  chain  that  processes  the  input  data  [1],  rather  than
optimising only the  probability  density of  the  input layer,  as  is  usually the case.  The
objective  function used to achieve this is the total  number of bits  needed to code the
forward  pass  through the  chain using a  model  of  the  reverse  pass  through the  chain.
The  fact  that  the  state  space  of  each  layer  of  the  network  is  predefined  (i.e.  fixed
number  of  samples  drawn  from  a  code  book  of  fixed  size)  ensures  that  when  the
Markov chain is optimised useful properties emerge by self-organisation.
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Abstract. We study various ensemble methods for hybrid neural net-
works. The hybrid networks are composed of radial and projection units
and are trained using a deterministic algorithm that completely defines
the parameters of the network for a given data set. Thus, there is no
random selection of the initial (and final) parameters as in other train-
ing algorithms. Network independent is achieved by using bootstrap and
boosting methods as well as random input sub-space sampling. The fu-
sion methods are evaluated on several classification benchmark data-sets.
A novel MDL based fusion method appears to reduce the variance of the
classification scheme and sometimes be superior in its overall perfor-
mance.

1 Introduction

Hybrid neural networks that are composed of radial basis functions and percep-
trons have been recently introduced [5,4]. Such networks employ a deterministic
algorithm that computes the initial parameters from the training data. Thus,
networks that have been trained on the same data-set produce the same solution
and therefore, a combination of such classifiers can not enhance the performance
over a single one.

Fusion of experts has been studied extensively recently. One of the main re-
sults is that experts have to be partially independent for the fusion to be effective
[13,14]. The bagging algorithm [1] can be used to de-correlate between classifiers
as well as to obtain some performance measure on the accuracy of the classifiers
using the “out of bag” sub-set of the data. Another technique Arcing – adaptive
re-weighting and combining – refers to reusing or selecting data in order to im-
prove classification [2]. One popular arcing procedure is AdaBoost [10], in which
the errors on the training data-sets are used to train more specific classifiers.
Sub-sampling of the input space as well as the training patters is extensively
used in the random forest algorithm [3]. A different flavor of combination of
classifiers use dynamic class combination (DCS) [11] and Classifiers Local Ac-
curacy (CLA) in order to select the best classifier when making a predication.
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This is done at the cost of saving the whole training set and then selecting the
predication of the best classifier at the vicinity of a given pattern.

The hybrid Perceptron Radial Basis Function Network (PRBFN) is con-
structed with strong regularization and with initial parameters that are esti-
mated from the data and not random. The strong regularization and excellent
approximation properties of a hybrid of projection and radial units leads to a
relatively small architecture, which, in addition to the strong regularization leads
to an estimator with low variance. Thus, ensemble combination, which is known
to reduce the variance portion of the error is more challenging. In this paper, we
investigate the use of ensemble fusion methods on a collection of low variance
classifiers with a deterministic training algorithm. Several ways to increase the
classifiers’ independence are studied as well as different combination strategies.

In addition, we use the MDL approach for expert fusion, and estimate the
accuracy of each classifier by using its description length. The description length,
is then used as a weight in a convex combination of the experts, where a shorter
description length, gives higher weight.

2 Training an Ensemble

Training of individual elements in an ensemble for improved independence can
be done in several ways. The random forest algorithm [3] uses sub-space re-
sampling for each node in the tree. AdaBoost [10] uses a fraction of the data
(which earlier classifiers performed poorly on) to train a classifier, thus differ-
ent classifiers train on different data-sets. We use both techniques to increase
classifier’s independence.

The output of the ensemble is given by:

f(x) =
M∑

k=1

akfk(x) ak ≥ 0,
M∑

k=1

ak = 1, (1)

where ak is the weight of the kth expert. Other forms of combination will be
discussed below.

2.1 Ensemble Generation

We have used “boosting” to generate data sets for the classifiers in the ensemble.
In boosting, the first classifier is created with accuracy on the training set greater
than chance, and then add new component classifiers to form an ensemble whose
joint decision rule has arbitrary high accuracy on the training set. This technique
trains successive components classifiers with the subset of data that is most
informative. Given a data set D = {xi, yi}N

i=1 where xi ∈ Rd and yi is the class
label. The input to the algorithm includes the maximum number of classifiers
kmax, the size of re-sampled sub set of D n < N , and γ ∈ [0, 1] the fraction
of features for the random subspace selection. We use the following boosting
algorithm:
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– Initialize: empty ensemble, k=0
– while k ≤ kmax

• test the ensemble on the full training-set.
• add to the current dataset Dk the misclassified patterns
• select randomly n − |Dk| from D − Dk and add them to Dk

• re-sample Dk on the features by using γ ∗ d features.
– end-loop

The above algorithm differs from the AdaBoost algorithm [10], as all the misclas-
sified patterns are added to the next subset (with probability 1). Each classifier
receives a different subsample of the training data and a different subsample of
the input variables as in Random Forests. Thus, dependency between experts is
greatly reduced.

2.2 Using MDL for Experts Fusion

The minimum description length (MDL) concept is typically used for model
evaluation and selection. It is used here for weighting the different experts for
optimal combination. In the MDL formulation, the coding of the data is com-
bined with the coding of the model itself to provide the full description of the
data [16]. MDL can be formulated for an imaginary communication channel,
in which a sender observes the data D and thus can estimate its distribution,
and form an appropriate model for that distribution. The sender then transmits
the data using the code that is appropriate for the observed distribution (data
model) but since the receiver does not observe the full data, the model has to
be transmitted to the receiver (in a predefined coding). Noise and insufficient
data to estimate the correct model lead to modeling errors. MDL has been con-
structed for the purpose of reducing such modeling errors. The MDL principle
asserts that the best model of some data is the one that minimizes the combined
cost of describing the model and the misfit between the model and the data.

This approach is formulated as follows: The sender composes a message which
is consists of the model description with the length �(M), and �(D|M) specifies
the length of the data given the model. The goal of the sender is to find the
model that minimizes the length of this encoded message �(M, D), called the
description length:

�(M, D) = �(D|M) + �(M). (2)

According to Shannon’s theory, to encode a random variable X with a known
distribution by the minimum number of bits, a realization of x has to be encoded
by − log(p(x)) bits [18,6]. Thus, the description length is:

�(M, D) = − log(p(D|M)) − log(p(M)), (3)

where p(M |D) is the probability of the output data given the model, and p(M)
is a − priori model probability. Typically the MDL principle is used to select
the model with the shorter description length. In this work we combine the
experts by using the description length as a weight for the convex combination
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in Eq. (1). Hinton and Camp [12] used zero-mean Gaussian distribution for the
neural network weights. We follow this idea, and define the simplest Gaussian
model prior,

p(M) =
1

(2π)1/2βd
exp(−

∑d
i=1 w2

i

2β2 ), (4)

where d is the number of weights in the second layer and β is the standard
deviation. Hinton and Camp [12] used a Gaussian with standard deviation α
for encoding the output errors. In addition, we assume that the errors that the
model makes are i.i.d with normal distribution. Clearly, a better assumption is
that the error are binomial, but for purpose of estimating the relative probability
of different methods the Gaussian assumption is good enough and easier to
handle mathematically. We also assume that the patterns in the training set are
independent.

Thus, the likelihood of the data given the model is:

p(D|M) =
1

(2π)
NC
2 αNC

exp(−
∑N

n=1
∑C

k=1(ykn − tkn)2

2α2 ), (5)

where tkn is the target value for the nth pattern at the k′th class, ykn is the
respected output of the expert and α is the standard deviation. Under these
assumptions the description length of the model is:

�(M, D) =
NC

2
log(2π) + NC log(α) +

∑N
n=1

∑C
k=1(ykn − tkn)2

2α2 +

d

2
log(2π) + d log(β) +

d∑

i=1

w2
i

2α2 . (6)

Differentiating Eq. (6) with respect to α and equating to zero, we obtain:

α2 =
1

NC

N∑

n=1

C∑

k=1

(ykn − tkn)2. (7)

Differentiating Eq. (6) with respect to β and equating to zero, we obtain:

β2 =
1
d

d∑

i=1

w2
i . (8)

Substituting Eq. (7) and Eq. (8) into Eq. (6) and discarding the constant terms
we arrive at:

�(M, D) = NC log(α) + d log(β) +
d

2
(1 + log(2π)). (9)

Equation (9) shows that the description length of the model is a tradeoff between
the errors and the number of parameters d and their average value. Considering
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description length as an energy and following Gibbs distribution formulation, we
use the description length as a weight for each classifier in the convex combina-
tion as follows:

ak =
exp(−�k(M, D))

∑M
k=1 exp(−�k(M, D))

, (10)

where M is the number of classifiers. Thus, a classifier with a shorter description
length gets higher weight when combining the output of the ensemble. This is
in contrast to other fusion methods when only the error is considered.

2.3 Other Expert Fusion Methodologies

In addition to the MDL fusion method, we have used five more classifier combi-
nation rules. They are described in this section.

I. Majority Rule: The first is the familiar majority vote; Here, the final decision
is made by selection of the class with maximum number of votes in the ensemble.

II. Convex Combination: The second strategy relies on a convex combination
using the error values from the first stage of training [17]. Let ei be the classifi-
cation error of the i′th classifier. We set the weight of this classifier as follows:

ak =
1/ek∑M
i=1 1/ei

, (11)

where M is the number of classifiers in the ensemble. The output of the ensemble
is define as in Eq. (1).

III. Convex Combination: The third strategy relies on a convex combination
using the error values from the first stage of training. Let ei be the classification
error of the i′th classifier. To maximize the entropy of the ensemble, we set the
weight associated with this classifier in accordance with Gibbs distribution as
follows:

ak =
exp(−ek)

∑M
i=1 exp(−ei)

, (12)

where M is the number of classifiers in the ensemble. The output of the ensemble
is define as in Eq. (1).

IV. Dynamic Selection: The forth strategy involves dynamic selection of the
best classifier for prediction of the output value when a novel pattern is given
[11]. When the confidence of the best classifier (to be explained below) is below
a given threshold, we use a dynamic combination of the classifiers to produce the
output of the ensemble. We define a local accuracy for each classifier as follows.
Let k > 0 and x ∈ Rd be a novel pattern. Let Dk(x) be the k −nearest patterns
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in the training set to x. Set the local accuracy of the current classifier on x the
to be:

l(x) =

∑
xj∈Dk(x) δ(arg maxi p(yi|xj) − arg maxj(tj))

k
, (13)

where δ(x) is one for x = 0 and zero otherwise, and tj is the target for pattern
xj . Thus, the local accuracy is the number of correct classified patterns in the
k − neighborhood of x. Let l1(x) be the maximum local accuracy and let l2(x)
be the next highest accuracy. Define the confidence level as follows:

cl(x) =
l1(x) − l2(x)

l1(x)
. (14)

We further define the weights for each classifier as follows:

ak(x) =
exp(lk(x))

∑M
i=1 exp(li(x))

, (15)

The combination rule in this case is given by:

– Compute the local accuracy for each classifier as in Eq. (13).
– Compute the confidence level cl(x) from Eq. (14).
– If max cl(x) > threshold, select the output of the best classifier, otherwise

use Eq. (1).

V. Adaptive Boosting AdaBoost: The fifth strategy uses the AdaBoost algorithm
[10]. The boosting algorithm AdaBoost - from adaptive boosting - allows the
designer to continue adding weak learners until some desired low training error
has been achieved. In AdaBoost each training pattern receives a weight which
determines its probability of being selected for a training set for an individual
component classifier. If a pattern is accurately classified then its chance to be
selected again in a subsequent component classifier is reduced. In this way
AdaBoost focuses on the difficult-to-classify patterns. We start by initialize the
weights to be uniform. On each iteration we draw a training set at random
according to these weights. Next we increase weights of misclassified patterns
and decrease weights of patterns correctly classified. The new distribution of
patterns is used to train the next classifier.

3 Results

The following methods of combination were used:

– ENS1-PRBFN Ensemble using a majority vote strategy.
– ENS2-PRBFN Ensemble using a convex combination (II) as in [17].
– ENS3-PRBFN Ensemble using a convex combination (III) of classifiers where

the errors affect the weight of the different classifiers in the ensemble.
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Table 1. Comparison of correct classification (percentage) of several ensemble fusion
methods using 10 folds cross validation. Ensemble training is done by boosting.

Method Breast-cancer Glass Iris Vowel Pima Image
ENS1-PRBFN 96.5±1.4 96.2±3.5 95.3±4.5 85.2±3.2 77.4±3.2 91.2±6.5
ENS2-PRBFN 96.7±1.4 94.8±4.7 96.7±5.3 86.7±3.9 77.0±3.3 89.4±6.9
ENS3-PRBFN 96.8±1.8 94.2±4.6 96.0±4.5 87.1±4.0 74.9±4.4 90.4±5.6
ENS4-PRBFN 96.4±2.3 94.2±5.2 95.3±5.3 89.3±4.5 76.7±3.7 90.6±5.8
ENS5-PRBFN 97.0±1.5 95.2±3.8 96.0±4.5 87.3±2.7 78.8±2.8 91.9±3.8
ENS6-PRBFN 96.7±1.7 95.0±4.2 96.3±4.5 86.4±2.8 75.8±3.7 92.3±5.6
PRBFN 96.0±2.0 92.8±3.9 95.3±4.6 81.8±2.6 76.6±3.4 88.6±5.4

– ENS4-PRBFN The ensemble using k nearest neighbors (IV) to select the
best classifier [11].

– ENS5-PRBFN Ensemble using MDL to set the weight of each classifier in
the convex combination.

– ENS6-PRBFN Ensemble using AdaBoost algorithm (V) as describe in [10].
– PRBFN the single classifier as described in [4].

Data Sets Description

The Breast-cancer dataset from the UCI repository was obtained from Dr.
William H. Wolberg at the University of Wisconsin Hospitals. This dataset has
9 attributes and two classes and the number of training patterns is 699. The
task is to classify the patterns to Benign or Malignant.

The Glass dataset from the UCI repository has 10 attributes and 7 types
of glasses. The study of classification of types of glass was motivated by crimi-
nological investigation. At the scene of the crime, the glass left can be used as
evidence if it is correctly identified! Ripley’s best result on this data-set is 80%
correct classification [15].

The Iris data-set [8] contains three classes, each with 50 instances. The classes
refer to a type of iris plant. Each pattern is composed of four attributes. We used
ten folds of cross validation in order to estimate the performance of the different
classifiers.

The Deterding vowel recognition data [7,9] is a widely studied benchmark.
This problem may be more indicative of a real-world modeling problem. The data
consists of auditory features of steady state vowels spoken by British English
speakers. There are 528 training patterns and 462 test patterns. Each pattern
consists of 10 features and belongs to one of 11 classes that correspond to the
spoken vowel. The speakers are of both genders. This data, unlike the other data-
sets that have been studied, has a fixed training and test set. We provide results
with cross validation in Table 1, where we compare experts on cross validated
test set. Previous best score on the fixed test set was reported by Flake using
SMLP units. His average best score was 60.6% [9] and was achieved with 44
hidden units. The single PRBFN network surpasses this result and achieves
68.4% correct classification with only 22 hidden units [4]. Thus, the additional
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improvement that is obtained here using ensemble, puts this result at the top of
performance for the vowel data set.

The Image Segmentation data from the UCI repository is composed of 210
instances for train. The instances were drawn randomly from a database of 7
outdoor images. The images were hand-segmented to create a classification for
every pixel. Each instance is a 3x3 region and has 19 continuous attributes. The
task is to classify to one of the seven classes: brickface, sky, foliage, cement,
window, path and grass.

The results in Table 1 are the average of three to ten times cross validation
tests of ten folds on each of the data sets. The average performance is given in
each entry as well as the variance of each predictor.

4 Discussion

The performance of ensemble methods on a tight architecture, which has been
shown to have a low variance portion of the error, was evaluated on several bench-
mark data-sets. Partial independence of the experts was achieved via boosting
or cross validation, and several methods were used for expert fusion. PRBFN
is a deterministic classifier with a tightly controlled variance, therefore, simple
fusion methods do not improve its performance. For instance, the best known
result on the Glass data set is 80% accuracy [15], while PRBFN obtained 92.8%
accuracy. We considered few approaches, to enhance the independence of several
PRBFN, on the same data set. We note that the improvement of ensemble of
such architectures is smaller than improvement that can be achieved on other ar-
chitectures which posses higher variance, nevertheless, improvement still exists,
and is sometimes quite significant.

Most of the fusion methods we have studied, do not appear to be significantly
different in their improvement over a single expert. The key factor affecting the
improvement is the degree of decorrelation of experts, which in this case, due
to the deterministic nature of the architecture, depends on data re-sampling
methods. The DCS fusion (ENS4) achieved a noticeable improvement on the
Vowel data set. However, we note that this fusion method has large variance.
This is due to the fact that quite often, prediction of a single expert (the best
classifier) is selected, and thus there is no averaging that reduces the variance.
The fusion based on the MDL principle (ENS5-PRBFN) appears to have a lower
variance compared with other fusion methods. This is due to the higher emphasis
that the MDL approach gives to lower description length and, thus, to simple
models with a lower variance. The MDL fusion does not have to store the training
data for future prediction and is thus faster in recognition compared with the
DCS method.
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Abstract. A modular neural network-based system is presented where the com-
ponent networks learn together to classify a set of complex input patterns.  Each 
pattern comprises two vectors: a primary vector and a collateral vector.  Exam-
ples of such patterns include annotated images and magnitudes with articulated 
numerical labels.  Our modular system is trained using an unsupervised learning 
algorithm.  One component learns to classify the patterns using the primary 
vectors and another classifies the same patterns using the collateral vectors.  
The third combiner network correlates the primary with the collateral.  The 
primary and collateral vectors are mapped on a Kohonen self-organising feature 
map (SOM), with the combiner based on a variant of Hebbian networks.  The 
classification results appear encouraging in our attempts to classify a set of 
scene-of-crime images and in our attempts to investigate how pre-school infants 
relate magnitude to articulated numerical quantities.  Certain features of 
SOM’s, namely the topological neighbourhoods of specific nodes, allow for one 
to many mappings between the primary and collateral maps, hence establishing 
a broader association between the two vectors when compared with the associa-
tion due to synchrony in a conventional Hebbian association. 

1 Introduction 

There are a number of problems currently advocated in the image understanding / 
retrieval literature and in the developmental psychology literature, which will benefit 
from the use of a system comprising a set of classifiers, capable of learning key fea-
tures in the input, and using a decision combination function that can learn to com-
bine the output of the different classifiers. 

1.1 Image Recognition and Multiple Classifiers 

Image understanding and retrieval systems, especially those discussed under the ru-
bric of content-based image retrieval (CBIR) systems, focus on how a system can 
identify the components of an image by dealing, almost exclusively, on physical 
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and/or perceptual features of the image. Typical multiple classifier ensembles used so 
far comprise individual ‘expert’ classifiers that can deal with one physical feature at a 
time: colour, texture, shape or illumination. The CBIR literature is increasingly using 
image external features, for instance, texts collateral to the image – a caption, or a 
news story in which the image is embedded.  Schettini et al [15] have used the CART 
methodology to construct tree classifiers, which in turn use a majority voting rule, for 
classifying a set of indoor, outdoor and close up images. 

In an oft-cited paper, Kittler et al have presented ‘a common theoretical framework 
for combining classifiers which use distinct pattern representation’ ([10] p.226). The 
framework uses the Bayesian relationship between the posterior and prior probability 
density functions that model one of the many possible classes, to the measurement 
vectors used by a given classifier. What is of interest to us here is the use of multiple 
classifiers that deal with perceptually (quasi-) independent biometric sensing modali-
ties, such as frontal facial features, face profile features and (characteristic) voice 
features, and a combination function that is expected to lead to the establishment of 
personal identity. Each classifier matches an input with a stored template and an iden-
tity is produced.  In a handwriting recognition experiment, Kittler et al use four dif-
ferent classifiers operating on the same input, with the sum rule again achieving one 
of the best combining schemes. Here, the authors have used a large feed forward 
neural network as one of the classifiers. 

Jing and Zhang [8] have used genetic algorithms for evaluating the ‘correctness of 
the result from […] combined classifiers’ (p. 486) in dealing with recognition of 
faces. The authors use four classifiers dealing with sub-images based on low fre-
quency filtered images and three orientation sub-images: horizontal, vertical and 
diagonal. A genetic algorithm is used for determining the weights for combining the 
output from the classifiers. The authors show that individual classifiers, except for 
low frequency filtered sub-image classifiers, perform poorly when compared to a 
majority voting method combined classifier – and the results of a generic-algorithm 
(GA) weighted classifier shows a 96% recognition rate. 

The use of neural networks in the classification of complex images, for instance, 
human faces, is limited to less than 20 classes.  There are exceptions to such a limited 
approach: Lawrence et al [12] have developed a multiple neural network system 
comprising a Kohonen self-organising feature map (SOM) [11], for quantizing a set 
of input image samples into a topological space, and a backpropagation network, also 
called a convolution network, that learns to incorporate constraints that allow it to 
deal with an image in an invariant manner.  Such multiple neural network systems 
have been termed multi-net systems by Sharkey [16], but there are some nuances 
added to concept of multi-nets [17]. 

A backpropagation network is in itself multi-layered (planes in parallel) and capa-
ble of detecting multiple features in an image.  Lawrence et al have compared the 
performance of their multi-net system with another combined classifier comprising a 
principal component analysis (PCA) system and multi-layer perceptron (MLP).  The 
convolutional approach outperforms the MLP in the classification of 400 images of 
40 individuals.  The performance of the MLP, containing up to 200 hidden nodes, is 
not surprising.  The interesting thing for us is that this multi-net system, convolutional 
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plus Kohonen, with substantial ab initio unsupervised learning capability performs 
well in the difficult task of face recognition. 

1.2 Combining Unsupervised Classifiers 

In a recent paper on the limitations on research in multiple classifier systems, Sharkey 
[17] suggests that this may be due to a lack of ‘awareness of the range of modular 
designs that could be employed’ (p. 108).  Sharkey advocates a modular approach 
and illustrates the advantages with a system of classifiers that only provides a partial 
solution to the classification task and the combination of the partials providing the 
full solution.  She uses a number of neural networks, multi-layer perceptrons (MLP), 
organised in different topologies as unitary classifiers of fault patterns in diesel en-
gines, and compares these with modular and ensemble approaches.  An approxi-
mately 2% improvement in performance is achieved with both modular and ensemble 
systems over the unity solutions, not quite advocating the use of modular and ensem-
ble systems.  However, intuitively we believe that modular networks should outper-
form ensemble networks. 

In this paper, we describe a modular co-operative network, where the component 
networks learn through an unsupervised process, in contrast to other supervised ap-
proaches, such as Sharkey’s.  The unsupervised learning regimen is used to train 
networks that classify the input patterns and a combiner network that produces the 
output. 

Willshaw & von der Malsburg [20] developed a model that applied Hebbian learn-
ing [6] between a two-dimensional pre-synaptic (input) layer and a post-synaptic 
(output) layer of neurons to form a topological map of activations; Hebbian learning 
is based on the postulate that to affect learning in connections (synapses) between two 
neuronal cells, the strengths of the connections are increased when both sides of the 
connection are active. This associative learning pre-empts the use of a teacher. The 
production of a topological map as a consequence of a learning rule can be regarded 
as a rule that maximises the average mutual information between input and output 
signals. Kohonen’s [11] SOM is based upon a similar principle to Willshaw & von 
der Malsburg’s, producing a statistical approximation of the input space by mapping 
the input to a two-dimensional output layer. The approximation is achieved by selec-
tion of features (or prototypes) that characterise the data, which are output in a topo-
logically ordered map. 

In this paper we discuss how a multi-net system can learn to classify a set of com-
plex input patterns; the complexity lies in the fact that the input comprises a number 
of independent components. Each component has different information about a given 
input pattern. Consider, for example the case of an annotated image – an image plus 
its collateral description. The image features may include a texture vector together 
with a textual description. The texture vector informs a system about the idiosyncratic 
visual features of an image independently of the description and in a different man-
ner. Collateral information helps to sharpen the query to an image database [19]. 

Our combination of neural networks is so organised that one network each can 
learn to classify an input pattern based on the sole knowledge of one component only, 
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in contrast to other such schemes such as the so-called mixture-of-experts (ME) net-
work [7] in which a number of networks are trained on the same set of input patterns. 
The behaviour of the individual networks, taken two at a time, is learnt by another 
network which, in turn, learns to associate classes in the individual network that are 
active at a given time.  This synchronous activity is used to interrelate two independ-
ent components and is learnt through association whilst the individual classifiers 
learn. 

The co-operative multi-net architecture that we propose extends both Willshaw & 
von der Malsburg [20] paradigm and Kohonen’s [11] formulation, this time by con-
necting two SOMs together with a Hebbian network.  A multi-net system that uses a 
Hebbian network to interrelate the output of two (or more) SOMs, can exploit some 
or all of the properties of Hebbian synapses. The properties of time dependence, local 
modification, interaction between pre- and post-synaptic signals and their correlation 
provides justification for the combination of independent modalities of information 
(images and collateral text or numbers and articulation). When combining two SOMs, 
the clustering of activation in either map relates an input signal to similar prototype 
inputs. This local information on either side of the Hebbian connection allows local 
modification of signals to be achieved through corresponding interaction at pre-set 
time steps. Furthermore, since inputs to both SOMs are related during training, the 
Hebbian connection modification provides correlation between the two modalities, 
which can be exploited during recall. These properties enable information modalities 
to be combined effectively to improve classification of signals through multiple, dis-
tinct classifiers, allowing the translation of classification from one modality to an-
other. 

2 Self-organised Combinations 

A SOM uses an algorithm that transforms a continuous n-dimensional input signal 
onto a one- or two-dimensional discrete space of neurons.  For each input pattern, the 
weight vectors in the SOM that connect the input layer to the output layer, attempt to 
relate to the input by computing respective values of a discriminant function.  The 
weight vector closest to the input is deemed the winner and represents the non-linear 
transformation of the input onto the output.  The process of competition complete, the 
co-operative phase takes over with the winning neuron determining the spatial loca-
tion of a set of (less) excited neurons accompanying the highly excited winner.  The 
winner’s ‘halo’, visually created by a Gaussian neighbourhood function, displays co-
operation.  The topological neighbourhood is of considerable import to our method. 

The input vectors for the cases we discuss comprise two vectors – a primary vector 
and a collateral vector; for example, an annotated image’s primary vector may com-
prise the visual features of colour, texture and shape, and the collateral vector holds 
indications of the presence or absence of keywords in the image’s collateral text.  We 
train two SOMs: one for classifying input patterns based entirely on the basis of the 
primary vectors, one on the collateral vectors (Fig 1).  Here, the primary vector is 
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presented to the primary SOM, which is then trained on the input using Kohonen’s 
weight update rule [11], using a Gaussian neighbourhood function, an exponentially 
decreasing learning rate and neighbourhood radius.  Similarly, the collateral vector is 
presented to the collateral SOM, which in turn is trained on the input. 

Subsequent to this, the output of both the primary and collateral SOMs are input to 
the Hebbian network.  In order to preserve the topological information provided by 
both SOMs, the output from each is represented as a range of activations centred on 
the winning neuron, demonstrating the active neighbourhood of the winner and 
allowing a cluster of activity to be presented to the Hebbian network.  This is 
achieved by using the Euclidean distance for each unit in the SOM for an input, and 

inverting this via the function xexf −=)( , which provides a sufficient radius 

around the winner.  With both primary and collateral SOM output represented in this 
way, the Hebbian connections were allowed to train on both of these patterns, with 
the cycle continuing for subsequent input patterns until sufficient learning has 
occurred in the SOMs to form clusters. 

Each SOM shows the effects of the competition and co-operation processes used in 
training by assigning each pattern’s neuron in the output layer.  Each winning neuron 
has a topological neighbourhood of active neurons.  The neighbours may or may not 
be associated with other patterns.  Therefore, if during the testing phase, the presenta-
tion of a test pattern leads to its recognition by the excitation of a neuron that has won 
similar or the same pattern during training, the neighbourhood will also be activated. 

Recall that we link the primary and collateral vectors through Hebbian learning.  
During the training phase, the presentation of the two vectors comprising a pattern 
trivially leads to a weighted one-to-one association simply because both patterns are 
present at the same time.  However, in addition to this association by synchrony, the 
winning unit of a primary vector gets associated not only with the winning unit of the 
collateral (and vice versa), but also the neighbourhood of the winner gets associated 
with that of the neighbourhood of the winning unit of the collateral (and vice versa). 

2.1 Classifying Images and Collateral Text 

We first look at the combination of image and text classifiers, the image forming the 
primary vector, and the text associated with the image the collateral vector, taken 
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Fig. 1. Architecture showing the connections between the primary and collateral SOMs.  Note 
that training is performed in-situ with association between neighbourhoods. 
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from the scene-of-crime domain. An image is represented by a 112-dimensional vec-
tor that consists of extracted physical features.  The intention when extracting these 
112 components was to create vectors that described various properties such as col-
ours, edges and textures. In these vectors we used 21 dimensions to describe the col-
our distribution as an intensity histogram, 19 dimensions to describe edges by apply-
ing an edge filter and the water-filling algorithm [21], and 72 dimensions to describe 
texture using Grey Level Co-occurrence Matrices [5].  Here, the primary 15 by 15 
unit SOM is intended to organise the images into clusters that share similar image 
features. 

Collateral text is represented by a 50-dimensional (term based) binary vector. 
These are generated by extracting significant terms from the text, ignoring punctua-
tion, numerical expressions and closed-class words.  These significant terms are gen-
erated using the frequency of a term and a weirdness coefficient describing the sub-
ject-specificity of a term [2]. Textual vectors with common key-terms are clustered 
together in a 15 by 15 unit SOM. 

To evaluate the proposed architecture, we trained three separate systems to allow 
for a comparison of results: the combined architecture, two separate SOMs, one each 
for images and texts, and a single SOM trained on combined image and text vectors.  
A total of 66 images and associated texts where used, pre-classified into 8 ideal 
classes by experts on the scene-of-crime domain: ‘bar area’, ‘exhibits’, ‘fingerprints’, 
‘footmarks’, ‘fruit machine area’, ‘body’, ‘window area’ and ‘general’. One vector 
was then selected at random from each class for use in testing and the remaining 58 
were used for training. 

Each system was trained for 1000 epochs with training vectors, with initial random 
weights, Gaussian neighbourhood function with initial radius 8, reducing to 1, and 
exponential learning rate starting at 0.9 reducing to 0.1. The Hebbian weight connec-
tions were normalised and a learning rate of 10 was used.  For the combined system, 
we first tested the performance of the Hebbian network on the training data by trans-
lating one SOM’s output to the other SOM (image to text, text to image). We calcu-
lated the Euclidean distance of the actual SOM’s winning node for a particular input, 
to the node that the Hebbian link activated. The results showed that the Hebbian net-
work managed to identify all images correctly for a given textual input, and only 
missed 1 out of 58 texts for a given image input. 

The system was then tested for its accuracy on classifying each of the 8 test inputs.  
Here, of the 8 test vectors, the image SOM correctly classified 4.  For the remaining 
misclassified vectors, the collateral text vectors were input to the text SOM, and sub-
sequently provided activation through the Hebbian link to obtain an image classifica-
tion.  This technique correctly classified 3 of the remaining 4 vectors.  A similar ap-
proach was applied to the text SOM, giving 5 initially correct classifications, and 2 
more via the image SOM and Hebbian linkage. 

In comparison, the independently trained SOMs were tested with the same test 
vectors. The image SOM showed correct classification of 4 out of 8 test vectors, the 
text SOM 5 out of 8.  The combined system therefore shows the benefit of combining 
modalities of information to improve classification, allowing an improved response 
by selecting the best possible via the Hebbian connection.  However, the multi-net 
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approach shows benefit over a monolithic solution, as demonstrated by the single 
SOM that was trained with the input vectors formed by concatenating the image and 
text vectors together.  Test results show worse classification ability, with only 3 out 
of 8 correctly classified, demonstrating that combined modalities can only be used if 
appropriate selection of response and separation of signals is possible.  Whilst build-
ing a monolithic network to process combined modality vectors may not seem intui-
tive, this is one approach to using multiple modalities of information for classifica-
tion.  Our multi-net approach is an alternative that seems to offer benefit. 

2.2 Classifying Number Magnitude and Articulation 

The combination of modalities to improve classification is a subject that has rele-
vance to developmental psychology. For example, the study of mathematical abilities 
has concentrated on the way different numerical modalities are processed [4], [13], 
[14]. Dehaene’s triple code model of numerical abilities includes processing of Ara-
bic and spoken numbers, together with an internalised magnitude representation of 
number [4]. Such an internal representation of number can be obtained through a 
process of subitization or estimation [9]. Of specific interest here is the way in which 
the internal magnitude representation of number interacts with number articulation.  
We simulate the linkage of the internal representation of number and its phonetic 
representation [1], [3].  

We use number magnitude as the primary vector, using a 1-dimensional SOM with 
66 neurons as a number line.  Input to the SOM is formed as a 66-dimensional binary 
vector where each magnitude is identified with a block of three digits.  The collateral 
vector is formed as a number articulation, with a SOM consisting of 16 by 16 neu-
rons, showing the representation between the spoken form of the numbers one to 
twenty-two.  For example, the numbers seven, seventeen and eleven all have similar 
sounds, and are hence clustered together within the SOM.  Input to the SOM is 
formed as a 16-dimensional vector representing the phonemes used in the number 
word, with value taken as the order found within the Collins English Dictionary and 
Thesaurus [18], with zero representing the absence of a phoneme for shorter number 
words. 

The training and testing data sets where selected randomly from the numbers 1 to 
22, with 16 numbers in the training set and 6 in the test set (2,3,10,14,15,19).  The 
entire system was trained for 1000 epochs on the training data, with initial random 
weights, Gaussian neighbourhood function with initial radius for the primary map as 
33, and the collateral 8, reducing to 1, and exponential learning rate starting at 0.5.  
The Hebbian weight connections were normalised and a learning rate of 0.5 was 
used. 

Once trained, the system was tested on both the magnitude and phonetic forms of 
all 22 numbers.  Looking at the magnitude SOM in isolation, the system correctly 
ordered all 22 magnitudes such that 1 was at one end of the map and 22 at the other, 
with all intermediate values in ascending order, including those that were not in the 
training set.  This demonstrates the SOMs ability to generalise to new patterns based 
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upon their apparent magnitude.  However, the testing of the phonetic SOM shows the 
inability to correctly classify 2, 3, 10, 14, 15 and 19 (those not in the training set).  
The SOM is able to associate these values with those based upon their phonetic simi-
larity, for example 2 is classified as 1, however the SOM cannot distinguish between 
values, attempting to provide an existing specific label rather than a distinct value. 

To determine if the combined system can improve upon this classification, the six 
misclassified values were presented to the magnitude SOM, and its output used to 
activate the Hebbian link to produce a corresponding articulation output.  The corre-
sponding Hebbian output provides new associations for the six values.  Here 14, 15 
and 19 are now distinct whilst being associated with the ‘teens’ cluster, improving 
classification by distinguishing these values whilst retaining their similarity to their 
phonetic counterparts.  However, 2, 3 and 10 are associated with 20, 12 and 21, re-
spectively, a worse classification than previously achieved.  The improvement in 
classification is marginal, having both beneficial and detrimental affects.  However, 
the combined system has the advantage that we can improve classification with an-
other modality of information. 

To understand if this can be achieved in a monolithic solution rather than the 
multi-net we describe, we trained a single SOM on a combined set of input modali-
ties.  Here, both the magnitude and phonetic representations for the training and test-
ing sets described above where combined into appropriate 82-dimensional vectors.  A 
single SOM consisting of 16 by 16 units was trained using the same parameters as 
above for 1000 epochs, with an initial neighbourhood radius of 8 units.  The results 
show a map that demonstrates the relationship between the phonetic representations 
alone, with no magnitude information portrayed.  The responses for the six test values 
gives a similar level of classification as that for the single phonetic SOM described 
above, with all six values being associated with those that are phonetically similar.  
However, the loss of magnitude information means that there is no understanding of 
the relationship between the numbers, nor how to translate between a magnitude and 
an articulation, or vice-versa.  This loss of modality information supports the use of 
split modalities in a combined system, such as we have described. 

3 Conclusion 

We have presented a modular co-operative neural network system that incorporates 
unsupervised networks, of the same architecture and topology, that learn to classify a 
set of patterns based on partial information, either primary information or collateral 
information, about the patterns.  The combiner, a Hebbian network, learns to associ-
ate not only the two winning units on the primary and collateral maps, but between 
the respective neighbourhoods of the two winners. 

Note that the number of units in our networks is smaller than, say, in Sharkey’s 
supervised multi-net simulations.  We have been parsimonious perhaps compensating 
for manually assigning the classifiers to the primary or the collateral sub-vectors.  
However, this manual assignment is offset partially by the fact that the two classify-
ing networks have exactly the same topology and aspects of the training, including 
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regimen, that is the way the neighbourhood distances and learning rates are changed, 
for the two networks are exactly the same.  The combiner in our system shares the 
same learning paradigm, unsupervised learning, and indeed the SOM architecture is a 
variant of the Hebbian architecture [20]. 

A comparison between our modular system and that of a unity network demon-
strates improvement.  In classifying images and text the unity network does not dem-
onstrate any linkage between images and text, whereas the modular system allow the 
neighbourhood of images to be associated with neighbourhoods of text.  For magni-
tudes and articulated numerical labels, a unity network provides a comparable classi-
fication to that of just the phonetic representations, demonstrating that the phonetic 
information dominates the magnitude information.  
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Abstract. Lithology recognition is a common task found in the petroleum ex-
ploration field. Roughly speaking, it is a problem of classifying rock types, 
based on core samples obtained from well drilling programs. In this paper we 
evaluate the performance of different ensemble systems, specially developed  
for the task of lithology recognition, based on well data from a major petroleum 
company. Among the procedures for creating committee members we applied 
Driven Pattern Replication (DPR), Bootstrap and ARC-X4 techniques. With re-
spect to the available combining methods, Averaging, Plurality Voting, Borda 
Count and Fuzzy Integrals were selected. The paper presents results obtained 
with ensembles derived from these different methods, evaluating their perform-
ance against the single neural network classifier. The results confirm the effec-
tiveness of applying ensembles in real world classification problems.  

1 Introduction 

As mentioned in [1], the solution of the lithology recognition problem has many po-
tential utilities in the petroleum field. If well succeeded, this kind of analysis leads  to 
drilling path optimization, a desirable achievement for all the exploration industry.  

One of the first references of Artificial Intelligence systems applied to the lithology   
recognition problem was settled by H. Doveton [2]. After that, other researchers have 
presented contributions where single Neural Networks (NNs) are applied as rock 
classifier systems [3], [4], [5]. In a recent work [1], we addressed the problem by 
using MLP Classifier Ensembles, in a way similar to the one suggested in [6].  Now, 
handing  a  different well data interpretation from those applied in [1], our aim is  to 
improve and extend the started analysis, supplying results from others ensemble 
methods, for the task of classifying rocks over a Brazilian offshore well. 

Many approaches for the design of committee members, as well as for the combi-
nation strategy of the individual outputs have been proposed [7], [8], [9], [10], [11], 
[12], [13]. In particular,  we chose to assess  here the following techniques: Driven 
Pattern Replication (DPR) [1] , ARC-X4 [7] and Bootstrap [10] as member-forming 
procedures, and Fuzzy Integrals [14], Plurality Voting [8], Borda-Count [13] and 
Averaging [15], as combining methods.   

The next section describes the lithology recognition problem; section 3 briefly pre-
sents the proposed ensemble procedures. Section 4 describes the experiments in de-
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tails, while section 5 brings the performance results obtained and a short discussion. 
The final conclusions are presented in section 6. 

2 Lithology Recognition 

The characterization of the vertical and lateral distribution of the diverse types of 
lithology in a petroleum field plays relevant role in the processes of thickness and 
rock quality mapping. Usually, these variations are estimated during well drilling 
programs, directly from the analysis and interpretation of some types of well logs – 
roughly speaking, electrical signals collected by instruments attached to the drill sys-
tem. These variations constitute what is called lithological records.  

To provide an automatic way to form lithology records, some algorithm must be 
set to map an efficient relation between physical responses (well logs) and lithology 
types (rock types).  MLP classifiers are clearly suitable to this mapping task. This 
approach delivers lithologic distributions over diverse locations in the petroleum field, 
where the only existing information comes from well logs. Results like that can be 
used in the set up of spatial lithology distribution maps, especially of the lithologies 
associated with reservoir rocks levels. 

3 MLP Ensembles 

A committee of MLP neural networks is composed of independent classifiers that are 
designed to be later integrated in an ensemble. The committee is formed with the 
objective of achieving complementary performance in different regions of the feature 
space.  

3.1 Forming Members with Driven Pattern Replication (DPR) 

Let the number of available training patterns in a dataset, N, be given by: 

∑
=

=
M

i
inN

1
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where M is the number of pattern classes present in the application, and ni (for 1 ≤ i ≤ 
M) is the number of training patterns belonging to class i. The Driven Pattern Repli-
cation (DPR) method creates one expert neural network for each class in the training 
set; the M specialized neural networks are then combined. To build an expert network 
for class k, the nk available training patterns belonging to that class are replicated by 
an integer factor γ > 1,  so that the resulting training set will have a total of N + 
(γ−1) nk patterns. Therefore, in each epoch, the training patterns not belonging to class 
k are presented to the network only once, while the patterns belonging to class k are 
presented γ times.  The choice of a suitable value for γ shall be guided by some metric 
to determine how class-expert are the created networks. As will be seen later in sec-
tion 5.2, the specialization level is a possible metric.  
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3.2 Forming Members with ARC-X4   

The ARC-x4 method assigns sampling probabilities for each pattern of the original 
training set and then performs an iterative pattern selection algorithm. In each new 
iteration, a new training set is sampled and a new neural network is trained with the 
current selected patterns. The selection probabilities of misclassified patterns are 
increased for the next iteration, based on an empirical relationship that takes into 
account the number of times each pattern has been wrongly classified until the present 
iteration. 

3.3 Forming Members with Bootstrap 

In the Bootstrap method each committee member is trained with a bootstrap version 
of the available training patterns. A Bootstrap [24] version of a data set with N pat-
terns is a set of N patterns created by a simple random sampling with replacement 
(SRSR) from the original data set. Although the training sets built in this way are 
completely random, the Bootstrap method may produce good practical results [7], 
[10].   

3.4 Combining by Average 

When combining by Average the ensemble output is simply given by the average of 
the corresponding outputs of its members. 

3.5 Combining by Plurality Voting  

Given a pattern in a Plurality Voting scheme, if there is a class that is more assigned 
by the ensemble members to that pattern than any other is, than this class is selected 
as the combined response. If there is no such a class, a rejection label is assigned to 
that pattern.  

3.6 Combining by Borda Count 

The Borda Count decision procedure is based on a ranking computation. Given a 
pattern, each ensemble member response is ranked in a class pertinence degree order.  
The class that has the overall better ranking is selected as the consensual response.  If 
there is more than one class in this condition a rejection label is applied.   

3.7 Combining by Fuzzy Integrals 

As in evidence theory [16], the combination of classifiers using Fuzzy Integrals relies 
on some measure relative to the pair classifier/class (ek / c). In this technique such 
measures are called Fuzzy Measures. 
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A fuzzy measure is defined as a function that assigns a value in the [0,1] interval to 
each crisp set of the universal set [17]. In the context of classifier combination, a 
fuzzy measure expresses the level of competence of a classifier in assigning a pattern 
to a particular class.  

A fuzzy integral [18] is a non-linear operation defined over the concept of fuzzy 
measure. In the framework of combining classifiers this can be explained as follows.   

Let L = {1, 2, …, M} be the set of labels (classes) and ε  = {e1, e2, …, eK} the set of 
available classifiers. A set of K×M fuzzy measures gc(ei) is calculated, for c varying 
between  1 and  M and i varying from 1 to K, denoting the competence of each classi-
fier ei in relation to each class c. These measures can be estimated by an expert or 
through an analysis of the training set (section 3.7.1 shows how competence may be 
computed). Fuzzy integrals are computed pattern by pattern, class by class, using 
mathematical relations considering competences and classifiers outputs. A pattern x 
will be assigned to the class with the highest value for the fuzzy integral; this class is 
selected as the response of the committee.  

There are many interpretations for fuzzy integrals; they may be understood here as 
a methodology to rate the agreement between the response of an entity and its compe-
tence in doing so.  

3.7.1 Estimating Competence 
 

Competence of a classifier ek in relation to a class i is estimated in this work by a ratio 
known as local classification performance [19], defined as:  
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where oij is the number of patterns (observations) from class i assigned by the classi-
fier ek to the class j.  

4 Experiments Description 

Every ensemble classifier system assessed here is based on single hidden layers MLP 
architectures. The general input vector is composed of five log registers - GAMMA 
RAY, SONIC, DENSITY, RESISTIVITY and CALIPER – plus the observation’s 
DEPTH, totalizing six attributes. As usual for classification tasks, the network outputs 
are binary vectors, with as many entrances as there are classes to be considered in 
5the problem at hand - each classifier is trained so that if output j is “on”, the others 
are “off” and the observation is said to belong to class j. The number of hidden proc-
essors along the networks was set to 12, following the Hecht-Nielsen metric [20]. 

4.1 The Data Set 

The experiments were carried out over data from a Brazilian offshore well, located in 
the northeast coast. The raw data consists of 3330 observations, each of which join-
ing, for a given well depth, the five log signals mentioned before plus the associated 
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rock type. The information ranges from 130 to 3500m in depth. The log signals can be 
seen from Fig. 1. It can be seen from the figure that some log signals are missing for 
upper depths. This is a common situation and a test of robustness for the methodology 
– the logs with missing values were presented to the MLP networks as zero-valued 
attributes.  

Each observation is assigned to one of three rock classes, known as: RESERVOIR 
(1),   SEAL (2) and SOURCE (3)  (besides each class name is its numeric label).  

4.2 Selected Subsets and Reference Network 

The complete dataset has the following class distribution: 

Table 1.  Class distribution 

Label 1 2 3 
#Observ. 683     2023   624 
Total % 20.51    60.75    18.74 

 
A practical training rule adopted from other classification problems [21], suggests 

that for a D dimensional input space a minimum  of 10×D samples per class is desir-
able, with 100×D being highly desirable if it can be attained. On this way, the number 
of training patterns available here should be not restrictive at all. Despite that, to 
prove the advantages of a multi-classifier system when the training set is restrictive, 
we settled, for all the experiments performed, a base training set with 60 randomly 
chosen patterns per class. As the methods implemented here require changing the 
original training set, this base training set will be referred to as the reference training 
set, or simply TREF. 

Having the training set being formed by 180 patterns, the remaining 3150 patterns 
were used as testing sample. 

Next, a proper reference network was created. The reference network serves as a 
starting point from where all the experiments in the case study are carried out. Its 
single performance over the testing set is used for comparison with each subsequent 
experiment.   

 

Fig. 1. Well logs 
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As the reference network is used as a starting point for all the experiments, the ex-
periments are started from the same initial weights. This condition intends to provide 
fair comparisons. In this paper, the initial weights and biases were chosen using a 
simple cross-validation over the training set, splitting it in two parts - 50% for estima-
tion, 50% for validation [22]. The number of epochs was fixed at 1000 (one thou-
sand), a number that showed to be sufficient for convergence during the reference 
network training. 

Finally, it should be observed that in all the experiments the input information was 
normalized to standard scores [23].  

5 Results 

The results obtained over the testing set will be measured with confusion matrixes, 
average hit ratio percentages (AH%) and rejection percentages (RE%), if there are 
rejections. As we are only dealing with stratified sets [24] (sets with the same number 
of patterns per class), the average hit ratio per class equals the total pattern hit ratio. 

5.1 Reference 

The reference network, trained with the reference training set, TREF, delivered the 
following results: 

Table 2. Results from TREF 

Confusion Matrix 
 SIMULATED 

79.61 5.78 14.61 

4.79 80.59 14.62 TARGET 

3.55 10.11 86.35 
AH% 81.43 

 
Being the reference result established, the next sections analyze the ensemble 

methods performances.  

5.2 DPR 

The DPR application over TREF was tested with six different γ values: 5, 8, 10, 12, 
15 and 20. The chosen of an appropriate value were guided by the specialization level 
metric [25], a simple metric based on the concept of local classification performance 
(section 3.7.1). When a the set of gi(ek)’s are calculated for all possible classes i and 
classifiers k, these results can be arranged in matrix called the competence matrix, G,  
where each line corresponds to a classifier and each column corresponds to a class. 
When specialized networks formed by the DPR method are trained and tested with the 
training set itself, the correspondent G matrix must have the higher values (close to 1) 
over its main diagonal. At that point, the specialization level SL (Eq.3) can be applied 
as a metric to evaluate the DPR effectiveness.   
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The DPR application with γ = 8 over TREF resulted in the following G matrix and 
SL value, after test with TREF itself:  

Table 3. Results from TREF 

G Matrix 
 CLASSES 

0.92 0.81 0.81 

0.83 0.90 0.76 CLASSIFIERS 

0.83 0.80 0.85 
 SL = 0.3552 

 
The SL values for γ = 5, 10, 12, 15 and 20 were respectively 0.3399, 0.3445, 

0.3487, 0.3484 and 0.3455. 
Once the specialized networks were available, the results obtained from the four 

combining techniques are as follows (for the fuzzy integrals combination, the compe-
tences used were just the ones exposed in Table 3, taken from the TREF testing per-
formance): 

Table 4. Results for DPR 

Combining 
Technique Fuzzy Avg. Voting BC 

AH% 88.38 87.52 79.14 79.49 
RE% 0.00 0.00 7.27 1.43 

5.3 ARC-X4 

The ARC-X4 method applied to TREF allows the user to form ensembles with as 
many networks as he or she wishes. Several numbers of networks were assessed (Ta-
ble 5), with the combination phase being always performed with the averaging tech-
nique. Averaging was selected due to its good performance, together with the fact 
that, as realized in [25], fuzzy integrals become processing prohibitive when the num-
bers of ensemble members increases beyond 15.  

Table 5. Results for ARC-X4 

#Nets 3 15 25 50 75 100 
AH% 87.87 87.81 87.52 87.84 88.06 88.25 

5.4 Bootstrap 

As for the ARC-X4 procedure, the results for Bootstrap/Averaging:  

Table 6. Results for Bootstrap 

#Nets 3 15 25 50 75 100 
AH% 88.06 87.33 88.83 88.22 88.03 88.06 
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5.5 Discussion 

In the best case, the reference average hit ratio was increased in about 7.4%, by the 
Bootstrap ensemble formed with 25 members, combined by averaging:  

Table 7. Best x Reference  

BEST Confusion Matrix 
 SIMULATED 

80.90 4.17 14.93 

3.82 91.49 4.69 

T
A

R
G

E
T

 

2.48 9.22 88.30 

AH% 88.83  

REFERENCE Confusion Matrix 
 SIMULATED 

79.61 5.78 14.61 

4.79 80.59 14.62 

T
A

R
G

E
T

 

3.55 10.11 86.35 

AH% 81.43  
 
Concerning the methods involving many nets, namely ARC-X4 and Bootstrap, as 

the number of combined nets increased, ARC-X4 presented a growth tendency in its 
performance, while bootstrap had greater oscillations. Booth facts were theoretically 
expected. 

Concerning the DPR method, the fuzzy integrals combination presented the best 
performance, overcoming the reference in 6.95%. The Voting and Borda Count com-
bination schemes delivered results of 2.9% and 1.94% below the reference, respec-
tively. 

6 Conclusions 

The experiments carried out assessed the performance of some MLP Neural Network 
ensemble systems applied to the lithology recognition problem, using well data fur-
nished by a major petroleum exploration company. Considering a single classifier 
output as reference value, a performance increase of 7.4% was achieved by the multi-
classifier system, using the same cross-validated initial weights for fair comparison. 

As opposed to a previous work with similar information [1], the study case in this 
paper had stratified datasets [24].  This can be considered a major difference, since 
the behavior of the techniques are almost opposite – while in [1] the ensemble meth-
ods involving many nets are inefficient, here they show good results. This reinforces 
the feeling that, being the involved training set stratified, techniques like ARC-X4 or 
Bootstrap tend to deliver similar results – in many cases better – when compared to 
DPR. 

It has to be noticed that, despite of not being the best result for this case, the result 
achieved by DPR with fuzzy integrals is truly positive - increase of 6.95% in per-
formance, a value close to the best achieved, 7.4%; even more if we consider, in face 
of the many-nets methods presented, the lower randomness involved and the almost 
always less training time required (depending on gamma).  The DPR results with 
Voting and Borda Count were poor. 
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Abstract. Recently, multiple classifier systems (MCS) have been used
for practical applications to improve classification accuracy. Self-gene-
rating neural networks (SGNN) are one of the suitable base-classifiers
for MCS because of their simple setting and fast learning. However, the
computational cost of the MCS increases in proportion to the number
of SGNN. In an earlier paper, we proposed a pruning method for the
structure of the SGNN in the MCS to reduce the computational cost. In
this paper, we propose a novel pruning method for effective processing.
The pruning method is constructed from an on-line pruning method and
an off-line pruning method. We implement the pruned MCS with two
sampling methods. Experiments have been conducted to compare the
pruned MCS with the unpruned MCS, the MCS based on C4.5, and k-
nearest neighbor method. The results show that the pruned MCS can
improve its classification accuracy as well as reducing the computational
cost.

1 Introduction

Classifiers need to find hidden information in the given large data effectively
and classify unknown data as accurately as possible [1]. Recently, to improve
the classification accuracy, multiple classifier systems (MCS) such as neural net-
work ensembles, bagging, and boosting have been used for practical data mining
applications [2,3]. In general, the base classifiers of the MCS use traditional mod-
els such as neural networks (backpropagation network and radial basis function
network) [4] and decision trees (CART and C4.5) [5].

Neural networks have great advantages of adaptability, flexibility, and univer-
sal nonlinear input-output mapping capability. However, to apply these neural
networks, it is necessary to determine the network structure and some param-
eters by human experts, and it is quite difficult to choose the right network
structure suitable for a particular application at hand. Moreover, they require
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a long training time to learn the input-output relation of the given data. These
drawbacks prevent neural networks being the base classifier of the MCS for prac-
tical applications.

Self-generating neural networks (SGNN) [6] have simple network design and
high speed learning. SGNN are an extension of the self-organizing maps (SOM)
of Kohonen [7] and utilize the competitive learning which is implemented as a
self-generating neural tree (SGNT). The abilities of SGNN make it suitable for
the base classifier of the MCS. In order to improve in the accuracy of SGNN, we
proposed ensemble self-generating neural networks (ESGNN) for classification [8]
as one of the MCS. Although the accuracy of ESGNN improves by using various
SGNN, the computational cost, that is, the computation time and the memory
capacity increases in proportion to the increase in number of SGNN in the MCS.
Therefore, we proposed a pruning method for the structure of the SGNN in the
MCS to reduce the computational cost [9].

In this paper, we propose a novel MCS pruning method for effective process-
ing. This pruning method is intended to reduce the computational cost for the
previous one. This pruning method is constructed from two stages. At the first
stage, we introduce an on-line pruning method to reduce the computational cost
by using class labels in learning. At the second stage, we optimize the structure
of the SGNT in the MCS to improve the generalization capability by pruning the
tedious leaves after learning. In the optimization stage, we introduce a thresh-
old value as a pruning parameter to decide which subtree’s leaves to prune and
estimate with 10-fold cross-validation [10]. After the optimization, the MCS can
improve its classification accuracy as well as reducing the computational cost.
We use two sampling methods for the optimizing MCS; shuffling and bagging.
Shuffling uses all the training data by changing randomly the order of the train-
ing data on each classifier. Bagging [11] is a resampling technique which permits
the overlap of the data. We investigate the improvement performance of the
pruned MCS by comparing it with the MCS based on C4.5 [12] using ten prob-
lems in the UCI repository [13]. Moreover, we compare the pruned MCS with
k-nearest neighbor (k-NN) [14] to investigate the computational cost and the
classification accuracy. The optimized MCS demonstrates higher classification
accuracy and faster processing speed than k-NN on average.

2 Pruning Method for the Multiple Classifier System

In this section, we describe how to prune tedious leaves in the MCS. First, we
mention the on-line pruning method in learning of SGNN. Second, we describe
the optimization method in constructing the MCS. Finally, we show a simple
example of the pruning method for a two dimensional classification problem.

2.1 Self-generating Neural Networks

SGNN are based on SOM and implemented as a SGNT architecture. The SGNT
can be constructed directly from the given training data without any intervening
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human effort. The SGNT algorithm is defined as a tree construction problem of
how to construct a tree structure from the given data which consist of multiple
attributes under the condition that the final leaves correspond to the given data.

Before we describe the SGNT algorithm, we denote some notations.

– input data vector: ei ∈ IRm.
– root, leaf, and node in the SGNT: nj .
– weight vector of nj : wj ∈ IRm.
– the number of the leaves in nj : cj .
– distance measure: d(ei,wj).
– winner leaf for ei in the SGNT: nwin.

The SGNT algorithm is a hierarchical clustering algorithm. The pseudo C
code of the SGNT algorithm is given as follows:

Algorithm (SGNT Generation)

Input:
A set of training examples E = {e_i}, i = 1, ... , N.
A distance measure d(e_i,w_j).

Program Code:
copy(n_1,e_1);
for (i = 2, j = 2; i <= N; i++) {

n_win = choose(e_i, n_1);
if (leaf(n_win)) {
copy(n_j, w_win);
connect(n_j, n_win);
j++;

}
copy(n_j, e_i);
connect(n_j, n_win);
j++;
prune(n_win);

}
Output:
Constructed SGNT by E.

In the above algorithm, several sub procedures are used. Table 1 shows the sub
procedures of the SGNT algorithm and their specifications.

In order to decide the winner leaf nwin in the sub procedure choose(e i,n 1),
competitive learning is used. If an nj includes the nwin as its descendant in the
SGNT, the weight wjk (k = 1, 2, . . . , m) of the nj is updated as follows:

wjk ← wjk +
1
cj
· (eik − wjk), 1 ≤ k ≤ m. (1)

After all training data are inserted into the SGNT as the leaves, the leaves have
each class label as the outputs and the weights of each node are the averages
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Table 1. Sub procedures of the SGNT algorithm

Sub procedure Specification
copy(nj , ei/wwin) Create nj , copy attributes of ei/wwin as weights wj in nj .
choose(ei, n1) Decide nwin for ei.
leaf(nwin) Check nwin whether nwin is a leaf or not.
connect(nj , nwin) Connect nj as a child leaf of nwin.
prune(nwin) Prune leaves if the leaves have the same class.

of the corresponding weights of all its leaves. The whole network of the SGNT
reflects the given feature space by its topology. For more details concerning how
to construct and perform the SGNT, see [6]. Note, to optimize the structure
of the SGNT effectively, we remove the threshold value of the original SGNT
algorithm in [6] to control the number of leaves based on the distance because
of the trade-off between the memory capacity and the classification accuracy. In
order to avoid the above problem, we introduce a new pruning method in the
sub procedure prune(n win). We use the class label to prune leaves. For leaves
connected to the nwin, if those leaves have the same class label, then the parent
node of those leaves is given the class label and those leaves are pruned.

2.2 Optimization of the Multiple Classifier System

The SGNT has the capability of high speed processing. However, the accuracy of
the SGNT is inferior to the conventional approaches, such as nearest neighbor,
because the SGNT has no guarantee to reach the nearest leaf for unknown data.
Hence, we construct an MCS by taking the majority of plural SGNT’s outputs
to improve the accuracy.

Although the accuracy of the MCS is superior or comparable to the accu-
racy of conventional approaches, the computational cost increases in proportion
to the increase in the number of SGNTs in the MCS. In particular, the huge
memory requirement prevents the use of MCS for large datasets even with latest
computers.

In order to improve the classification accuracy as well as reducing the compu-
tational cost, we propose an optimization method of the MCS for classification.
This method has two parts, the merge phase and the evaluation phase. The
merge phase is performed as a pruning algorithm to reduce dense leaves (Fig-
ure 1). This phase uses the class information and a threshold value α to decide
which subtree’s leaves to prune or not. For leaves that have the same parent
node, if the proportion of the most common class is greater than or equal to the
threshold value α, then these leaves are pruned and the parent node is given the
most common class.

The optimum threshold values α of the given problems are different from each
other. The evaluation phase is performed to choose the best threshold value by
introducing 10-fold cross validation.



260 Hirotaka Inoue and Hiroyuki Narihisa

1 begin initialize j = the height of the SGNT
2 do for each subtree’s leaves in the height j
3 if the ratio of the most class ≥ the threshold value α,
4 then merge all leaves to parent node
5 if all subtrees are traversed in the height j,
6 then j ← j − 1
7 until j = 0
8 end.

Fig. 1. The merge phase

2.3 An Example of the Pruning Method

We show an example of the pruning method in Figure 2. This is a two-dimensional
classification problem with two equal circular Gaussian distributions that have
an overlap. The shaded plane is the decision region of class 0 and the other plane
is the decision region of class 1 by the SGNT. The dotted line is the ideal deci-
sion boundary. The number of training samples is 200 (class0: 100,class1: 100)
(Figure 2(a)).

The unpruned SGNT is given in Figure 2(b). In this case, 200 leaves and 120
nodes are automatically generated by the SGNT algorithm. In this unpruned
SGNT, the height is 7 and the number of units is 320. In this, we define the
unit to count the sum of the root, nodes, and leaves of the SGNT. The root
is the node which is of height 0. The unit is used as a measure of the memory
requirement in the next section. Figure 2(c) shows the pruned SGNT after the
on-line pruning stage. In this case, 272 units are pruned away from Figure 2(b)
and 48 units remain (the height is 3). The decision boundary is the same as the
unpruned SGNT. Figure 2(d) shows the pruned SGNT after the optimization
stage in α = 0.6. In this case, 27 units are pruned away from Figure 2(c) and
21 units remain (the height is 2). Moreover, the decision boundary is improved
more than the unpruned SGNT because this case can reduce the effect of the
overlapping class by pruning the SGNT.

In the above example, we use all training data to construct the SGNT. The
structure of the SGNT is changed by the order of the training data. Hence, we
can construct the MCS from the same training data by changing the input order.
We call this approach “shuffling”. We investigate the pruning method for more
complex problems in the next section.

3 Experimental Results

We investigate the computational cost (the memory capacity and the compu-
tation time) and the classification accuracy of the MCS based on SGNN with
two sampling methods, shuffling and bagging for ten benchmark problems in the
UCI repository [13]. We evaluate how the MCS is pruned using 10-fold cross-
validation for the ten benchmark problems. In this experiment, we use a modi-
fied Euclidean distance measure for the MCS. To select the optimum threshold
value α, we set the different threshold values α which are moved from 0.5 to 1;
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Fig. 2. An example of the SGNT’s pruning algorithm, (a) a two dimensional classifi-
cation problem with two equal circular Gaussian distribution, (b) the structure of the
unpruned SGNT, (c) the structure of the pruned SGNT after the on-line pruning stage,
and (d) the structure of the pruned SGNT after the optimization stage (α = 0.6). The
shaded plane is the decision region of class 0 by the SGNT and the doted line shows
the ideal decision boundary

α = [0.5, 0.55, 0.6, . . . , 1]. We set the number of SGNT K in the MCS as 25 and
execute 100 trials by changing the sampling order of each training set. All com-
putations of the MCS are performed on an IBM PC-AT machine (CPU: Intel
Pentium II 450MHz, Memory: 323MB).

Table 2 shows the average memory requirement of 100 trials for the MCS
based on shuffled SGNN and the MCS based on bagged SGNN. As the memory
requirement, we count the number of units which is the sum of the root, nodes,
and leaves of the SGNT. The memory requirement is reduced from 55.4% to
96.2% in shuffling, and from 64.9% to 96.8% in bagging, by optimizing the MCS.
It is found that the bagged SGNT can be a higher memory compression than
the shuffled SGNN. This supports that the pruned MCS can be effectively used
for all datasets with regard to both the computational cost and the classification
accuracy. These results are reduced 18% and 17.4% for shuffing and bagging on
average than the previous results in [9].

Table 3 shows the average classification accuracy of 100 trials for the MCS
with shuffling and bagging. It is clear that over 10 datasets, both optimized MCS
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Table 2. The average memory requirement of 100 trials for the shuffled SGNT and
the bagged SGNT in the MCS

shuffled SGNT bagged SGNT
Dataset pruned unpruned ratio pruned unpruned ratio
balance-scale 133.42 846.43 15.7 113.62 860.61 13.2
breast-cancer-w 34.65 889.05 3.8 28.9 897.81 3.2
glass 125.66 295.64 42.5 104.77 297.95 35.1
ionosphere 68.32 454.16 15 54.52 472.18 11.5
iris 16.59 207.7 7.9 14.65 208.7 7
letter 7312.68 26537.91 27.5 6213.52 27052.43 22.9
liver-disorders 207.37 464.3 44.6 155.17 471.71 32.8
new-thyroid 54.41 296.52 18.3 49.6 298.4 16.6
pima-diabetes 263.06 1023.88 25.6 212.81 1045.4 20.3
wine 18.34 229.19 8 14.69 239.21 6.1
Average 823.45 3124.48 20.8 696.22 3184.44 16.8

Table 3. The average classification accuracy of 100 trials for the MCS with shuffling
and bagging. The standard deviation is given inside the bracket (×10−3)

MCS with shuffled SGNT MCS with bagged SGNT
Dataset optimized unoptimized ratio optimized unoptimized ratio
balance-scale 0.864(6.19) 0.837(7.45) +2.7 0.869(5.68) 0.848(7.93) +2.1
breast-cancer-w 0.972(1.89) 0.968(2.05) +0.4 0.972(2.45) 0.968(2.66) +0.4
glass 0.728(11.87) 0.717(11.95) +1.1 0.721(11.77) 0.716(13.73) +0.5
ionosphere 0.912(5.63) 0.882(5.53) +3 0.893(8.24) 0.868(7.79) +2.5
iris 0.964(4.05) 0.964(3.94) 0 0.965(4.83) 0.961(4.74) +0.4
letter 0.959(0.69) 0.958(0.68) +0.1 0.956(0.76) 0.956(0.75) 0
liver-disorders 0.621(12.69) 0.605(13.03) +1.6 0.624(14.88) 0.608(17.01) +1.6
new-thyroid 0.958(5.19) 0.957(5.92) +0.1 0.952(6.32) 0.949(6.76) +0.3
pima-diabetes 0.747(6.28) 0.72(8.18) +2.7 0.749(7.34) 0.730(8.71) +1.9
wine 0.964(4.08) 0.958(5.29) +0.6 0.965(4.73) 0.96(4.2) +0.5
Average 0.868 0.856 +1.2 0.866 0.856 +1

with shuffled and bagged SGNT lead to more accurate or comparable classifiers
than the unoptimized MCS. In comparison with shuffling, bagging is superior or
comparable to shuffling on 6 of the 10 datasets. In short, bagging is better than
shuffling in terms of the computational cost and the classification accuracy in
the MCS.

To evaluate the pruned MCS’s performance, we compare the pruned MCS
with the MCS based on C4.5. We set the number of classifiers K in the MCS
as 25 and we construct both MCS by bagging. Table 4 shows the improved
performance of the pruned MCS and the MCS based on C4.5. The results of
the SGNT and the pruned MCS are the average of 100 trials. The pruned MCS
has a better performance than the MCS based on C4.5 for 6 of the 10 datasets.
Although the MCS based on C4.5 degrades the classification accuracy for iris, the
pruned MCS can improve the classification accuracy for all problems. Therefore,
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Table 4. The improved performance of the pruned MCS and the MCS based on C4.5
with bagging

MCS based on SGNT MCS based on C4.5
Dataset SGNT MCS ratio C4.5 MCS ratio
balance-scale 0.781 0.869 +8.8 0.795 0.827 +3.2
breast-cancer-w 0.957 0.972 +1.5 0.946 0.963 +1.7
glass 0.641 0.721 +8 0.664 0.757 +9.3
ionosphere 0.853 0.894 +4.1 0.897 0.92 +2.3
iris 0.949 0.965 +1.6 0.953 0.947 −0.6
letter 0.879 0.956 +7.7 0.880 0.938 +5.8
liver-disorders 0.58 0.624 +4.4 0.635 0.736 +10.1
new-thyroid 0.935 0.952 +1.7 0.93 0.94 +1
pima-diabetes 0.699 0.749 +5 0.749 0.767 +1.8
wine 0.95 0.965 +1.5 0.927 0.949 +2.2
Average 0.822 0.866 +4.4 0.837 0.874 +3

Table 5. The classification accuracy, the memory requirement, and the computation
time of ten trials for the best pruned MCS and k-NN

classification acc. memory requirement computation time (s)
Dataset MCS k-NN MCS k-NN MCS k-NN
balance-scale 0.882 0.899 100.41 562.5 1.27 2.52
breast-cancer-w 0.977 0.973 26.7 629.1 1.69 1.31
glass 0.756 0.706 115.97 192.6 0.48 0.04
ionosphere 0.915 0.875 25.62 315.9 1.7 0.25
iris 0.973 0.960 10.9 135 0.18 0.05
letter 0.958 0.961 6273.15 18000 220.52 845.44
liver-disorders 0.666 0.647 150.28 310.5 0.77 0.6
new-thyroid 0.968 0.968 53.57 193.5 0.34 0.05
pima-diabetes 0.768 0.753 204.11 691.2 2.47 3.41
wine 0.978 0.977 12.2 160.2 0.36 0.13
Average 0.884 0.872 697.29 2119.1 22.98 85.38

the pruned SGNT is a good base classifier for the MCS on the basis of both
the scalability for large scale datasets and the robust improving generalization
capability for the noisy datasets comparable to the MCS with C4.5.

To show the advantages of the pruned MCS, we compare it with k-NN on the
same problems. In the pruned MCS, we choose the best classification accuracy
of 100 trials with bagging. In k-NN, we choose the best accuracy where k is
1,3,5,7,9,11,13,15,25 with 10-fold cross-validation. We use the modified Euclidean
distance measure for the equivalent evaluation. All methods are compiled by
using gcc with the optimization level -O2 on the same computer.

Table 5 shows the classification accuracy, the memory requirement, and the
computation time achieved by the pruned MCS and k-NN. Next, we show the
results for each category.

First, with regard to the classification accuracy, the pruned MCS is superior
to k-NN for 7 of the 10 datasets and gives 1.2% improvement on average. Second,
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in terms of the memory requirement, even though the pruned MCS includes the
root and the nodes which are generated by the SGNT generation algorithm,
this is less than k-NN for all problems. Although the memory requirement of
the pruned MCS is totally used K times in Table 5, we release the memory of
SGNT for each trial and reuse the memory for effective computation. Therefore,
the memory requirement is suppressed by the size of the single SGNT. Finally,
in view of the computation time, although the pruned MCS consumes the cost of
K times of the SGNT, the average computation time is faster than k-NN. In the
case of letter, in particular, the computation time of the pruned MCS is faster
than k-NN by about 3.8 times. We need to repeat 10-fold cross validation many
times to select the optimum parameters for α and k. This evaluation consumes
much computation time for large datasets such as letter. Therefore, the pruned
MCS based on the fast and compact SGNT is useful and practical for large
datasets. Moreover, the pruned MCS has the ability of parallel computation
because each classifier behaves independently. In conclusion, the pruned MCS is
practical for large-scale data mining compared with k-NN.

4 Discussion

In this paper, we proposed a new pruning method for the MCS based on SGNN
and evaluated the computational cost and the accuracy. We introduced an on-
line and off-line pruning method and evaluated the pruned MCS by 10-fold
cross-validation.

We discuss the difference between this pruning method and previously de-
scribed methods. The classical cost complexity pruning method is proposed
in [15]. This method defines a cost complexity measure that has a complex-
ity parameter. The complexity parameter is gradually increased. To search the
optimal pruned tree is complicated for large tree. Our proposed method is sim-
ple since the on-line pruning eliminate leaves on training using the class label.
Cohen and Intrator introduced the pruning method for hybrid network of RBF
and MLP with BIC and LRT [16]. The difference of their method and our pro-
posed method is a main purpose. Their method aims to improve the accuracy
by pruning unnecessary weights for reducing the effect of over-fitting for small
datasets. Our proposed method aims to reduce the computational cost, that is
the memory capacity and the computation time, for large datasets.

Experimental results showed that the memory requirement reduces remark-
ably, and the accuracy increases by using the pruned SGNT as the base classifier
of the MCS. The pruned MCS based on SGNN is a useful and practical tool to
classify large datasets. In future work, we will study an incremental learning and
a parallel and distributed processing of the MCS for large scale data mining.
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Abstract. We study the formal basis behind Negative Correlation (NC)
Learning, an ensemble technique developed in the evolutionary compu-
tation literature. We show that by removing an assumption made in the
original work, NC can be shown to be a derivative technique of the Am-
biguity decomposition by Krogh and Vedelsby. From this formalisation,
we calculate parameter bounds, and show significant improvements in
empirical tests. We hypothesize that the reason for its success lies in
rescaling an estimate of ensemble covariance; then show that during this
rescaling, NC varies smoothly between a single neural network and an
ensemble system. Finally we unify several other works in the literature,
all of which have exploited the Ambiguity decomposition in some way,
and term them the Ambiguity Family.

1 Introduction

Error ‘diversity’ is now widely recognised as a desirable characteristic in multiple
classifier systems. Though still an ill-defined concept, it is related to statistical
correlation, and a number of methods designed to encourage low correlation
between classifiers have matured over the last decade. Our framework for this
investigation hinges on regarding these methods as dichotomous: explicit and
implicit diversity methods. Explicit methods measure diversity (correlation) in
some manner and directly incorporate this knowledge into the construction or
combination of the estimators; for example Input Decimation Ensembles [10],
which measure correlation between features before assigning them to particular
networks. Implicit methods utilise purely stochastic perturbations to encourage
diversity; for example, Bagging or similar data resampling techniques. In this
paper we are concerned with explicit methods, in particular those which share
a common root in the Ambiguity decomposition from [4], widely recognised as
one of the most important theoretical results obtained for ensemble learning. It
states that the mean-square error of the ensemble estimator is guaranteed to be
less than or equal to the average mean-square error of the component estimators;
the details of this will be expanded upon later.

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 266–275, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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1.1 Negative Correlation Learning

After this initial branching, both explicit and implicit methods can be further
divided as manipulating either: the initial weights of the networks, the network
architectures, the training data, or the learning algorithm. Some authors, tak-
ing the latter approach, have found benefit from using a regularisation term in
the learning. Negative Correlation1 (NC) Learning [5], an extension of Rosen’s
decorrelated networks [11], is an ensemble learning technique which incorporates
such a regularisation term into the backpropagation error function. The regular-
isation term is meant to quantify the amount of error correlation, so it can be
minimised explicitly during training—as such, it is an explicit diversity method.
In NC the error εi of network i is:

εi =
1
2
(fi − d)2 + λpi (1)

where fi is the output of the ith network on a single input pattern, d is the
target, and λ is a weighting parameter on the penalty function pi. Strictly, this
notation should include input, so fi(n) and d(n) for the nth input pattern, but we
omit this for notational simplicity. The λ parameter controls a trade-off between
objective and penalty functions; when λ = 0, the penalty function is removed
and we have an ensemble with each network training independently of the others,
using plain backpropagation. NC has a penalty function of the form:

pi = (fi − f̄)
∑
j�=i

(fj − f̄) (2)

where f̄ is the average output of the whole ensemble of M networks at the pre-
vious timestep, defined as f̄ = 1

M

∑i=M
i=1 fi. NC has seen a number of empirical

successes [5,6,7], consistently outperforming a simple ensemble system, but so
far has had very little formal analysis to explain why it works when it does; this
leads naturally to our first question.

1.2 Why Does the Algorithm Work?

The mean-square error (MSE) of an ensemble system can be decomposed into
bias, variance and covariance components [12]. The strength parameter λ in
NC provides a way of controlling the trade-off between these three components:
a higher value encourages a decrease in covariance, as has been demonstrated
empirically [5]. However we do not yet have a clear picture of the exact dynamics
of the algorithm.

When λ = 1, we have a special situation. This was described by Liu [5] to
show a theoretical justification for NC-Learning. It should be noted that, in the
calculation of the derivative, Liu has: “... made use of the assumption that the
output of the ensemble f̄ has constant value with respect to fi” [5, p.29].
1 So-called because it has demonstrated on a number of occasions that it is able to

generate estimators with negatively correlated errors.
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We have:

εi =
1
2
(fi − d)2 + λ(fi − f̄)

∑
j�=i

(fj − f̄)

∂εi

∂fi
= fi − d + λ

∑
j�=i

(fj − f̄)

= fi − d − λ(fi − f̄)
= f̄ − d

However, although the assumption of constant f̄ is used, so is the property
that

∑
j�=i(fj − f̄) = −(fi − f̄), the sum of deviations around a mean is equal

to zero; obviously the sum of deviations around a constant does not have this
property. Using this apparently contradictory assumption, and the fact that the
overall ensemble error function is defined as ε = 1

2 (f̄ − d)2, it was stated:

∂ε

∂fi
=

1
M

[ ∂εi

∂fi

]
(3)

showing that the gradient of the individual network error is directly proportional
to the gradient of the ensemble error. Though this is obviously a useful property,
the justification for the assumption is unclear. To understand this further, as
with all algorithms, it would be useful to first understand a framework into
which NC can fit. What is the theoretical grounding of NC? What are other
similar algorithms? In the following sections we address these questions.

2 Formalising NC-Learning

In this section we show how NC can be related to the work by Krogh and
Vedelsby [4], which showed the ensemble error could be broken down into two
terms, one of which is dependent on the correlations between network errors.

2.1 NC Uses the Ambiguity Decomposition

Note that the penalty function is actually a sum of pairwise correlations; if we
remember again that the MSE of an ensemble decomposes into bias plus variance
plus covariance [12], then including some measure of correlation to be minimised
seems like an intuitive thing to do (first noted by Rosen [11]). However this
intuition is not enough. We note that the penalty function can be rearranged to:

pi = −(fi − f̄)2 (4)

which is again due to the property that the sum of deviations around a mean is
equal to zero. This rearrangement is only possible if we remove Liu’s assumption
([5], p29) of constant f̄ . As can be seen, each network minimises its penalty
function by moving its output away from the ensemble output, the mean response
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of all the other networks. So why should increasing distance from the mean, or
optimising equation (1), necessarily lead to a decrease in ensemble error? An
examination of the proof by Krogh and Vedelsby can answer this question, and
also raise some new questions on the setting for the λ parameter. Their work
showed that the following statement about ensemble error was true:

(f̄ − d)2 =
∑

i

wi(fi − d)2 −
∑

i

wi(fi − f̄)2 (5)

This stems from a number of definitions, one of which is the ambiguity of a
single member of the ensemble:

vi = (fi − f̄)2 (6)

Remembering that the individual networks in NC-learning minimise the
penalty function, and looking at equations (4) and (6) we can see pi = −vi

and so the networks are in fact maximising this ambiguity term, equation (6).
This in turn of course affects the total ensemble error. Please note this result
for NC only holds if the weightings on the networks are all 1

M , as equation (2)
cannot be rearranged to (4) without this constraint.

To understand this further we take equation (5), multiply through by 1
2 and

rearrange slightly assuming our ensemble is uniformly weighted, we then have:

1
2
(f̄ − d)2 =

1
M

∑
i

[
1
2
(fi − d)2 − 1

2
(fi − f̄)2

]
(7)

We see that the mean squared error of an ensemble can be decomposed into
a weighted summation, where the ith term is the backpropagation error function
plus the NC-Learning penalty function.

Now, since we have removed the constraint of assuming constant f̄ to allow
a link to the ambiguity decomposition, it seems more rigorous to differentiate
the network error again without this assumption. What happens in this case?
We have a partial derivative:

∂εi

∂fi
= fi − d − λ

[
2
M − 1

M
(fi − f̄)

]
(8)

where M is the number of networks in the ensemble. Keeping the assumption of
constant f̄ causes this term 2M−1

M to disappear. However, it does seem sensible
to retain this, as it takes account of the number of networks. In all of Liu’s
experiments [5,6,7], the λ parameter was thought to be problem dependent.
Now we understand that it has a deterministic component, this 2M−1

M . To avoid
confusion, from this point on, we shall refer to the λ parameter in the following
context, where γ is still a problem-dependent scaling parameter:

λ = γ

[
2
M − 1

M

]
(9)

In understanding the role of the strength parameter a natural question to
ask is, what are the bounds?



270 Gavin Brown and Jeremy Wyatt

2.2 What Are the Bounds of λ and γ?

As with any problem-dependent parameter, we would like to know bounds, to
allow us to set it sensibly. Liu stated that the bounds of λ should be [0, 1], based
on the following calculation:

∂εi

∂fi
= fi − d + λ

∑
j�=i

(fj − f̄)

= fi − d − λ(fi − f̄)
= (1 − λ)(fi − d) + λ(f̄ − d)

He states: ”the value of parameter λ lies inside the range 0 ≤ λ ≤ 1 so that
both (1−λ) and λ have non-negative values” ([5], p29). However this justification
is questionable, and again here we see the assumption of constant f̄ is violated.

We have to ask therefore, why would it be a problem if (1 − λ) and λ were
negative values? Maybe the bounds of λ should not be [0, 1]. How can we deter-
mine what the true bounds should be? We can simply take the second partial
derivative of εi with respect to fi:

∂2εi

∂f2
i

= 1 − λ(1 − 1
M

)

If the second derivative becomes negative, then our function contains only
local maxima or points of inflexion, and we have lost any useful gradient in-
formation from our original objective function. Rearranging this, to maintain a
positive second derivative, we have an upper bound for λ and also γ:

λupper =
M

M − 1
γupper =

M2

2(M − 1)2

Figure 1 plots λupper and the equivalent γupper for different numbers of net-
works. We see that in the infinite networks case, λupper converges to 1, and
γupper converges to 0.5. It should be noted that with a smaller number of net-
works λupper is greater than 1.

2.3 An Empirical Study

With our new understanding of the bounds of the parameter in NC, we now
perform an empirical evaluation, and show that it is critical to consider values
for the strength parameter outside the originally specified range.

Table 1 shows the classification error rates and standard errors of two em-
pirical tests, on the Wisconsin breast cancer data from the UCI repository (699
patterns), and the heart disease Statlog dataset (270 patterns). An ensemble
consisting of two networks, each with five hidden nodes, was trained for 2000 it-
erations with and without NC. We use 5-fold cross-validation and 40 trials from
uniform random weights in [−0.5, 0.5] for each setup; in total 200 trials were
conducted for each experimental configuration. It should be noted that with 2
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Fig. 1. The Upper bound on γ and λ

Table 1. Mean classification error rates (200 trials) using NC on two UCI datasets

γ = 0 γ = 0.5 γ = 1
Breast cancer 0.0408 (0.0006) 0.0410 (0.0007) 0.0383 (0.0009)
Heart disease 0.2022 (0.0028) 0.1995 (0.0027) 0.1802 (0.0020)

networks, γ = λ. The γ values tested are those considered in the original work
on NC: 0.0, 0.5 and 1.0. When γ was set appropriately, results on the heart data
showed NC significantly better than a simple ensemble (equivalent to γ = 0) at
α = 0.05 on a two-tailed t-test. On the breast cancer data, although the mean
was lower, it was not statistically significant.

Figure 2 shows the results of repeating our experiment, but illustrating the
full range of the strength parameter. Mean error rate over the 200 trials is
plotted, and 95% confidence intervals shown. We see that performance on the
breast cancer data can be improved significantly by considering the upper bounds
beyond those previously specified; on the heart disease data (not shown due to
space considerations), stable performance was observed beyond γ = 1.

As a further measure of comparison, we calculated the percentage reduc-
tion in the mean error rate, in relation to when γ = 0, equivalent to a simple
backpropagation ensemble. On the breast cancer data, using γ = 1 gave a 6%
reduction, but using the optimum value at γ = 1.7 gave a 21% reduction.

We have shown a significant performance improvement by reconsidering the
bounds of the strength parameters. It should be noted that, even though the
theoretical upper bound is known, in practise it seems error can rise rapidly
long before this bound is reached. On the breast cancer data, error became
uncontrollable beyond γ = 1.8, and on the heart disease data at γ = 1.45; it
remains to be seen if it is possible to empirically characterise when this rapid
increase will occur.

We know from figure 1 that the upper bound reduces as we add more net-
works; from this it is reasonable to assume that the optimal value would follow
a similar trend. But why? What role does γ play?
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3 What Is the Relation of NC to Bias and Variance?

In this section we ask the question, how does NC relate to the bias-variance
decomposition? Can this tell us what role the strength parameter plays?

The second term on the right handside of equation 5 is the ensemble ambi-
guity ; this is maximised when training an ensemble with NC. When wi = 1

M for
all i, it can be shown:

−E
{ ∑

i

wi(fi − f̄)2
}

= E
{ 1

M

∑
i

(fi − f̄)
∑
j�=i

(fj − f̄)
}

=
1
M

∑
i

∑
j�=i

E
{

(fi − f̄)(fj − f̄)
}

The expected value of the ensemble ambiguity term is an approximation to
the average covariance of the ensemble members. It is an approximation be-
cause with a finite number of networks, f̄ �= E{f}, and also because the sum
is multiplied by 1

M instead of 1
M(M−1) . We can see that when we are increasing

ambiguity, we are reducing this covariance term. When training an ensemble
with NC, we use the γ parameter, directly attempting to reduce covariance by
over-emphasising this component. A larger γ parameter will be needed when our
approximation is not very good: this is will most likely occur when we have a
small number of networks, but it could also be due to noise in the training data.
It is hoped that with further analysis we will be able to mathematically charac-
terise this, and provide further guidelines for setting the strength parameter.

4 Viewing the Ensemble as a Single Estimator

In this section we briefly show how NC-Learning works on a search landscape
that, using the λ parameter, can be smoothly scaled between that of a fully par-
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Fig. 3. A typical ensemble architecture

allel ensemble system, and a single large neural network. Regard the architecture
in figure 3.

This is an ensemble of three networks, each with three hidden nodes, using a
simple average combination rule for the ensemble output. We desire to update
the weight, wqi, marked in bold—this is one of the output layer weights for the
ith network (connected to the qth hidden node). If we use NC-Learning, we need
the derivative of the error εi with respect to wqi. If λ = 0, we have:

∂εi

∂wqi
=

[
(fi − d)

]
·
[
fi(1 − fi)

]
·
[
hq

]
(10)

And if λ = 1, we have:

∂εi

∂wqi
=

[
(f̄ − d)

]
·
[
fi(1 − fi)

]
·
[
hq

]
(11)

If we now consider the ensemble architecture as one large network (with fixed
output layer weights), then our output node is marked in dark gray, and has a
linear output function f̄ :

f̄ = ai (12)

and its activation function ai:

ai =
1
M

∑
i

fi (13)

The error of this large network on a single pattern is:

ε =
1
2
(f̄ − d)2 (14)

Now, as before, we find the derivative of ε with respect to the weight wqi:

∂ε

∂wqi
=

∂ε

∂f̄

∂f̄

∂ai

∂ai

∂fi

∂fi

∂ai

∂ai

∂wqi
(15)

∂ε

∂wq
=

[
(f̄ − d))

]
·
[
1
]

·
[ 1
M

]
·
[
fi(1 − fi)

]
·
[
hq

]
(16)
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The only difference from equation (11) is the 1
M . All the minima are in the

same locations, but the landscape is M times shallower—the effect of which
could be duplicated with a smaller learning rate in the update rule. When we
change λ, we can scale smoothly between a single network with a linear output
function, and a parallel ensemble system.

5 Related Work: The Ambiguity Family

In this section we briefly review some other techniques which have exploited
the ambiguity decomposition in some way, either to create or combine a set of
predictors. In the last few years, the ambiguity decomposition has quietly been
utilised in almost every aspect of ensemble construction. Krogh and Vedelsby
themselves developed an active learning scheme [4], based on the method of
query by committee, selecting patterns to train on that had a large ambiguity;
this showed significant improvements over passive learning in approximating a
square wave function.

[8] selected feature subsets for the ensemble members to train on, using a ge-
netic algorithm with an ambiguity-based fitness function; this showed gains over
Bagging and Adaboost on several classification datasets from the UCI reposi-
tory. A precursor to this work was Opitz and Shavlik’s Addemup algorithm [9],
which used the same fitness function to optimise the network topologies com-
posing the ensemble. Interestingly, both these GA-based approaches also used a
strength parameter, λ, to vary the emphasis on diversity. The difference between
their work and NC is that NC incorporates ambiguity into the backpropagation
weight updates, while Addemup trains with standard backpropagation, then se-
lects networks with a good error diversity.

The original ambiguity paper [4] also used an estimate of ambiguity to opti-
mise the ensemble combination weights, showing in some cases it is optimal to
set a network weight to zero—essentially removing it from the ensemble. In [1]
bootstrap resamples of training data are used to estimate ambiguity, in order
to approximate the optimal training time; this minimises the overall ensemble
generalisation error.

We can see that ambiguity has been utilised in many ways: pattern selec-
tion [4], feature selection [8], optimising the topologies [9] of networks in the
ensemble, optimising the combination function [4], and also optimising train-
ing time [1]. NC fits neatly into the gap as the first technique to directly use
ambiguity for network weight updates.

6 Conclusions

We analyzed an ensemble technique, Negative Correlation Learning[5], that ex-
tended from Rosen[11], and developed in the evolutionary computation litera-
ture. We show a link to the bias-variance decomposition, and hypothesise that
NC succeeds by rescaling an estimate of the ensemble covariance. This formal-
isation of NC is a step towards placing it in a solid statistical framework. In
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showing how NC uses its strength parameter to scale smoothly between an en-
semble system and a single network, it serves to partially unify the concepts of
training an ensemble and training a single estimator.

In addition this work highlights the need for collaboration between commu-
nities, as a technique grown in the artificial intelligence and evolutionary com-
putation community can be of interest to the pattern recognition community.
Several other works on artificial speciation[3] and multi-objective evolutionary
algorithms[2] are highly relevant, and are slowly formulating a solid statistical
grounding, and it is hoped future cross-disciplinary links can be fostered.
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Abstract. Various counting measures, such as Margin and Bias/
Variance, have been proposed for analysing Multiple Classifier Systems
(MCS) performance. In this paper a measure based on counting votes
to estimate first order spectral coefficients for two-class problems is de-
scribed. Experiments employing MLP base classifiers, in which parame-
ters are fixed but systematically varied, demonstrate how the proposed
measure varies with test error. Estimated spectral coefficients are used
to design a weighted vote combiner, which is shown experimentally to
be less sensitive than majority vote to base classifier complexity.

1 Introduction

Various counting measures have been proposed for analysing the Multiple Clas-
sifier Systems (MCS) framework. The Margin concept (section 3.1) was used to
help explain Boosting. Bias and Variance (section 3.3) are concepts from regres-
sion theory that have motivated modified definitions for 0/1 loss function for
characterising Bagging and other ensemble techniques. Classifier diversity mea-
sures [6] are variously defined in an attempt to quantify the notion of diversity
which is known to be a necessary condition for improvement of MCS perfor-
mance. However, it is not clear how to use the information available from any of
these measures in MCS design. The most common approach is to rely on either
a validation set or cross-validation techniques to select MCS parameter values.

In this paper, we propose a vote counting measure based on spectral repre-
sentation of a Boolean function for characterising correlation of a set of binary
base classifiers with respect to binary class labels (Section 2). The relationship
between this measure and test error is observed experimentally as classifier com-
plexity is varied. Experiments use Multi-layer Perceptron (MLP) base classifiers
since their complexity can be independently changed in a smooth fashion, which
is not possible, for example, with decision tree classifiers [12]. Also the estimated
first order spectral coefficients are used to design a weighted vote combiner which
is compared experimentally with majority vote as number of training epochs is
reduced.

Estimation of spectral coefficients is based on the assumption that spec-
tral contribution with respect to a pair of patterns is inversely proportional to
Hamming Distance (equation (3) Section 2). Hamming Distance was used as a
measure of closeness between binary patterns in the decision-making stage of
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Error-Correcting Output Coding (ECOC) . The principle behind ECOC is that
individual classification errors can be tolerated if codes with large Hamming
distance are employed. In ECOC however, L1 norm usually replaces Hamming
Distance if it can be shown that base classifiers provide good probability esti-
mates [13].

2 Spectral Representation

Assume that we are dealing with a two-class problem having b parallel binary
base classifiers in the MCS framework. If a binary decision is taken for each
classifier, the mapping defined by the classifier outputs with respect to target
labels is binary-to-binary. Therefore the mth training pattern may be represented
as a vertex in the b-dimensional binary hypercube

Xm = (xm1, xm2, . . . xmb) (1)

where xmj and f(Xm) ε {+1,-1}. The following equations assume {+1,-1} coding
and a simple modification is required for {0,1}. Consider the following change
of representation of a completely specified Boolean function, which assigns σmj

to the jth pattern component xmj for j = 1, 2, ...b .

σmj =
1 − xmjxnj

2
, f(Xm) �= f(Xn),

b∑
j=1

(
1 − xmjxnj

2

)
= 1 (2)

where Hamming Distance DH(Xm, Xn) =
∑b

j=1

(
1−xmjxnj

2

)
. Equation (2) is

just the first stage of logic minimisation [14], and requires finding, for each pat-
tern Xm, all patterns of the other class that are unit DH apart. We refer to σmj

as sensitivity [11] and write as x
σmj

mj for convenience. In words, xmj is sensitive
(σmj = 1) if a change in xmj leads to a change in f(Xm). In order to keep
positive and negative contributions separate σmj is defined as excitatory (σ+

mj)
if xmj = f(Xm) and inhibitory (σ−

mj) if xmj �= f(Xm). Using spectral sum-
mation [3] the difference between

∑
X σ+

j and
∑

X σ−
j gives first order spectral

coefficient sj , where
∑

X is the sum over all training patterns.
To understand the proposed representational change and its relation to the

calculation and meaning of spectral coefficients, consider the following example
of a Boolean function f(X) = (x̄1 ∧ x2) ∨ (x1 ∧ x̄2) ∨ (x2 ∧ x3). The truth table
is given by

x1 1 −1 1 −1 1 −1 1 −1
x2 1 1 −1 −1 1 1 −1 −1
x3 1 1 1 1 −1 −1 −1 −1

f(X) 1 −1 −1 1 1 −1 −1 −1

and matrix multiplication using an appropriate transform [3] gives the spectral
coefficients as follows
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


1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1







1
−1
−1

1
1

−1
−1
−1




=




−2
+2
+2
+6
+2
−2
−2
+2




s0
s1
s2

s12
s3

s13
s23

s123

By comparing the truth table and the transformation matrix, we can see that
first order coefficients si where i = 1, 2, 3 represent the correlation between f(X)
and xi. Similarly the second order coefficients sij represent correlation between
f(X) and xi ⊕ xj and sijk between f(X) and xi ⊕ xj ⊕ xk, where ⊕ is logic
exclusive-OR. Applying equation (2) to the three class 1 patterns in the example
function:

x1 11 −11 11

x2 11 −11 11

x3 10 11 −10

We now demonstrate by example that this representational change leads to
an alternative calculation of the spectral coefficients. The three columns show
the contribution for class 1 patterns, and by duality there is an identical con-
tribution from class -1. To calculate higher order coefficients, the first order
contributions are added for the respective rows, ignoring any component with
σj = 0. For example

s1 = 2 × (1 − 1 + 1) = +2 using row 1.
s12 = 2 × ((1 × 1) + (−1 × −1) + (1 × 1)) = +6 using row 1,2.
s123 = 0 + 2 × (−1 × −1 × 1) + 0 = +2 using row 1,2,3.

From spectral summation we can deduce information about the separability of
the function [8]. The existence of

∑
X σ+

j > 0 and
∑

X σ−
j > 0 for given j pro-

vides evidence that the set of patterns is not 1-monotonic in the jth component
and therefore non-separable. In the above example we find that

∑
X σ+

j /
∑

X σ−
j

for j = 1, 2, 3 evaluates to [4/2, 4/2, 2/0], showing that the function is not 1-
monotonic in the first two components.

For noisy, incompletely specified and perhaps contradictory patterns, the
following modification to equation (2) is proposed

σmj =
∑
Xn

(
1 − xmjxnj

2DH(Xm, Xn)

)
, f(Xm) �= f(Xn) (3)

and σ+
mj , σ

−
mj are defined as in equation (2). In equation (3),

∑
Xn

sums contri-
butions from each pattern pair assuming the contribution to be inversely pro-
portional to DH and, with no evidence to the contrary, equally shared between
components that differ.

For a given pattern pair, component xj has associated σ−
j after applying

equation (3) only if the jth base classifier mis-classifies both patterns. Therefore
we expect that a pattern with relatively large

∑b
j=1 σ−

j is likely to come from
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regions where the two classes overlap. In Section 3.2 we consider the relative
contribution of σ+

j and σ−
j with respect to

∑
X σ+

j and
∑

X σ−
j .

3 Vote Counting Measures

3.1 Margin

Margin was originally used in Support Vector Machines and Boosting. It was
used to analyse Adaboost and thereby understand its effectiveness in generalising
well even though the training error drops exponentially fast. In [10] margin was
defined to be a number between −1 and +1, positive for correct classification
with its absolute value representing confidence of classification. The margin for
mth training pattern Xm is given by

Margin(Xm, f(Xm)) =
f(Xm)

∑b
j=1 αjxmj∑b

j=1 |αj |
(4)

where αj is the weight associated with jth base classifier. Note that Margin for
majority vote (αj = 1/b) in equation (4) is identical to s0 in section 2 so that
Margin may be regarded as a special case of spectral summation.

It is customary to plot Margins as cumulative distribution graphs, that is
f(z) versus z where z is the Margin and f(z) is the fraction of patterns with
Margin at least z. It is proved in [10] that larger Margins are associated with
superior upper bounds on the generalisation error and that the derived bound is
independent of the number of classifiers. However, as pointed out by the authors,
the bounds are not necessarily tight and therefore of limited practical usefulness.

3.2 Spectral Contribution and Weighted Vote

A measure of pattern separability σT is proposed which reflects the difference
between relative excitatory and inhibitory contributions, normalised so that
−1 ≤ σT ≤ 1.

σT =
1
N

×
b∑

j=1

[
σ+

j∑
X σ+

j

− σ−
j∑

X σ−
j

]
(5)

where

N =
b∑

j=1

[
σ+

j∑
X σ+

j

+
σ+

j∑
X σ+

j

]

Cumulative distribution graphs for σT can be defined similar to cumulative
distribution graphs for Margin as explained in Section 3.1. The σT distribution
measures the relative contribution of a pattern, and hence is able to reflect a
re-distribution of correlation between patterns.

The principle behind weighted voting is to reward classifiers that perform
well. One way to categorise weighting methods is constant versus non-constant
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depending on whether weights change as a function of the particular pattern
being classified [7]. Adaboost is then regarded as a constant weighting function
with weights chosen to be a logarithmic function of errors on the training set.
In this paper, we propose a constant weighting function based on first order
spectral coefficients computed over the training set as follows

αj =
∑
X

σ+
j −

∑
X

σ−
j , j = 1, 2, ...b (6)

3.3 Bias/Variance

Bias/Variance for analysing multiple classifiers is motivated by what appears to
be analogous concepts in regression theory. However there are reported difficul-
ties with the various Bias/Variance definitions for 0/1 loss functions. It is shown
in [4] that no definition can satisfy both zero Bias/Variance for Bayes classi-
fier and additive Bias/Variance decomposition of error (as in regression theory).
Also, as the authors of the various Bias/Variance definitions acknowledge, the
effect of bias/variance on error rate cannot be guaranteed. It is easy to think of
example probability distributions for which bias and variance are constant but
error rate changes with distribution, or for which reduction in variance leads to
increase in error rate [2]. There is the additional difficulty that for real prob-
lems the Bayes classification needs to be known or estimated, although some
definitions, for example [5], do not account for Bayes error.

In our experiments, we use Breiman’s definition [2] which is based on defining
Variance as the component of classification error that is eliminated by aggrega-
tion. Patterns are divided into two sets (criticised in [4]), the Bias set B con-
taining patterns for which the Bayes classification disagrees with the aggregate
classifier and the Unbias set U containing the remainder. Bias is computed using
B patterns and Variance is computed using U patterns, but both Bias and Vari-
ance are defined as the difference between the probability that the Bayes and
base classifier predict the correct class label. This definition has the property that
the error of the base classifiers can be decomposed into additive components of
Bayes error, Bias and Variance.

4 Experimental Evidence

We have selected natural two-class benchmark problems from [1] and [9], and use
random 50/50 or 20/80 training/testing splits. The artificial data is described
in [2], and uses 300 training and 3000 test patterns. Experiments are performed
with one hundred single hidden-layer MLPs connected in parallel and using
Levenberg-Marquardt training algorithm with default parameters. While all the
parameters of the MLPs are fixed at the same values, we systematically vary
the numbers of hidden nodes and training epochs. The number of nodes varies
from 2 − 16 and number of epochs from 1− 32. Each node-epoch combination is
repeated twenty times for Diabetes and ten times for all other datasets. In the
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Fig. 1. Base classifier and Majority Vote training and testing error rates, Diabetes
50/50 for 1-32 epochs, 2-16 nodes
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Fig. 2. Bias and Variance, Diabetes 50/50 for 1-32 epochs, 2-16 nodes

experiments described here, random perturbation is caused by different starting
weights on each run.

For Diabetes 50/50, we have produced a set of curves shown in Figure 1
to Figure 4. The Diabetes dataset is well-known to over-fit and perform poorly
with Boosting. Figure 1 shows the majority vote and base classifier error rates for
training and testing. Comparison of Figure 1 (a) with Figure 1 (c) demonstrates
that over-training of the majority vote classifier begins at 4 epochs for 8 and 16
nodes. Similarly Figure 1 (b) and (d) show that over-fitting of the base classifier
begins at 8 epochs for 8 and 16 nodes.

Figure 2 shows Bias and Variance (Breiman definition Section 3.3) calculated
on the test set. Since we need to know the Bayes classification to compute Bias
and Variance, we make the optimistic assumption that the lowest majority vote
test error rate (for this problem 2 nodes at 8 epochs) corresponds to Bayes
classification. Hence, Bias in Figure 2 is 0 percent at 2 nodes, 8 epochs. The
decomposition of Bias and Variance means that Figure 1 (b), the base classifier
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Fig. 3. Normalised area under distributions for (0 ≤ margin ≤ 1) and (0 ≤ σT ≤ 1)
Diabetes 50/50 for 1-32 epochs, 2-16 nodes
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Fig. 4. Standard deviations of area under (0 ≤ σT ≤ 1) and percentage significant
(McNemar) differences of Majority vote compared to best error rate, Diabetes 50/50
for 1-32 epochs, 2-16 nodes

error rate, can be found by adding together the estimated Bayes rate (23 %),
Figure 2 (a) and Figure 2 (b).

The margin distribution graphs (not shown) indicate that, as base classifier
complexity is increased, margins of all patterns are increased representing an
increase in confidence. To quantify this increase, we show normalised area under
distributions for Margin and σT in Figure 3. The area under (0 ≤ σT ≤ 1)
shown in Figure 3 (a) indicates that σT for some patterns decreases, in contrast
to area under (0 ≤ Margin ≤ 1) shown in Figure 3 (b). Comparison of Figure
1 (a) (b) and Figure 3 suggests that the area under (0 ≤ σT ≤ 1) may correlate
with test error. To appreciate the significance of the results, Figure 4 shows the
standard deviation of area under σT distribution and the number (percentage)
of significant differences of majority vote (McNemar 5 percent) with respect to
best majority vote error rate (2 nodes at 8 epochs).

Other natural datasets tested were cancer, vote, credita, heart and card for
50/50 and diabetes,cancer, heart, card, ion for 20/20 . The artificial datasets
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Table 1. Correlation coefficient between area under distribution (0 ≤ σT ≤ 1) and
test errors as number of epochs is varied (Mean natural 50/50, Mean natural 20/80,
Ringnorm, Threenorm, Twonorm)

Test error nat50 nat20 Rnorm 3norm 2norm
Base classifier 0.94 0.90 0.92 0.86 0.89
Majority vote 0.81 0.77 0.81 0.85 0.21
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Fig. 5. Natural Datasets 50/50% Train/Test (a) Mean difference between weighted (de-
fined Setion 3.2) and majority vote (b) Mean difference between (α)-weighted (equation
(6) vote and (α)-weighted sum and between vote and sum

tested were Ringnorm, Threenorm, Twonorm. Table 1 shows the correlation
coefficient between area under (0 ≤ σT ≤ 1) and test errors (base classifier and
majority vote) over 50/50 (mean), 20/80 (mean) and three artificial datasets.
To compare across different datasets, for each dataset the correlation is with
respect to training epochs with number of nodes fixed at the value that gave
minimum majority vote test error. From Table 1 it can be seen that area under
distribution (0 ≤ σT ≤ 1) is well correlated with base classifier test error. It is
conjectured that, as base classifier complexity is increased beyond optimal, the
σT distribution is dominated by patterns in and and around the overlap region.

An overall decrease in
∑

X σ−
mj leads to an increase in

σ−
mj∑

X
σ−

mj

and subsequent

decrease in σT for many patterns. From another perspective, an increase in
variance results in a decrease in correlation.

Four weighted voting schemes were compared, two of them trained with a
constrained single layer perceptron (SLP) using the full training set

1. Weights fixed using α equation (6)
2. Orientation weights of SLP fixed using α equation (6) and trained bias
3. Weights fixed using Adaboost logarithmic scheme
4. Orientation weights of SLP fixed at unity and trained bias

Figures 5 6 and 7 (a) show the mean difference between the weighted schemes
with respect to majority vote over 50/50, 20/80 and artificial datasets respec-
tively. To compare across different datasets, the number of nodes is set to the
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Fig. 6. Natural Datasets 20/80% Train/Test (a) Mean difference between weighted (de-
fined Setion 3.2) and majority vote (b) Mean difference between (α)-weighted (equation
(6) vote and (α)-weighted sum and between vote and sum
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Fig. 7. Artificial Datasets 300/3000 train/test (a) Mean difference between weighted
(defined Setion 3.2) and majority vote (b) Mean difference between (α)-weighted (equa-
tion (6) vote and (α)-weighted sum and between vote and sum

value that gave minimum majority vote test error. Weighted vote performance
is seen to be less sensitive to number of training epochs than majority vote,
with α-weighted vote performing best of the four schemes. For 50/50 datasets,
training the bias of a SLP performs nearly as well as the weighted schemes, but
it is less effective for 20/80 datasets as would be expected. Similarly Figures 5,
6 and 7 (b), show the mean difference between α-weighted vote and α-weighted
sum and between vote and sum over 50/50, 20/80 and artificial datasets. As
number of epochs is reduced sum outperforms vote but there is little difference
for the weighted schemes.

5 Conclusion

In the MCS framework, estimating first order spectral coefficients from the train-
ing set provides a measure that correlates with base classifier test error as num-
ber of training epochs is varied. When the estimated coefficients are used to set
weights for a weighted vote, generalisation is less sensitive to number of epochs.
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Ensemble Construction via Designed Output Distortion 
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Department of Chemistry, University of Southampton, Southampton, SO17 1BJ, UK 

Abstract. A new technique for generating regression ensembles is introduced in 
the present paper. The technique is based on earlier work on promoting model 
diversity through injection of noise into the outputs; it differs from the earlier 
methods in its rigorous requirement that the mean displacements applied to any 
data points output value be exactly zero.  
It is illustrated how even the introduction of extremely large displacements may 
lead to prediction accuracy superior to that achieved by bagging.  
It is demonstrated how ensembles of models with very high bias may have 
much better prediction accuracy than single models of the same bias-defying 
the conventional belief that ensembling high bias models is not purposeful.  
Finally is outlined how the technique may be applied to classification. 

1 Introduction 

The inescapable dilemma in ensemble construction, stated in its most succinct form 
by Krogh and Vedelsby [1] and Sollich and Krogh [2], is this: 

 
Eensemble = <Eindividual models> - <A>        (1) 

 
where E is the prediction error with <…> denoting averaging over all included mod-
els, and <A> is the ensemble ambiguity, which provides a measure for the degree to 
which the individual models in the ensemble differ from one another: 

 
A = (fk(x)-fens(x))2                (2) 

 
where fk(x) is the prediction of model k, and fens(x) is the ensemble prediction. 

There are therefore two fundamentally different approaches to building ensembles 
with low prediction error: (i) making sure that the individual models are very accurate 
on average, in which case <Eindividual models> is low, and (ii) making sure that the individ-
ual models are very unlike one another, in which case the ambiguity, <A>, is large. 

These two approaches counteract each other; if all the models have very low pre-
diction error, then they must be very similar to the actual system underlying the data, 
but in that case they must necessarily also all be very similar to one another. If, on the 
other hand, the models are all very unlike one another, then at most one may be close 
to the underlying system, the others subsequently having high prediction error. 

Unfortunately, there is as yet no known mathematical tool for deciding in any 
given case, how the trade-off is to be settled. In the absence of such a tool much work 
has gone into developing methods that try to provide satisfying answers to the di-
lemma. A common theme is the “weak learner ensemble” in which the models are all 
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supposed to be at least moderately accurate. A problem in this respect has been to 
ensure that the models differ adequately from one another, and a mesmerising array of 
methods have appeared, all trying to address this issue. Possibly the most famous of 
these is bagging [3], which “fools” the modelling algorithm into building different 
models via supplying different training data sets for all of them; these data sets are 
randomly resampled from the original data set with replacement, such that none of the 
models is fooled into building models on completely wrong data points.  The expecta-
tion is therefore that the individual models will all be fairly good, although not as 
good as a model built on the full set of original data points, and they will all differ 
from one another, since their data sets are not exactly the same. Bagging has proven 
itself a valuable modelling approach, but other methods have been developed and are 
being developed. One of the newer pursuits in ensemble theory is the introduction of 
“noise” into the outputs, whereby the individual models again differ with respect to 
their training data sets, but not via individual resampling of the original data set; in-
stead the original output values are altered by fairly small amounts in a random man-
ner according to a distribution, typically normal, always with zero mean. E.g. in a 
regression context a particular data point with original output value y* might be 
changed to y*+2 when constructing one model, but changed to y*-1.7 when construct-
ing another. In this manner the modelling algorithm would use different training data 
sets when building the different models, but the mean data set, i.e. that obtained 
through averaging over all the individual data sets, would be the original one, pro-
vided the noise has zero mean. Output noise has been the focal point in studies by e.g. 
Breiman [4] and Raviv and Intrator [5], [6]. 

The method introduced in this paper differs from the earlier efforts in this field in 
two important ways: 

1) The displacements in output values are not random in the conventional sense, since 
they are meticulously designed to ensure that their actual mean for each data point is 
always exactly zero. In the earlier works the only concern was to make sure that the 
mean would be zero in the limit of infinitely many models via simply drawing the 
noise from a probability distribution with zero mean. Since the changes to the output 
values are no longer random in this same sense, the word “noise” is also no longer 
appropriate, and instead the term “output distortion” is used. 

2) In earlier works the noise was generally fairly small compared to the output values; 
the frequent use of a normal distribution, from which the noise contributions were 
drawn, made this the obvious choice. In the present paper is demonstrated how very 
large amounts of output distortion may have a clearly beneficial effect on ensemble 
performance. The individual displacements may exceed the range of original output 
values drastically and still promote very low ensemble prediction error. 

2 Designed Output Distortion 

The proposed Output Distortion Design algorithm, or ODD for short, is as follows. 
 

0) Decide the number of models to include in the ensemble, M 
1) Choose a maximum displacement value, Dmax 
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2) For each data point in turn, choose the displacements for each of the M models 
from the set of possible values given by: 
 
d = -Dmax+2Dmax i/(M-1) where i is an integer number χ [0,M-1] and M>1 

 
such that each possible value of d, given by the corresponding index i, is used for 
exactly one of the models, and such that the particular value of i for any given 
model is chosen randomly. This randomness has the effect of ensuring that the 
displacements for a particular model are not all the same for all the data points. 

3) Construct the M models based on their new, unique data sets where the output 
values are augmented by the chosen displacements:  ynew = yoriginal + d. 

4) Combine the models into an ensemble, with ensemble predictions being the aver-
age of the individual model predictions. 
 
The ensemble may be weighted such that the individual models are given unequal 

weights. This would require that the weighting be incorporated into the design of the 
d values, ensuring that the mean would remain zero, thus adding complication. It is 
not purposeful to do so, however, since there is no a priori reason to assume larger or 
lesser significance of any of the models in the ensemble. Once the models have been 
built they perform as an ensemble, and the absence of any weighting in the design of 
the d values necessitates that there be no individual weighting of the models predic-
tions either. In the experimental work reported on in the next section, all models were 
given equal weight. 

In summary, the special features of ODD are (i) the mean of the output distortion 
applied to each data point, across all the models, is always exactly zero, (ii) a linear 
distribution of displacements is employed across the range (-Dmax, Dmax), from which 
the displacements are sampled, this differs from most previous work, where the fa-
voured distribution has generally been the normal distribution. Finally, (iii) the width 
of the distribution is given by Dmax and there is no set upper limit to this parameter; 
indeed as will be illustrated in the next section, this value can be set larger than the 
entire range of output values in the original data set. In the present study Dmax is given 
as a percentage of this output range. 

3 Test Results 

The four problems investigated here are the three well known regression problems: 
Boston Housing, Ozone, and Miles per Gallon (all obtained from the UCI repository, 
[7]) and the lesser known Schwefel 3.2 problem (adapted from [8]). The features of 
the data sets and the corresponding modelling parameters are given in table 1. 

The models were all of the same general type: feed-forward neural network, with 
one single hidden layer and tanh as activation function. 

Two different principles were used for optimisation, depending on the problem: (i) 
Stochastic hill climber, and (ii) Downhill simplex [9], [10]. The stochastic hill climber 
is a global optimisation technique, which has proven useful in many situations; the 
downhill simplex is a lesser known local optimisation technique, which likewise has 
shown itself useful, provided it is used in a multiple restart context. In the present 
experiments, in which it was used, the number of restarts was always 15. 
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Table 1.  Outline of modelling problems 

Problem name Boston  
Housing 

Miles per 
Gallon 

Ozone Schwefel 3.2 

Problem type Real-life Real-life Real-life Artificial noise free 
Inputs 13 7 8 3 
Data points 506 392 330 40 
Hidden layer 
neurons 

1 1 1 1 

MLP weights* 4 5 5 5 
Optimisation Hill climber Hill climber Hill climber Downhill simplex 
Cross-validation 3-fold 4-fold 3-fold 4-fold 
Ensemble sizes 2, 5, 10, 20, 

40, 80 
5, 20, 40, 80 5, 20, 40, 80 2, 5, 10, 20, 40, 80 

No. of runs at 
these sizes** 

120, 48, 24, 
12, 6, 3 

64, 16, 8, 4 48, 12, 6, 3 160, 64, 32, 16, 8, 4 

ODD D
max

 levels 200% 100%, 500% 100%, 500% 5%, 25%, 50%, 
100%, 200% 

* All problems except Schwefel 3.2 were modelled via sparsely connected MLP’s to further 
limit model complexity. 
** In order to obtain stable statistical averages for the mse’s, many runs were needed. The 
number of runs was chosen such that each ensemble size involved equally many models; i.e. 
smaller ensembles imply larger number of runs and vice versa. 
 

Evaluation of model and ensemble quality was due to the mean squared error, mse, 
on training and test data respectively. Cross validation was used in all cases. The 
results reported here are not the mse values themselves; instead relative mse’s are 
reported, which are mse value relative to the mse obtained by a single model trained 
on the full original (i.e. unaltered) data set. I.e. a relative ensemble mse of 0.9 corre-
sponds to a 10% reduction in mse over that found for a single model. 

As the maximum output value displacements were to attain very large values in 
this study, the data sets used for the different models in an ensemble might bear ex-
ceedingly little resemblance to one another. As a consequence, the differences be-
tween the models would tend to be very large even if the models were constrained to 
having quite low complexity; i.e. the model ambiguity would be large, leaving little 
reason to try to attain very accurate agreement between the underlying system and the 
individual models. For this reason the model complexity was chosen very low in all 
the studies: in none of the tests did the models contain more than one single neuron in 
the hidden layer. 

This also would pose an interesting challenge to the oft-cited idea that ensembling 
works through lowering the variance of the individual models, whereas it cannot 
lower the models inherent bias significantly; the models used in this study all would 
have very large bias. Thus the test conditions were chosen to be presumably particu-
larly unfavourable for ensembling. 

For benchmarking, all problems were also modelled via bagging. 

3.1 Boston Housing 

For Boston Housing one single level of output distortion is included (fig. 1): 200%, 
meaning Dmax was set to twice the original output range. This is a severe level of dis-
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tortion, entirely unlike the noise levels used in earlier studies. As fig. 1 reveals, ODD 
is clearly superior to bagging for ensemble sizes of ≥10 models; similar to bagging at 
5 models per ensemble, and outdone completely at 2 models per ensemble. It is nota-
ble that baggings performance improves only very slightly as ensemble size increases 
and bagging never yields a substantial improvement over a single model, whereas the 
effect of ensemble size on ODD is much more pronounced, and ODD manages to 
lower mse by more than 10% with respect to that of a single model. 

3.2 Miles per Gallon 

For the Miles per Gallon problem, fig. 2, two series of ODD results are shown, corre-
sponding to 100% and 500% maximum distortion respectively. Both are very large 
distortions; in the 500% case, the larger displacements dwarf the original output val-
ues. For this latter case, the effect of ensemble size is very pronounced: larger ensem-
bles lead to better predictions, but even at 80 models per ensemble does ODD fail to 
perform as well as a single model. At the lower level, 100%, ODD does however 
perform better than that and manages to yield a 20% reduction in mse at 20 models 
per ensemble; for this Dmax there does not seem to be a clear effect of ensemble size 
however. Bagging is seen to be superior to the 500% ODD, but inferior to the 100% 
ODD, at all ensemble sizes. It also is seen to be performing roughly equally well at all 
ensemble sizes. 

3.3 Ozone 

Again, for the ozone problem, fig. 3, two ODD levels, 100% and 500% are illustrated, 
and here the 500% level is dramatically superior to both bagging and the 100% ODD 
at ensemble sizes of ≥20 models, but worse than both at 5 models. Bagging, again not 
showing much effect of ensemble size, is clearly inferior to the 100% ODD at all 
ensemble sizes. The latter ODD displays only a small reduction in relative mse as 
ensemble size is increased. 
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Fig. 1. Boston Housing test results; ODD curve is dashed, bagging solid 
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Fig. 2. Miles per Gallon test results; two series of ODD are shown: 100% distortion (dashed) 
and 500% (dotted), against bagging (solid) 
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Fig. 3. Ozone test results; two ODD series shown: 100% distortion (dashed) and 500% (dotted), 
against bagging (solid) 

3.4 Schwefel 3.2 

The Schwefel problem is based on sampling the equation: 
 

∑
=

−+−=
3

2

222
1 ])1()[()(

i
ii xxxxf         (3) 

 
with input values randomly distributed over the interval [-5,5] for all inputs. In fig. 4, 
5 different levels of maximum output distortion are shown against bagging: 5%, 25%, 
50%, 100% and 200%. ODD displays a clear size effect at all distortion levels, though 
less drastic for the lower distortion levels than for the larger; bagging also shows 
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some effect, albeit not as pronounced as ODD. The two largest distortion levels lead 
to poor mse’s at all considered ensemble sizes, but the other three achieve consider-
able reductions in mse relative to a single model for ensembles with at least 10 mod-
els. At the two lowest levels, 5% and 25%, ODD is seen to be superior to bagging; at 
the two largest, bagging is clearly superior. 
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Fig. 4. Schwefel 3.2 test results; 5 different distortion levels shown against bagging. 2 ODD 
distortion levels appear clearly better than bagging: 5% and 25%. Two appear clearly worse 
than bagging: 100% and 200% 

3.5 Effect of Maintaining Zero-Mean Distortion 

In order to test the assumption that the strict adherence to zero-mean distortion is 
advantageous, a further series of experiments were conducted on the ODD (25%) for 
the Schwefel 3.2 problem. For ensemble sizes of 2, 5, 20 and 80 models, the magni-
tude of the distortion mean was allowed to vary between 0 and 30% of the original 
output range, whilst the distortion distribution was otherwise unaltered (i.e. still a 
linear distribution, symmetric around the mean). Each point in the plot, fig. 5, repre-
sents an average over 2560 models. Clearly, the effect of allowing the mean distortion 
to stray from 0 is a damaging one. 

3.6 Ambiguity of Models 

In order to assess the degree to which the models differ from one another, for each of 
the four problems (and all distortion levels), the ambiguity was calculated via query-
ing the models at a large number of random locations across the input space. These 
ambiguities were averaged over the different ensemble sizes to yield a single <A> for 
each problem, modelling method and distortion level. The result appears in table 2, 
where the values are given relative to the corresponding bagging value. Evidently, 
higher levels of output distortion lead to higher ambiguities. 
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Fig. 5. Effect of allowing non-zero mean distortion for the Schwefel 3.2 ODD (25%). For each 
training data point a mean distortion was chosen (between 0 and 30% of the output range); the 
sign chosen randomly 

Table 2. Ambiguity of models, relative to bagging 

Problem Boston MpG Ozone Schwefel 3.2 

Method*  B O B O B O B O 

Dist. /% - 200 - 100 500 - 100 500 - 5 25 50 100 200 

Rel. <A> 1.0 5.9 1.0 4.5 13.7 1.0 6.7 26.7 1.0 0.4 0.8 1.5 5.0 14.6 
* B is bagging; O is Output distortion. 

4 Discussion 

The first result of the present study is a confirmation of an earlier observation [4] that 
introducing output noise, or as here distortion, as the means to create model diversity, 
may perform better than bagging. It is evident that for all 4 problems better ensemble 
prediction accuracy could be achieved via ODD than via bagging. 

Equally evident is the fact that poorer ensemble prediction accuracy may also be 
achieved via ODD than via bagging; it would seem that there can indeed be intro-
duced too massive distortion for the given ensemble size. Herein lies clearly an added 
complication of the ODD algorithm over bagging; the latter works “out of the box” 
but ODD requires the user to choose the distortion level, and this choice may crucially 
affect ensemble performance. 

An important result is that whilst ensemble size as expected was found to be of lit-
tle importance for the performance of bagging, when operating on models of such 
little complexity (and therefore necessarily with high bias) as was the case for the 
present problems, the number of models incorporated into an ODD ensemble may be 
of major significance, with larger ensembles generally found to have lower prediction 
errors, especially for high distortion levels. This stands square against the common 
belief that ensembling is not a fruitful use of models with large bias. 
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The reason why ODD seemingly defies this conventional wisdom is that it pro-
vides large variance of the individual models even if these are quite simple, cf. table 
2; if the distortion level is extraordinarily high, as has been the case in the present 
work, the model variance is also extraordinarily high, and the ensembling will be 
successful. It is best thought of with the Krogh/Vedelsby eq. 1 in mind: the individual 
models are all approximating the underlying system quite poorly, but they have been 
trained on so disparate data sets that they have become very unlike one another, and 
this increased ambiguity more than compensates for the poor individual performance. 

It is not possible to conduct a fair comparison between ODD and the methods pro-
posed by Breiman, Raviv and Intrator, because the linear distortion distribution in 
ODD is not commensurate with the distribution used in their works (e.g. it would be 
unclear how to set the maximum distortion level), however, the significance of ensur-
ing zero mean distortion is illustrated by the example in fig. 5; clearly performance 
deteriorates as the magnitude of the distortion mean moves away from zero, though it 
should be kept in mind that the experiment included only one modelling problem, and 
further testing will be needed to elucidate the issue thoroughly. 

4.1 Application to Classification 

ODD is designed to be utilised in a regression context. It cannot immediately be used 
in classification as the concept of larger or lesser noise/distortion on a particular out-
put value is not directly meaningful; an output value in classification is either the right 
one, in which case the noise/distortion is zero, or it is a wrong one, in which case the 
noise/distortion level is not zero but may be difficult, or impossible, to ascertain. 

It is, however, possible to use ODD in classification in those situations where the 
classification ensemble is actually a secondary model, which interprets the output of a 
primary regression ensemble. E.g. if in a two-class problem the output value for the 
first class is set to -1 and the output value for the second class is set to +1, it is possi-
ble to construct a regression ensemble to predict the correct output value, given the 
input values, and a secondary model would then classify according to the output value 
of the regression ensemble (most naturally with the class border lying where the re-
gression ensemble attains an output value of 0). 

ODD can be directly applied to the initial part of this two-step model, the regres-
sion ensemble. There has as yet been no experimental testing of this approach, and 
whether or not encouraging results, like those for the regression problems reported on 
here, can also be found in classification is not presently known, albeit there is no clear 
reason to suspect that similar results would not be found. 

5 Conclusions 

In the present paper a novel ensembling technique for regression has been introduced; 
it operates via encouraging model diversity through distorting the output values dif-
ferently when training the different constituent models, whilst ensuring that the aver-
age distortion applied to each data points output value is exactly zero. 

Experimental testing of the technique reveals that: (i) it may perform dramatically 
better than bagging if the level of distortion is not set too high, (ii) extremely high 
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distortion levels may promote very low prediction errors though at these levels large 
ensembles may be required to bring the prediction errors down, and (iii) even ensem-
bles of models with very high bias may be useful, as the model ambiguity can be 
driven to such large levels as to overcome the poor individual performance of the 
constituent models. 

Though the technique is firmly rooted in regression, it may be used in classifica-
tion, where the classifying model bases its predictions on the output of a regression 
model. 
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Abstract. The use of artificial outputs generated by a classifier simulator has 
recently emerged as a new trend to provide an underlying evaluation of classi-
fier combination methods. In this paper, we propose a new method for the arti-
ficial generation of classifier outputs based on additional parameters which pro-
vide sufficient diversity to simulate, for a problem of any number of classes and 
any type of output, any classifier performance. This is achieved through a two-
step algorithm which first builds a confusion matrix according to desired behav-
iour and secondly generates, from this confusion matrix, outputs of any speci-
fied type. We provide the detailed algorithms and constraints to respect for the 
construction of the matrix and the generation of outputs. We illustrate on a 
small example the usefulness of the classifier simulator. 

1 Introduction 

One of the problems that are to be faced in designing a multiple classifier system is 
the choice of a suitable combination method among the set of existing ones for a 
given problem of classification [1, 2, 4, 8, 10, 12]. Usual experiments consist in test-
ing exhaustively the possible combination methods that can be used and retain the 
best one according to some criteria. However the obtained results depend closely on 
the specific application which has served the experimental proof. On the other hand, 
there do exist some interesting works in which the combination methods are evaluated 
on real data sets [3, 4, 7, 9, 10]. But, it is a fact that the use of real data can not yield 
sufficient variability in classifier performance to evaluate in a deeper manner the 
combination methods.  

Very recently, the use of artificial data (outputs of classifier) generated by a classi-
fier simulator has emerged to address the problem of the evaluation of classifier com-
bination methods [5, 6, 7]. In [5] for example, the author proposes a comprehensive 
study of the random generation of dependent classifiers to evaluate class type combi-
nation methods especially the majority voting. She derives formulas according to how 
two classifiers can be generated with specified accuracies and dependencies between 
them. Based on these formulas, the author proposes an algorithm for generating mul-
tiple dependent classifiers. Lecce [6] has also studied the influence of correlation 
among classifiers to evaluate combination methods of class type. The performance of 
a combination method is measured on several sets of classifiers, each set differing 
from the others in terms of recognition rate and level of correlation. Each classifier is 
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simulated at output level and a similarity index is used to estimate the stochastic cor-
relation among the classifiers of each set. Parker [7] proposed a system based on two 
steps of simulation for evaluating ranking combination methods. The first step of 
simulation consists of a process for generating confusion matrices from fixed global 
recognition rates. The second simulation step consists of a function that uses the 
probabilities derived in this confusion matrix to generate outputs which can be cor-
rect, incorrect or rejected. The proposed method has also been used to evaluate com-
bination methods of class type. Although interesting, two drawbacks can be re-
proached to the previous works: the first one is that the studies are rather limited since 
the classifier simulators used aimed at simply generating abstract-level type outputs 
and are thus not applicable to measurement type combination methods; the second 
one is that the behaviour of the developed classifier simulators is only controlled by 
one global parameter (recognition rate).  

Building a classifier simulator that exhibits sufficient variability to move nearer a 
real behaviour needs to be able to control other parameters. To this end, we propose a 
classifier simulator which is able to generate automatically as many lists of outputs as 
desired according to a user-specified behaviour. Now, the classical way to evaluate 
the performance of a classifier is to measure on a test set of outputs provided by the 
classifier some global performance such as the overall recognition rate and/or rejec-
tion rate. More precise analysis of the classifier performance can be measured through 
a confusion matrix which highlights the behaviour of the classifier on each class. 
Simulating a classifier is the inverse operation: starting from input parameters such as 
overall recognition or rejection rates which represent the desired behaviour we want 
to simulate, we build a confusion matrix to fix the behaviour of the classifier for each 
class then we generate, according to this confusion matrix, as many lists of outputs as 
desired. To fit the reality (i.e. simulate any classifier behaviour), we must thus man-
age as input parameters the number of classes, the recognition and rejection rates and 
their standard deviations (to fix each class behaviour) but also and at the same time 
the maximum number of solutions in output lists and the corresponding recognition 
rates within the lists of solutions.  

The paper is organized as follows. Section 2 describes the methodologies in devel-
oping the classifier simulator and the different parameters (desired behaviour) used 
for this issue. Section 3 presents the construction of the confusion matrix according to 
these parameters and the main constraints to respect for this construction; Section 4 
presents the algorithm for the generation of outputs. Simple experimental results are 
reported in section 5 to prove the efficiency of the simulator. Conclusion is drawn in 
section 6. 

2 Proposed Method 

The aim of the proposed classifier simulator is to generate randomly measurement 
type outputs i.e. a confidence value is associated to each solution proposed by the 
classifier (an example is shown in figure 1). Note that we have chosen to generate this 
type of outputs because it can also be easily transformed into ranked outputs (by "for-
getting" confidence values) or into class-label outputs (by retaining only the first 
solution in the list). 
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The inputs of the classifier simulator are parameters which allow to define the clas-
sification problem and the global performance of the classifier. These parameters are: 

The number N of classes: This parameter enables to simulate any pattern recognition 
problem. We could for example simulate a 2-class problem or a handwritten digit 
recognition problem (N=10) as well as a handwritten Corean character recognition 
problem (N=3755) [11]. 

 
 

 
 
 
 
 
 
 
 

Confidences  Class to recognize  The proposed labels  

1 : 1 [ 96.86] 2 [  2.56] 
1 : 2 [ 76.13] 1 [  7.24] 
1 : ? [ 97.56] 
1 : 1 [ 89.07] 2 [  8.10] 
1 : 1 [ 89.99] 2 [  7.44] 4 [  1.35] 
1 : 2 [ 69.58] 1 [  4.40] 
1 : 0 [ 99.33] 2 [  0.24] 1 [  0.08] 
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Fig. 1. Description of the simulator outputs 
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0 : 0 [72.50] 
0 : 0 [35.92] 
0 : 0 [44.08] 
0 : 2 [51.85] 
0 : ? [ 1.24] 

0 : 2 [52.85] 1 [34.43] 0 [ 1.23] 
0 : 1 [92.75] 0 [ 7.12] 2 [ 0.10] 
0 : 1 [89.51] 2 [ 7.90] 0 [ 1.12] 
0 : ? [49.76] 
0 : 1 [36.62] 0 [29.22] 2 [ 8.20] 

0 : 1 [50.56] 0 [45.91] 
0 : ? [43.03] 
0 : 0 [87.71] 
0 : 0 [98.51] 2 [ 0.12] 
0 : 2 [99.63] 1 [ 0.13] 

 

Fig. 2. Different types of outputs generated by the classifier simulator for a 3 class problem (a) 
with K=1; (b) with K=2; (c) with K=3 

The number NS of outputs: This parameter will be used to fix the number of outputs to 
be generated for each class by the simulator (same number for all the classes). 

The number K of maximal labels: It corresponds to the length of the solution list that 
will be generated for each output. K may vary from 1 to N : for K=1, the simulator 
generates only one solution for each output (fig. 2a); for K between 2 and N-1, at 
most K solutions are generated except in the case of a rejected output for which there 
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is only one label ’?’ (fig. 2b); for K=N, each output contains N labels excepted for the 
rejected outputs (fig. 2c).  

Mean recognition rate TLK: It stands for the overall recognition rate in the K first 
solutions that is the ratio of the number of outputs for which the true class appears 
among the K first solutions on the total number of outputs.  

Mean rejection rate TRK: It stands for the overall rejection rate that is the ratio of the 
number of rejected outputs on the total number of outputs. Of course, 
TR1=...=TRK=...TRN since a rejected output contains only one label. 

Note that we do not include as input parameter the confusion rate TCK that would 
represent the ratio of the number of outputs for which the true class does not appear at 
all in the K first solutions on the total number of outputs. Indeed, TLK, TRK and TCK 
are linked with the relation : TLK + TCK + TRK =100%. 

TLK and TRK enable to control the global performance of the simulated classifier. 
The classifier behaviour will be completely determined through the confusion matrix 
CMK. Note that formally speaking, CMK can be called "confusion matrix" only for 
K=1. For K varying from 2 to N, we would rather have to call it "matrix of presence". 
The matrix CMK consists of N rows and N+1 columns, where N denotes the number 
of classes and the column (N+1) the rejection column. The diagonal elements k

iTL  

are the top K recognition rate per class (i.e. the ratio of the number of outputs labelled 
i for which the label i appears in the K first solutions on the number of outputs la-
belled i). Their mean gives the mean recognition rate TLK. The off-diagonal elements 

k
jiTC ,
 (confusion rates) represent the ratio of the number of outputs labelled i for 

which a solution labelled j (j≠i) appears in the K first solutions. Note that for K=1, 
k

jiTC ,  is a true confusion rate between class i and class j. Otherwise, it is rather a co-

occurrence rate. The other elements k
iTR  (in the column N+1) represent the ratio of 

rejected outputs for each class i. The mean of these rates is TRK.  

Standard deviations αK and βK: These two parameters will just allow to fill the matrix 
CMK. They enable to introduce sufficient variability in the classifier behaviour while 
controlling this variability. αK (respectively βK) will be used to fix the range of varia-

tion of k
iTL  (resp. k

iTR ), i.e. each k
iTL  (resp. k

iTR ) will be randomly drawn in the 

range [TLK - αK ; TLK + αK ] (resp. [TRK - βK; TRK + βK]). 
Now, the role of the simulator is to generate, for each class, NS outputs with a list 

of K solutions. The generation of outputs respects a specified performance in the K 
first solutions and is realized in two steps: 

• Building of the matrix CMK according to TLK, αK,TRK, βK. 
• Generation of the list of K solutions at most for each output using the matrix CMK 

and association of a confidence value to each solution. 

Now that the involved parameters are defined, we describe in the following section 
the two-step algorithm which first builds the matrix CMK according to TLK, αK,TRK, 
βK and secondly generates, for each class, NS outputs with a list of K solutions using 
the matrix CMK and association of a confidence value to each solution. The generation 
of outputs respects a top K behaviour (i.e. specified performance in the K first solu-
tions). 
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3 Building of the Matrix CMK 

In order to illustrate the different constraints that must be respected, consider first the 
outputs of class 0 generated previously in figure 2. The list of outputs generated in 
figure 2a contains three outputs recognized as 0, one confused as 2 and one rejected. 
This corresponds to a recognition rate of 60%, a confusion rate of 20% and a rejection 
rate of 20%. Consequently, to generate type I outputs (K=1), we may use the confu-
sion matrix CM1 in which the sum of rates for each class i (row) must be equal to 
100%. Then, the construction of CM1 consists in respecting the following constraint : 

1
iTL  + ∑

≠=

N

jij
jiTC

 ,1

1
,

 + 1
iTR  = 100% . 

(1) 

In figure 2c where K=N, the total number of solutions generated for each class is 
equal to N*NS. This corresponds in the matrix CMN to the sum of rates that is equal 
to N*100%. As the rejected outputs are composed of only one solution, we must mul-
tiply the rejection rate by N. Then, to generate this type of outputs, we must construct 
the matrix CMN respecting the following constraint for each class i : 

N
iTL  + ∑

≠=

N

jij

N
jiTC

 ,1
,  + N* N

iTR   = N * 100% . 
(2) 

In figure 2b, the list of solutions can vary from 1 to K for each output. From the ex-
ample, we can establish that 60% of outputs include the true class "0" in the top two 
solutions. Likewise 40% of outputs include the label "1", 40% of outputs include the 
class label "2" in the top two solutions and 20% of outputs are rejected. In this case, 
the sum of rates for each class can be lower or at most equal to K*100%. For this 
reason, we must respect the constraint (3) to construct the matrix CMK:  

K
iTL  + ∑

≠=

N

jij

K
jiTC

 ,1
,

 + K* K
iTR  ≤ K* 100% . (3) 

The filling of the matrix CMK begins with the generation of the rejection rates K
iTR  

for each row i of the matrix. Each rate K
iTR  is drawn from normal distribution with 

mean TRK and standard deviation βK. Let F be the interval in which all rejection rates 
must be drawn. Initially, the lower bound of F is equal to TRK-βK and the upper bound 
to TRK+βK. As draws are done, the bounds of F get closer and draws become more 
restrictive. If the matrix were filled row by row starting from 1 up to N, the last rows 
would always be drawn in the closest bounds. To cope with this bias, the row number 
is also drawn randomly. Next, the recognition rates K

iTL  for each class i (the diagonal 

elements of CMK) are computed in the same manner but according to the rejection 
rates already fixed. Each recognition rate K

iTL  must thus respect two constraints: 

[ ]KKKKK
i TLTLTL αα +−∈ ;  and K

i
K
i TRTL −≤ 100 . Finally, the confusion rates K

jiTC ,  

for each row i and each column j are generated. As for the recognition rates K
iTL , the 

confusion rate K
jiTC ,  must be also lower or equal to 100- K

iTR .  
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4 Algorithm of Output Generation 

Given the matrix CMK as constructed above and the number NS of outputs, the next 
issue is to generate the list of outputs for each class (Table 1). For that, the matrix of 
probabilities CMK is first transformed into a matrix of numbers MNK. This is simply 
done by multiplying the probabilities in CMK for each class i by the number of solu-
tions NS*K and then divide them by the sum of rates of this class. Given the matrix 
MNK, we must next assign a list of K class labels to each output. This could be done 
completely randomly. But, if the class labels are chosen arbitrarily, the same class 
label can be drawn several times in the same list of solutions (this would happen for 
the last outputs to generate). This case is of course impossible to produce by a real 
classifier. For this reason, we draw the class labels for each output in the most numer-
ous classes. 

Now, an output can be composed of one reject label or a list of K labels. To affect 
one of these two types of solutions (reject or not) for each output, an integer value X 
is randomly drawn in the range [1..Ci+Ri] where Ci is the number of remaining class 
labels and Ri the number of remaining reject labels for class i (at the beginning of the 

output generation, Ci is initialized to ∑
=

N

j

K jiMN
1

]][[  and Ri to ]1][[ +NiMN K . X∈ 

[1..Ci] indicates that a list of K labels must be generated for this output; otherwise 
(when X∈ ] ]iii RCC +..  the output must be rejected. 

Actually, when the input value of K is between 2 and N-1, a list of at most K solu-
tions is generated for each output. In other words, the length of the list of solutions is 
determined for each output. Let l

inlab  be the number of class labels to be drawn 

randomly in the range [1..K] for the lth output of class i. As outputs are treated, it 
becomes more and more difficult to respect both the constraints imposed by the ma-
trix MNK (the choice of labels) and the random draw of l

inlab , particularly for the 

latest outputs. This can however be avoided by taking into account the number of 
solutions it remains to generate. This is done using the following principles: let l

iS  be 

the lth output labelled i among the NS outputs of the class i (i=1..N) and l
iO  be the 

number of outputs already treated; the minimum number of possible labels that can be 
generated for l

iS  is given by:  

min_lab = )*)(,1max( KORNSC l
iii −−−  and max_lab = ))(,min( l

iii ORNSCK −−− . 

Therefore, l
inlab  will be drawn randomly in the range [min_lab..max_lab] 

The algorithm of the procedure for generating outputs from CMK is thus the follow-

ing (where 
l

jiS ,  is the jth solution within the list of solutions associated to output l
iS  

)..1( l
inlabj = ): 
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Table 1. Generation of output lists from CMK 

Inputs:  MNK: matrix of numbers of labels to generate;  

 NS: number of outputs by class 

Outputs: 
l
iS  for i=1 to N and l=1 to NS 

 

Begin 
For each class i from 1 to N Do 

    Initialize C
i
 to ∑

=

N

j

K jiMN
1

]][[  

    Initialize R
i
 to ]1][[ +NiMN K  

    While all outputs are not treated Do 
      Choose a random number l between 1 and NS  
      Draw X randomly in [1, C

i
+R

i
]  

      If X ∈ ] ]iii RCC +,  Then 

          Assign the reject solution 
          Decrement R

i
 

      Else 
          Draw l

inlab  in [min_lab, max_lab] 

          Choose l
inlab  labels from the most numerous classes 

          Place these labels randomly in l
jiS ,
 

          C
i
 ← C

i
 - l

inlab  

End 

Finally, we associate a random confidence to each generated label within the list of 
solutions. All the confidences are ordered in a decreasing way. The confidence of the 
first solution of the outputs must be higher than 100/ l

inlab . This constraint is avail-

able only for outputs which are composed of two solutions at least. 

5 Experimental Results 

In this section, we report experiments aimed at demonstrating the effectiveness of the 
proposed simulator in determining the relationship between the performance of a 
mean rule combination method and diversity in classifier behaviour. We focus on the 
evaluation of this particular method for different ensembles of 3 classifiers in a 10-
class classification problem without rejection. For this experiment, we simulate two 
classifiers with the same recognition rate p varying from 50% to 90% to which is 
added a third one whose recognition rate performance vary from 50% to 95% by 5% 
steps. Each classifier provides 10000 outputs according to the fixed recognition rate 
(the confidences generated are not normalized). The results are averaged over 100 
runs for each of the different sets of classifiers. The recognition rate performance of 
mean rule versus the best individual classifier are depicted in figure 3. The results 
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show that the mean rule can achieve a significant improvement over the best classifier 
for the most balanced sets. The improvement decreases as the difference between the 
recognition rates of the worst and the best individual classifier increases. This means 
that the integration of the additional classifier by mean rule is interesting only if its 
performance is near to those of the other classifiers in the same ensemble. Our ex-
periments point out that the performance of the mean rule depends on the degree of 
classifier imbalance. This idea is also confirmed in [Roli02]. Figure 4 shows the per-
formance of mean rule for the different values of p. These results suggest that the 
difference in the performance of the combined classifiers strongly influences the 
mean behaviour whatever the values of p (strong or weak sets).  

From the experiments, we highlight the interest of our simulator in helping to clar-
ify the behaviour of combination methods and the conditions under which they can be 
used.  

 
 

Fig. 3. The performance of mean rule vs the best individual classifier for different values of p 
(where the X-axis stands for the recognition rate of the 3rd classifier)  
(a)  p= 90% (b)  p = 80% (c)  p = 70% (d)  p = 60% (e)  p = 50% 
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Fig. 4. Combination results of different sets of three classifiers for different values of p (where 
the X-axis stands for the recognition rate of the 3rd classifier) 

6 Conclusion 

In this paper, we have proposed a new method for the artificial generation of classifier 
outputs based on several parameters which provide sufficient diversity to simulate, for 
a problem of any number of classes and any type of output, any classifier behaviour. 
The proposed method relies on a two-step algorithm which first builds a confusion 
matrix according to a user-specified desired behaviour and secondly generates auto-
matically, from this confusion matrix, outputs of any specified type. We have shown 
that simulating any classifier behaviour (i.e. any pattern recognition problem) requires 
the management of the recognition and rejection rates and their standard deviations 
(to fix the behaviour for each class) but also and at the same time the maximum num-
ber of solutions in output lists and the corresponding recognition rates within the lists 
of solutions.  

Thanks to its flexibility and its ability to simulate any classifier behaviour, our 
simulator will be useful to evaluate all types of combination methods and particularly 
the combination methods of measurement type which are not sufficiently studied. It is 
thus an interesting tool that can help to clarify the conditions under which a combina-
tion method can be used or is the best for different pattern recognition problems. 
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Abstract. We introduce a new way of describing the diversity of an ensemble 
of classifiers, the Percentage Correct Diversity Measure, and compare it against 
existing methods.  We then introduce two new methods for removing classifiers 
from an ensemble based on diversity calculations.  Empirical results for twelve 
datasets from the UC Irvine repository show that diversity is generally modeled 
by our measure and ensembles can be made smaller without loss in accuracy. 

1 Introduction 

Multiple classifier systems have become the subject of attention because they can 
provide significant boosts in accuracy for many datasets [1-6].  They can be created in 
a variety of ways.  Classifiers of the same type that perform differently may be cre-
ated by modifying the training set through randomly re-sampling with replacement, as 
in bagging [2], or successively choosing training sets based on errors made by the 
previous set of classifiers, as in Ivoting [3].  They can also be created by approaches 
that exploit randomization within the learner; for example, different initial random 
weights in neural networks or a random choice of the test at a node in a decision tree 
from among the top n choices [5].  The boost in performance from using an ensemble 
is at least partially due to diversity [4,7] – examples that are incorrectly classified by 
some classifiers are correctly classified by others, in such a way that the voted accu-
racy is greater than that of any single classifier.  This paper considers the concept of 
diversity, develops a new approach to describing it, and then uses this to create a 
better ensemble by removing the less useful classifiers. 

2 Diversity 

Diversity is a property of an ensemble of classifiers with respect to a set of data.  
Diversity is greater when, all other factors being equal, the classifiers that make incor-
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rect decisions for a given example spread their decisions more evenly over the possi-
ble incorrect decisions.  The more uniformly distributed the errors are, the greater the 
diversity, and vice versa.   

The Kappa statistic from Dietterich [4], which measures the degree of similarity 
between two classifiers, serves as an illustrative starting point for examining diversity.  
Referring to Figure 1, the Kappa value can be plotted on the x-axis for each pair of 
classifiers, against the mean error for the pair on the y-axis.  A broad scatter of points 
along the x-axis indicates that the pairs of classifiers have significantly different lev-
els of agreement.  Ideally, the best classifiers would be both individually accurate and 
comparatively diverse.  The average of all paired Kappa values can be used as a 
measure of ensemble diversity.  One of the drawbacks of using Kappa diagrams is the 
computational complexity associated with calculating all of the pair-wise combina-
tions which would be required to generate a single number for the overall diversity. 

Kuncheva and Whitaker [7] compare ten statistics that can measure diversity 
among binary classifier outputs.  They looked at four statistics that are averaged pair-
wise results, and six that are non-pair-wise results.  Since they found the importance 
of diversity to be unclear, they recommend the pair-wise Q statistic [11] based on the 
criteria that it is understandable and relatively simple to implement.  As every set of 
paired classifiers produces a Q value, the average, Qav, is used for the diversity value 
of the ensemble as shown in Figure 2.  In this algorithm, classifications are compared 
as a function of correctness or incorrectness with regard to a validation or test set.  
This differs from Dietterich’s Kappa algorithm where classifications are compared 
based solely on the class they represent. 

Dietterich’s Kappa statistic is a variant of the Inter-rater Agreement function (also 
referred to as Kappa).  In this algorithm, the rate of coinciding classifications is gen-
erated while taking into account the probability that the agreement is based solely 
upon chance.  Like the Q statistic, it does not take into account the actual classifica-
tion but rather whether the classification was correct or incorrect.  However the Inter-
rater Agreement function is not pair-wise and hence is polynomially faster than either 
aforementioned method.  The Inter-rater Agreement function is defined in Figure 3. 

The approach closest to our new diversity metric is the “measure of difficulty” [8].  
This measure looks at the proportion of classifiers that correctly classify an example.  

Kappa Diagram for Heart Dataset
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Fig. 1.  A Kappa Diagram showing a large spread of Kappa and mean error scores 
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One can consider plotting a histogram of the proportions.  The variance of this histo-
gram is considered to be a measure of diversity.  Our approach measures the propor-
tion of classifiers getting each example right.  However, rather than building a histo-
gram of proportions, we examine the percent correct per example. 

We propose the percentage correct diversity measure (PCDM) algorithm shown in 
Figure 4.  It works by finding the test set examples for which between 10% and 90% 
of the individual classifiers in the ensemble are correct.  In this way, examples for 
which there is general consensus are not considered to be useful in the determination 
of ensemble diversity.  Rather, if an example’s classification is ambiguous, as indi-
cated by having only the aforementioned percentages of classifiers vote correctly, 
then the classifiers, for at least that example, are said to be diverse.  The bounds of ten 
and ninety percent were chosen empirically because they cause the algorithm to yield 
a somewhat uniform distribution of PCDM values over a wide array of ensemble 
creation techniques.  Tighter bounds would place greater strictness on the examples 
deemed difficult.  The use of tighter bounds might be appropriate if comparing two 
extremely diverse ensembles. 

 

 

Fig. 4.  The Percentage Correct Diversity Measure algorithm 

For visualization purposes, let f(xi) be the percent of classifiers voting correctly on 
example xi   {x1, …, xN} where N is the number of examples.  Sorting the list of N, 
f(x) values and plotting them on a graph generates a monotonically increasing func-
tion showing the “spread” of diversity for different examples.  A single classifier, or a 
multiple classifier system where every classifier returns identical classifications, gen-
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erates the graph shown in 5A which appears similar to a digital signal (0 or 1) with 
zero classifiers in between the 10% and 90% bounds.  Multiple classifiers outputting 
diverse classifications on the other hand cause different percentages of correct classi-
fications to appear relative to the number of classifiers.  Diversity, in a sense, trans-
forms the line from a discrete to a continuous function as in Figure 5B.  Greater num-
bers of examples appearing between .1 and .9 equate to greater PCDM values. 
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Fig. 5.  After sorting the x-axis based on f(x) to create a non-decreasing graph, it is easy to 
visualize the number of examples that are diverse.  (A) shows a single classifier and (B) shows 
multiple classifiers having diversity 

3 Diversity Experiments 

Breiman introduced the concept of creating ensembles of trees that he called random 
forests [5].  He discussed several methods of creating trees for the forests, one of 
which was to use bagging and randomly choose an attribute for a test at each node in 
the decision tree.  The best split possible for that attribute would then be chosen.  The 
resultant tree is called a random tree.  An ensemble of them, 100 in his experiments, is 
a random forest.  He found that this approach was comparable in accuracy to 
AdaBoost [6].   

We modified C4.5 release 8 to produce random trees by randomly choosing a sin-
gle attribute to test on at every node.  We chose to build 1000 trees in our random 
forest so that the resultant ensemble is almost certainly larger than necessary and we 
can better evaluate using diversity to remove trees.  Our experiments use a ten-fold 
cross validation.  We build 10,000 trees (1000 per fold) for each of twelve experimen-
tal datasets from the UC Irvine Repository [12].  The accuracy of unpruned and 
pruned ensembles (using the default certainty factor of 25 for pruning) is calculated 
for each dataset.  Table 1 shows the experimental results of the diversity algorithms in 
measuring the diversity of ensembles as well as the boost in accuracy when compar-
ing average single classifier accuracy and voted accuracy.  Decreasing values of Q 
and Kappa correspond to higher diversity whereas PCDM increases as diversity in-
creases. 

There are several instances where the accuracy of the ensemble of pruned trees is 
greater than that of the unpruned trees.  Dietterich, though he generated the trees in a 
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different fashion, found this as well [4].  However, in no case are the diversity scores 
for the pruned trees greater than the unpruned trees.  Likewise, in no case is the in-
crease in accuracy of the forest of pruned trees greater than that of the unpruned trees.  
Figure 6, which compares the PCDM against other diversity measures, shows that it 
picks up the trend of increasing accuracy corresponding to increasing diversity values.  
In fact, it outperforms the Q metric, which barely exhibits such a trend.  The Q metric 
is also capable of generating divide by zero errors in the event that any one of the 
classifiers in the ensemble is either 100% or 0% accurate on the test set.  In order to 
compensate for Q generating a divide by zero error, we invalidate the fold since this 
can occur no matter how diverse the two classifiers are.  In terms of running time, 
both PCDM and Kappa are significantly faster than Q, while PCDM is only margin-
ally faster than Kappa.  For example on a 2.53 GHz Intel Pentium 4 it takes 0.008 
seconds with PCDM, 0.018 seconds with Kappa, and 111.133 seconds with Q to gen-
erate diversity values from the Letter dataset. 

Table 1. Diversity vs. accuracy results from datasets appearing in the UCI Data Repository.  Q 
was unable to be calculated for any fold in the Glass dataset due to divide by zero errors in 
every fold 

Dataset 
 

Pruning? 
 

Single 
Accuracy 

Forest 
Accuracy 

Accuracy 
Increase 

 
 

PCDM 
 

Q 
 

Letter Unpruned 78.36% 95.61% 17.25% 0.37 0.49 0.74 

Letter Pruned 79.37% 94.97% 15.60% 0.39 0.46 0.76 

Led-24 Unpruned 61.85% 74.96% 13.11% 0.41 0.68 0.71 

Waveform Unpruned 73.83% 84.88% 11.05% 0.23 0.72 0.49 

Glass Unpruned 85.95% 95.71% 9.76% 0.34 0.35 -- 

Waveform Pruned 75.36% 84.56% 9.20% 0.28 0.64 0.58 

Australian Unpruned 77.47% 86.67% 9.19% 0.32 0.58 0.65 

Cleveland Unpruned 74.90% 84.00% 9.10% 0.29 0.63 0.55 

Glass Pruned 87.20% 96.19% 8.99% 0.37 0.32 -- 

German Unpruned 66.82% 75.60% 8.78% 0.25 0.82 0.49 

Satimage Unpruned 83.65% 91.79% 8.14% 0.37 0.39 0.78 

Heart Unpruned 74.70% 81.85% 7.15% 0.31 0.60 0.56 

Cleveland Pruned 77.86% 85.00% 7.14% 0.39 0.46 0.70 

Pendigits Unpruned 92.87% 99.08% 6.21% 0.23 0.22 0.74 

Pendigits Pruned 93.20% 98.92% 5.72% 0.25 0.21 0.76 

Satimage Pruned 85.41% 91.12% 5.71% 0.46 0.30 0.86 

Segmentation Unpruned 93.38% 97.97% 4.58% 0.33 0.17 0.83 

Heart Pruned 77.10% 81.11% 4.01% 0.40 0.47 0.67 

Segmentation Pruned 93.88% 97.84% 3.96% 0.36 0.15 0.86 

Iris Unpruned 92.52% 95.33% 2.82% 0.42 0.20 0.38 

Australian Pruned 83.26% 85.22% 1.96% 0.63 0.20 0.89 

Led-24 Pruned 73.09% 74.96% 1.87% 0.74 0.24 0.96 

German Pruned 71.02% 72.30% 1.28% 0.58 0.39 0.85 

Iris Pruned 92.26% 92.67% 0.41% 0.47 0.19 0.46 
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Fig. 6. Graphs showing the boost in accuracy vs. the diversity score for each of the three meth-
ods (A-C) 
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4 Thinning 

By observing that classifiers obtain a diverse set of votes for an example, it is feasible 
to try to improve the ensemble by removing classifiers that cause misclassifications.  
In the context of an ensemble of decision trees, this process can be likened to “thin-
ning a forest.”  Hence, for the remainder of this paper, the process of removing classi-
fiers from an ensemble will be dubbed “thinning.”  In [9] an ensemble is thinned by 
attempting to include the most diverse and accurate classifiers.  They create subsets of 
similar classifiers (those that make similar errors) and then choose the most accurate 
classifier from each subset.  In [10], the McNemar test was used to determine whether 
to include a decision tree in an ensemble.  This pre-thinning allowed an ensemble to 
be kept to a smaller size and is different from our “over-produce and choose” ap-
proach.  We introduce Accuracy in Diversity (AID) thinning, where classifiers that 
are most often incorrect on examples that are misclassified by many classifiers are 
removed from the ensemble.  That is, if a classifier incorrectly classifies an example 
which 99% of the others get right, removal would have no effect, whereas if 50% of 
the other classifiers get the example correct, then it may be a candidate for removal.  
We call the dataset that is used in analyzing these percentages the thinning set, and is 
separate from the training set. 

A key step in designing the algorithm is to set proper boundaries for the accuracy 
percentages on thinning examples to use in deciding which classifiers to remove.  The 
greater the diversity on a thinning set, the more variation can be expected on a test set, 
and setting an upper bound that is too low can result in misclassifying examples pre-
viously considered to be “easy.”  In setting a lower bound, we would like to exclude 
the examples that most classifiers get wrong because almost no selection of classifiers 
will allow us to get these correct.  The lower bound for the consideration of examples 
should be no smaller than the reciprocal of the number of classes which represents, at 
best, random guessing.  One can imagine that mean individual classification accuracy 
also plays a part in determining the bounds, since it and diversity are so fundamen-
tally related. 

The equations in Figure 7 represent the fundamental characteristics chosen to ef-
fectively set the correct classifier percentage boundaries for AID thinning.  The 
maximum value of d is 1, however in no case would we want to consider examples as 
high as 100% correct, so we set the value of  to 0.9.  The AID thinning algorithm is 
shown in Figure 8.  Note that after each tree is removed, the accuracy on the thinning 
set is recalculated. 
 

 
 

Fig. 7.  Boundary equations for AID thinning 

N

d1
dLowerBound

−
+⋅=  

d)(1dUpperBound −⋅+⋅=  

 
 = Mean individual classification accuracy 
 = Approximate maximum upper bound allowed 

d = Percentage correct diversity measure 
N = Number of classes 
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Fig. 8.  The AID thinning algorithm 

Since greater diversity typically leads to larger boosts in the accuracy of the forest, 
we also have created a thinning algorithm that works off of the aforementioned Inter-
rater Agreement function called Kappa thinning.  In Figure 9, we compare all possible 
ensembles of n-1 classifiers, and eliminate the classifier whose removal causes the 
diversity to increase the most. 

 

 
 

Fig. 9.  The Kappa thinning algorithm 

Finally, we implement a sequential backwards selection (SBS) approach to remov-
ing classifiers.  We calculate the voted accuracy after generating all possible ensem-
bles of n-1 classifiers and remove the classifier which causes the accuracy to increase 
the most.  The SBS algorithm shown in Figure 10 is similar to Kappa thinning except 
it looks at accuracy rather than diversity. 

 

 
 

Fig. 10.   Thinning by sequential backwards selection 

To investigate the properties of these thinning algorithms, we performed a ten-fold 
cross validation, where 10% of the overall data was removed from the training data to 
create a thinning set.  One thousand trees were built on the training data in each fold.  
Classifiers were chosen for removal based on the thinning set until only 100 classifi-
ers remained.  We compared various thinning methods against a randomly con-
structed ensemble of 100 classifiers, the number Brieman used in his forests [5].  
Table 2 shows both AID and Kappa thinning were better than random construction in 
21 of the 24 experiments while SBS was better in 20.  A thinned ensemble of trees 
built and pruned on the Australian and Cleveland datasets shows a decrease in accu-
racy no matter the type of thinning used.  This tends to suggest either that the diver-
sity was too great for only 100 classifiers to overcome, or that thinning set selection 
was poor.  Indeed all of these thinning algorithms will learn to overfit the thinning set, 
negatively affecting the generalization potential of the ensemble.   

While number removed � Maximum number to remove 
Recompute boundary points. 
Remove the classifier that has the lowest individual accuracy rate for the set of 
examples between the boundary points. 

While number removed � Maximum number to remove 
For each classifier Ci of ensemble C1…CN 

Calculate  of ensemble C1…Ci-1 , Ci+1…CN 
Remove classifier Ci causing the lowest  value. 

While number removed � Maximum number to remove 
For each classifier Ci of ensemble C1…CN 

Calculate voted accuracy of ensemble C1…Ci-1, Ci+1…CN 
Remove classifier Ci causing the highest voted accuracy 
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SBS ties twice with the other methods in accuracy but is better only once.  While 
Kappa thinning produces a larger accuracy boost over AID thinning 14 times, the 
majority of these cases occur at the bottom half of the table where the maximum in-
crease is smaller.  Kappa thinning also has a greater running time than AID thinning.  
The method to use thusly depends on the needed gain in accuracy and the CPU time 
available. 

Statistical significance tests will not show the small increases in accuracy to be 
significant; however, we note there is not a significant difference in accuracy even if 
90% of the classifiers are removed because of the large variances between folds.  
With up to 90% of the classifiers removed from an ensemble, ensemble accuracy is 
generally clearly lower than the best accuracy.  However, there is still significant 
variation between folds and a significance test will not show the change in accuracy 
to be significant. 

Table 2. Thinning methodologies are compared against randomly constructing ensembles.  
Double asterisks indicate the highest performing AID, Kappa, or SBS thinning algorithm.  The 
table is sorted by the highest maximum gain 

Dataset 
 
 

Pruning? 
 
 

AID 
Acc 
 

 Acc 
 
 

SBS 
Acc 
 

Rand 
Acc 
 

AID  
Over 
Rand 

 Over 
Rand 
 

SBS  
Over 
Rand 

Iris Pruned 92.00% 94.67% 92.67% 88.46% 3.54% 6.20%** 4.20% 

Iris Unpruned 94.67% 94.67% 94.67% 89.21% 5.45%** 5.45%** 5.45%** 

Heart Pruned 81.11% 83.70% 81.11% 78.38% 2.73% 5.32%** 2.73% 

German Pruned 72.80% 74.30% 72.70% 69.92% 2.88% 4.38%** 2.78% 

German Unpruned 76.10% 76.00% 74.60% 74.09% 2.01%** 1.91% 0.51% 

Heart Unpruned 82.22% 82.78% 81.48% 81.32% 0.90% 1.46%** 0.16% 

Cleveland Unpruned 83.67% 83.33% 82.67% 82.47% 1.19%** 0.86% 0.19% 

Australian Unpruned 86.52% 85.07% 86.09% 85.62% 0.90%** -0.55% 0.47% 

Segmentation Pruned 97.71% 98.01% 97.71% 97.37% 0.34% 0.64%** 0.34% 

Led-24 Unpruned 75.40% 75.10% 75.10% 74.78% 0.62%** 0.32% 0.32% 

Waveform Unpruned 84.94% 84.72% 84.44% 84.38% 0.56%** 0.34% 0.06% 

Led-24 Pruned 75.08% 75.14% 74.86% 74.63% 0.45% 0.51%** 0.23% 

Glass Pruned 95.24% 96.67% 95.71% 96.17% -0.93% 0.50%** -0.45% 

Letter Pruned 94.75% 95.04% 94.85% 94.55% 0.20% 0.49%** 0.30% 

Satimage Pruned 91.34% 91.42% 91.35% 90.95% 0.39% 0.47%** 0.41% 

Letter Unpruned 95.44% 95.41% 95.36% 95.22% 0.22%** 0.19% 0.13% 

Segmentation Unpruned 97.88% 97.92% 97.97% 97.77% 0.11% 0.15% 0.20%** 

Pendigits Pruned 98.86% 98.98% 98.90% 98.79% 0.08% 0.19%** 0.11% 

Satimage Unpruned 91.73% 91.79% 91.76% 91.62% 0.11% 0.17%** 0.14% 

Pendigits Unpruned 99.03% 99.00% 98.98% 98.90% 0.13%** 0.10% 0.08% 

Waveform Pruned 84.46% 84.50% 84.30% 84.41% 0.05% 0.09%** -0.11% 

Glass Unpruned 96.19% 96.19% 96.19% 96.17% 0.02%** 0.02%** 0.02%** 

Australian Pruned 85.07% 84.49% 84.93% 85.11% -0.04%** -0.62% -0.18% 

Cleveland Pruned 83.00% 83.67% 83.00% 85.88% -2.88% -2.21%** -2.88% 
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5 Discussion 

The concept of diversity is of interest because its effects can easily be seen.  However, 
its quantification and manipulation are not quite well defined.  The percentage correct 
diversity measure allows for some degree of predictability in foreseeing how much of 
an increase in accuracy can be expected by increasing the diversity of the ensemble.  
Furthermore, the PCDM is more understandable and efficiently calculated than the Q 
statistic, and those are the grounds on which Kuncheva and Whitaker originally rec-
ommended Q.  Finally, the basis for the AID thinning algorithm, removing classifiers 
that incorrectly classify examples that generate a diverse vote, shows how the diver-
sity concept can be used to shrink ensembles while maintaining or improving accu-
racy.  Kappa thinning shows this as well. 

Comparing the original 1000 randomly assembled classifiers to the 100 thinned 
classifiers, there are generally small losses in accuracy across the board, though these 
are obviously less than comparing them with the 100 randomly assembled classifiers.  
A means of dynamically setting the stopping point of thinning and working back-
wards towards the smallest ensemble with the greatest accuracy has been created, and 
will be described and compared as part of future work. 

Finally, the algorithms presented here could be used to combine multiple different 
types of classifiers.  That is, decision trees, neural networks, and so on could all con-
tribute classification boundary suggestions, the least diverse of which would be 
thinned away. 
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Abstract. Ensemble methods combine a set of classifiers to construct
a new classifier that is (often) more accurate than any of its compo-
nent classifiers. In this paper, we use ensemble methods to identify noisy
training examples. More precisely, we consider the problem of misla-
beled training examples in classification tasks, and address this problem
by pre-processing the training set, i.e. by identifying and removing out-
liers from the training set. We study a number of filter techniques that
are based on well-known ensemble methods like cross-validated commit-
tees, bagging and boosting. We evaluate these techniques in an Inductive
Logic Programming setting and use a first order decision tree algorithm
to construct the ensembles.

1 Introduction

In many applications of machine learning the data to learn from is imperfect.
Different kinds of imperfect information exist, and several classifications are
given in the literature (see e.g. [9]). In this paper, we consider the problem of
noise or random errors in training examples.

One of the problems created by learning from noisy data is overfitting, that
is, the induction of an overly specific hypothesis which fits the (noisy) train-
ing data well but performs poor on the entire distribution of examples. Clas-
sical noise-handling mechanisms modify the learning algorithm itself to make
it more noise-tolerant. Another approach, which we explore in this paper, is to
pre-process the input data before learning. This approach consists of filtering
the training examples (hopefully removing the noisy examples), and applying
a learning algorithm on the reduced training set. As pointed out in [7], this
separation of noise detection and hypothesis formation has the advantage that
noisy examples do not influence the hypothesis construction, making the induced
hypothesis less complex and more accurate.

Many of the methods for filtering training data are in fact removing outliers
from the training data. An outlier is a case that does not follow the same model
as the rest of the data1. For instance in [3], the basic idea is to use a set of
1 Note that, as such, an outlier does not only include erroneous data but also surprising

correct data.
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classifiers (induced by a number of possibly different learning methods) formed
from part of the training data to test whether instances in the remaining part
of the training data are mislabeled. By taking a consensus or majority vote of
these classifiers, it is decided whether or not to remove a particular instance. The
noise detection algorithm of [7] is based on the observation that the elimination of
noisy examples, in contrast to the elimination of examples for which the target
theory is correct, reduces the CLCH value of the training set (CLCH stands
for the Complexity of the Least Complex correct Hypothesis). In [8] robust
decision trees are presented. Robust decision trees take the idea of pruning one
step further: training examples which are misclassified by the pruned tree are
removed from the training set and the tree is rebuilt using this reduced set.
This process is repeated until no more training examples are removed. In [12],
we presented filter techniques for Inductive Logic Programming (ILP) that are
based on the idea of [3]. We also applied the robust decision tree technique of
[8] to the ILP setting. We already obtained some good results with the filters
proposed in [12].

In this paper, we further explore a number of other, new techniques. We pro-
pose filter techniques that are based on well-known ensemble methods [4], namely
cross-validated committees, bagging and boosting. We present two approaches:
(1) filtering based on (unweighted) voting of classifiers that are built on different
subsets of the training set (obtained by either cross-validation or bagging), (2)
filtering based on removing training examples that obtain high weights in the
boosting process. We introduce these filter techniques in the next section, and
evaluate them in an ILP setting in section 3. We conclude and discuss topics for
future research in section 4.

2 Filter Algorithms

2.1 Base Classification Algorithm

The filters that are presented below make use of a learning algorithm for classi-
fication. With L we denote this base classification algorithm.

In our experiments, we evaluate the different filters in an ILP setting, and
use Tilde [1] as the base learning algorithm L. Tilde (Top-down Induction of
Logical Decision Trees) is an ILP extension of the C4.5 decision tree algorithm
[11]. Instead of using attribute-value tests in the nodes of the tree, logical queries
(which may contain logical variables) are used. The test to select the best query
in each node is information gain ratio. After a tree is constructed, a post-pruning
algorithm, based on an estimate of the error on unseen cases, is used.

2.2 Voting Filters

Voting filters are (as many other filter methods) based on the idea of removing
outliers from a training set: an instance is removed if it can not be classified
correctly by all, or the majority of, the classifiers built on parts of the training
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set. A motivation for using ensembles for filtering is pointed out in [3]: when we
assume that some instances in the data have been mislabeled and that the label
errors are independent of the particular model being fit to the data, collecting
information from different models will provide a better method for detecting
mislabeled instances than collecting information from a single model. As noted in
many articles (see e.g. [4]), constructing ensembles of classifiers by manipulating
the training examples works especially well for unstable learning algorithms.
Decision tree algorithms, like Tilde, are unstable. We expect that ensembles of
decision trees will act well as a filter for noisy data sets.

The general scheme of our voting filters is as follows:

1. L induces n classifiers on different subsets of the training set,
2. these n classifiers give labels to every example in the training set,
3. the filter compares the original class of each example with the n labels it

has, and decides whether or not to remove the example.

A variation of instances of this general scheme exists depending on the way
these n classifiers are induced, the value of n and the decision procedure in step 3.

Concerning step 3, we consider two possibilities: (1) a consensus filter (C
filter), where a training example is removed only if all the n labels it has differ
from its class; (2) a majority vote filter (M filter), where a training example is
removed if the majority of the labels it has differ from its class.

Concerning step 1, we present two approaches for building these n classifiers.
In the first approach, the training set is partitioned in n subsets of (approxi-
mately) equal size. L is trained n times, each time leaving out one of the sub-
sets from the training set. This results in n classifiers. Such a filter is called a
cross-validated committees filter (X filter). In the second approach, n bootstrap
replicates are taken from the training set, and L learns on these n sets. Such
a filter is called a bagging filter (Ba filter). In [5], a motivation is found for us-
ing bagging as a filter. In that paper, it is experimentally shown that bagged
C4.5 gains advantage over C4.5 when noise is added to the training sets. More
precisely, it is observed that for most data sets, noise improves the diversity of
bagging, which permits it to perform better.

We performed experiments with cross-validated committees - consensus (XC)
filters, cross-validated committees - majority vote (XM) filters, bagging consen-
sus (BaC) and bagging majority vote (BaM) filters. The parameter n was set to
5, 9, 15, and 25.

2.3 Boosting Filters

Boosting is known to perform poorly with respect to noise. According to [5] a
plausible explanation for the poor response of boosting to noise is that mislabeled
training examples will tend to receive very high weights in the boosting process.
Hence, after a few iterations, most of the training examples with high weights
will be mislabeled examples. This gives a good motivation to use boosting as a
noise filter.
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The idea is to use Adaboost [6] and to remove, after a number of rounds
(n), the examples with the highest weights. Since the filter has no idea what the
exact percentage of noise is, we chose to give this as input to the filter2. Note
that there might be several examples with the same weight (especially in the
first rounds of the boosting process), so the filter might remove more examples
than is given as input3.

We tested the boosting (Bo) filter with 3, 5, 10 and 17 rounds.

3 Experiments

We evaluate the different filters in an ILP setting. As opposed to propositional
or attribute-value learning systems that use a single table to represent the data
set, ILP systems use a first order representation. This makes ILP very suitable
for dealing with complex data structures.

We first describe the data sets that we used in the experiments. Then we
explain how the experiments were carried out, and finally we discuss the results.
For more details, we refer to [13].

3.1 Data Sets and Noise Introduction

We want to evaluate how well the different filter techniques perform on data sets
with different amounts of classification noise. We therefore considered noise-free
ILP data sets, and artificially introduced different levels of classification noise.

We considered the following noise-free data sets: an (artificial) Bongard data
set [2] (392 examples), three (artificial) eastbound/westbound trains data sets
[10] (200, 400, and 800 examples), and a (non-artificial) KRK data set for learn-
ing illegal positions in a chess endgame [9] (200 examples). These are all 2-class
problems.

We introduced different levels of classification noise in the data sets. A noise
level of x% means that for a randomly chosen subset of x% of the training
examples, the class-value of these examples was flipped4. We introduced noise
levels of 0%, 5%, 10%, 15%, 20%, 25%, 30%, 35%, and 40%.

3.2 Experimental Method

In order to obtain a more reliable estimate of the performance of the filters,
all experiments were carried out in 10-fold cross-validation and the results were
averaged over the 10 folds. For each of the 10 runs, the data set was divided in
a training set (9 parts) and a test set (remaining 1 part). The training set was
then corrupted by introducing classification errors. Each of the above described
2 In a later stage, we will try to estimate this.
3 Another possibility is to remove less examples than is given as input; we chose the

greedy approach here.
4 Positive examples are made negative and vice versa.
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Fig. 1. Filter precision on the Bongard data set.

filter techniques was then run on the (noisy5) training set. After filtering the
training set, Tilde was used to learn a decision tree on the reduced training set.
This decision tree was then validated on the (noise-free) test set. Results were
obtained by taking the mean of the results of the 10 runs. For each of the 9 noise
levels and each of the 10 runs, we also run Tilde directly on the (unfiltered)
training set.

In the next subsections, we report results concerning filter precision, tree size
and accuracy.

3.3 Filter Precision

We evaluate the different filters by looking at the percentage of examples that
are removed, as well as the percentage of examples that are removed and are
actually noisy6.

In Fig. 1, we show the precision of some of our filters on the Bongard data
set with 15% and 20% of noise.

In general, we observe the following. The BaC filters are the most conservative
filters: they remove the fewest examples. But, especially for the artificial data
sets, these filters are also very precise: almost no correct examples are removed.
One might choose to use a BaC filter when data is sparse. Also the XC filters are
rather conservative. The XM and BaM filters perform well. On the KRK data
set the Ba and X filters are not as precise as on the artificial data sets: relatively
more correct examples are also removed. The best results concerning precision
are obtained on the Bongard data sets. This can be explained by the fact that
Tilde reaches an accuracy of 100% on the noise-free Bongard data set, whereas
the other (noise-free) data sets, especially the KRK data set, are harder to learn
from.
5 For each noise level and each of the 10 training sets, the classification errors were

introduced only once (in a random way), and the different filter techniques were run
on the same noisy training sets.

6 For the detailed results, including an estimated probability of making type 1 and
type 2 errors for all filters, we refer to [13].
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In general, the precision of the Bo filters is not very good: a great deal of
filtered examples is not noisy. This shows that in the boosting process, also
correct examples get high weights.

The influence of the number of classifiers n is as follows. For the XC(n) filters,
when there is not too much noise, the higher n, the higher the number of filtered
examples, and also the higher the number of filtered and noisy examples. Indeed,
when n increases, the training sets on which the n classifiers are built become
more similar, and hence the classifiers will obtain a consensus in more cases.
This is especially the case when there is not too much noise (up to 20%). For
the XM(n) filters, the parameter n does not have much influence.

For the BaC(n) filters, the higher n, the lower the number of filtered ex-
amples, and also the lower the number of filtered and noisy examples. This is
exactly the opposite behaviour as for the XC(n) filters. This is because with
bagging very diverse classifiers are built (especially when there is a lot of noise,
see [5]). When the number (n) of such diverse classifiers increases, it becomes
more difficult to obtain a consensus, hence less examples will be removed. The
BaM(n) filters seem to improve their precision when n is increased, meaning that
more noisy examples, and at the same time less correct examples, are removed.

Despite the fact that the exact percentage of noisy examples is given as input
to the Bo(n) filters, these filters will remove more examples. This is because there
might be examples that have the same weight. Since this is especially the case
in the first rounds of the boosting process, we observe that, the higher n, the
lower the number of filtered examples. At the same time we observe that, the
higher n, the less noisy examples are filtered. When we look at the ratio of noisy
examples in the set of examples that are filtered, we notice that, for noise levels
up to 15%, this ratio is smaller in the first rounds of the boosting process. For
higher noise levels however, the situation is completely reversed: when n is small,
there are relatively more noisy examples in the set of filtered examples. This can
be explained as follows. If there is a lot of noise in the training set, boosting will
first force the learning algorithm to concentrate on these noisy examples. But,
by doing this, the correct examples become harder to classify, and will receive
higher weights further on in the boosting process. So when n increases, more
correct examples will receive high weights and will be filtered.

Finally, by looking at the results on the three trains data sets, we observe
that the more training examples we have at our disposal, the more precise the
filters are.

3.4 Tree Size

A decision tree that is built from a noisy training set might be overly complex
due to overfitting of this set. Therefore, it can be expected that the sizes of the
trees induced from a filtered (and hopefully non-noisy) training set are smaller
than the sizes of the trees induced from the non-filtered, noisy training set.

In Fig. 2, we show the number of nodes in the decision trees induced from
(un)filtered Bongard training sets. More precisely, we report the results for the
XM(9), BaM(9) and Bo(10) filters.
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Fig. 2. Results concerning tree size (left) and accuracy (right) on the Bongard data
set.

For noise levels up to 15% it is indeed the case that the sizes of the trees
induced from a filtered training set are smaller than the sizes of the trees induced
from the unfiltered set. For higher noise levels however there is, for many of the
cases, no decrease in tree size if a filtered training set is used. One plausible
explanation is that, for high noise levels, the filters still leave some amount of
noise in the training sets. Also, we should note that Tilde with pruning is used
(both in the filter algorithms and for inducing decision trees from the (un)filtered
training sets), so the effect of overfitting is already largely reduced.

3.5 Accuracy

Decision trees built on a non-noisy training set will (in general) be more accurate
(on a separate test set) than trees induced from a noisy training set. We compare
the accuracies of the trees induced from the filtered sets (on the non-noisy test
sets) with the accuracies (also on the non-noisy test sets) of the trees induced
from the unfiltered, noisy sets.

In Fig. 2, we show our results for the XM(9), BaM(9) and Bo(10) filters on
the Bongard data set. For this data set and also for the trains data sets, we
observe that for noise levels up to 10%, Tilde still performs well on an unfiltered
training set. For higher noise levels, it seems better to first filter the training set.
No one filter outperforms the other filters in this respect. For the KRK data set,
it is better to also filter the training set for low noise levels.

A hypothesis of interest is whether a majority vote ensemble classifier can be
used instead of filtering, or whether the best method is to first filter the training
set and then use a majority vote ensemble classifier. This hypothesis was tested
in [3]. It was concluded that (for the filters proposed in [3]) a majority vote
ensemble classifier can not replace filtering. We did some initial experiments to
test this hypothesis in our setting. More experiments are needed to see if this
conclusion also holds in our setting.
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4 Conclusions and Future Work

We addressed the problem of training sets with mislabeled examples in classi-
fication tasks. We proposed a number of filter techniques, based on ensemble
methods, for identifying and removing noisy examples. We experimentally eval-
uated these techniques on noise-free ILP data sets which we artificially corrupted
with different levels of classification noise. We reported results concerning filter
precision, tree size and accuracy.

Both the BaM and XM filters have a good precision. Surprisingly, the Bo
filters did not perform so well. We plan to investigate in more detail how the
boosting process can be used/modified to obtain a noise filter. We also plan to
evaluate the proposed filters on more data sets.

When the data set is small and the cost of finding new training examples
is high, one can choose to use a conservative filter, e.g. a BaC or XC filter. A
better solution would be to detect and also correct labelling errors (and thus not
removing any example). One way to do this is to present the suspicious data to
a human expert and ask what to do with it. Another way is to automatically
switch the class labels of the examples which are identified as noise. We will
evaluate the performance of such an extension.
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9. N. Lavrač and S. Džeroski. Inductive Logic Programming: Techniques and Appli-
cations. Ellis Horwood, 1994.

10. R.S. Michalski and J.B. Larson. Inductive inference of VL decision rules. Pa-
per presented at Workshop in Pattern-Directed Inference Systems, Hawaii, 1977.
SIGART Newsletter, ACM, 63, 38-44.

11. J.R. Quinlan. C4.5: Programs for Machine Learning. Morgan Kaufmann series in
machine learning. Morgan Kaufmann, 1993.

12. S. Verbaeten. Identifying mislabeled training examples in ILP classification prob-
lems. In M. Wiering and W. de Back, editors, Twelfth Dutch-Belgian Conference
on Machine Learning, pages 1–8, 2002.

13. S. Verbaeten and A. Van Assche. Ensemble methods for noise elimination in classifi-
cation problems. Technical report, Department of Computer Science, K.U.Leuven,
Belgium,
http://www.cs.kuleuven.ac.be/publicaties/rapporten/cw/CW358.abs.html, 2003.



New Boosting Algorithms
for Classification Problems

with Large Number of Classes Applied
to a Handwritten Word Recognition Task

Simon Günter and Horst Bunke

Department of Computer Science, University of Bern
Neubrückstrasse 10, CH-3012 Bern, Switzerland

{sguenter,bunke}@iam.unibe.ch

Abstract. Methods that create several classifiers out of one base clas-
sifier, so-called ensemble creation methods, have been proposed and suc-
cessfully applied to many classification problems recently. One category
of such methods is Boosting with AdaBoost being the best known pro-
cedure belonging to this category. Boosting algorithms were first devel-
oped for two-class problems, but then extended to deal with multiple
classes. Yet these extensions are not always suitable for problems with
a large number of classes. In this paper we introduce some novel boost-
ing algorithms which are designed for such problems, and we test their
performance in a handwritten word recognition task.

Keywords: Multiple Classifier System; Ensemble Creation Method;
Boosting; Large Number of Classes; Hidden Markov Model (HMM);
Handwriting Recognition.

1 Introduction

The field of off-line handwriting recognition has been a topic of intensive research
for many years. First only the recognition of isolated handwritten characters was
investigated [24], but later whole words [22] were addressed. Most of the systems
reported in the literature until today consider constrained recognition problems
based on vocabularies from specific domains, e.g. the recognition of handwrit-
ten check amounts [10] or postal addresses [23]. Free handwriting recognition,
without domain specific constraints and large vocabularies, was addressed only
recently in a few papers [11,15]. The recognition rate of such systems is still low,
and there is a need to improve it.

The combination of multiple classifiers was shown to be suitable for improv-
ing the recognition performance in difficult classification problems [13]. Also in
handwriting recognition, classifier combination has been applied. Examples are
given in [2,25]. Recently new ensemble creation methods have been proposed in
the field of machine learning, which generate an ensemble of classifiers from a
single classifier [4]. Given a single classifier, the base classifier, a set of classifiers

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 326–335, 2003.
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can be generated by changing the training set [3], the input features [9], the
input data by injecting randomness [6], or the parameters and architecture of
the classifier [16]. Another possibility is to change the classification task from a
multi-class to many two-class problems [5]. Examples of widely used methods
that change the training set are Bagging [3] and Boosting [8]. Random subspace
method [9] is a well-known approach based on changing the input features. A
summary of ensemble creation methods is provided in [4].

Boosting is one of the most popular ensemble methods. In [20] a good
overview of this approach is given. The first boosting algorithms were intro-
duced by Schapire in 1989 [18] and by Freund in 1990 [7]. The most prominent
algorithm, AdaBoost, was developed in 1995 [8]. The original AdaBoost algo-
rithm only works for two-class problems, but several extensions were proposed
and tested in applications. AdaBoost.M1 [8] is a straightforward extension that
basically regards the multi-class problem as a two-class problem with the two
classes “correct” and “not correct”. It is quite obvious that this simplification
has its drawbacks. AdaBoost.MH [21] and AdaBoost.M2 [8] work by reducing
the multi-class problem to a larger binary problem. Those methods need well
adapted base learners to work properly. Another approach is to combine the
method of error-correcting output codes [5] with boosting [1,19]. Here any two-
class base classifier may be used. However, a disadvantage of all these approaches
is that for problems with a large number of classes the complexity or the num-
ber of the induced two-class problems may be too large. In this paper some new
boosting algorithms are presented which are especially designed for classifica-
tion tasks involving a large number of classes. They are all derived from on the
original AdaBoost algorithm.

The rest of this paper is organized as follows. In Section 2, the new boosting
methods are introduced. The classifier for handwriting recognition used in the
experiments is presented in Section 3. Then, in Section 4, results of an experi-
mental evaluation of the proposed methods are given. Finally, conclusions from
this work are drawn in Section 5.

2 New Boosting Algorithms for Classification Tasks
with Large Number of Classes

In this section four new boosting algorithms are introduced which are designed
for classification tasks with a large number of classes. All methods work with a
distribution d of weights over the training set, similarly to AdaBoost [8]. Here
we interpret the weight d(x) of an element x of the original training set T as
the probability of being selected when sampling elements for the training set of
the next classifier of the ensemble. This means that

∑
x∈T d(x) = 1. The basic

algorithm of all new boosting methods is given in Table 1.
This algorithm is very similar to AdaBoost where also the weights are

adapted according to the results of the previously created classifiers on the train-
ing set. Note, however, that in contrast with the AdaBoost algorithm, the first
classifier is trained with the full training set. The difference of the four new
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Table 1. Basic algorithm of the new boosting algorithms

Input: base classifier (weak learner) C, training set T of size n, and number of runs m.
Output: m classifiers.

d(x) is set to 1
n

for all x ∈ T ;
train C with T → classifier C1;
for(i=2;i ≤ m;i++)

test classifier Ci−1 on T ;
modify d(x) using information derived from the results of C1, . . . , Ci−1 on T ; (*)
sample m elements of T (without replacement) using the weights d(x) → Ti;
train C with Ti → classifier Ci;

return C1, . . . , Cm;

boosting methods is the modification of the weights d(x) (line with star sign in
Table 1).

In the following the details of the novel weight modification schemes and
their underlying ideas are presented.

2.1 Simple Probabilistic Boosting (SPB)

The main idea of this boosting algorithm is to set the weight d(x) of a training
element x proportional to the probability e(x) that the ensemble of classifiers
will misclassify elements similar to element x. Similarly to AdaBoost, the weights
of “hard” elements, i.e. elements which are likely to be misclassified, are set to
a high value. It was decided to make the weights linearly dependent on the
misclassification probability, because this approach is simple and the optimal
function o : e(x) → d(x) is unknown anyway. The question remains how to
calculate e(x) from the results of the classifiers C1, . . . , Cm that were already
created. Four different functions will be considered:

1. If the ensemble of the classifiers C1, . . . , Cm classifies x correctly then e1(x)
is set equal to 0, otherwise it is set equal to 1.

2. Let k(x) be the number of classifiers of C1, . . . , Cm which output the correct
labels for x. Then e2(x) is 0 if the ensemble of the classifiers C1, . . . , Cm

classifies x correctly. Otherwise it is 1−k(x)
m . In contrast with e1(x), we take

here also the information of the number of classifiers into account which had
a correct output although the ensemble output was incorrect.

3. Let k(x, y) be the number of occurrences of label y in the output of the clas-
sifiers C1, . . . , Cm for training element x. The probability that one classifier
of the ensemble outputs y is therefore k(x,y)

m . The probability of the ensem-
ble to be wrong is then defined as the probability that the correct label c
is not output more often than all other labels y, given the output probabil-
ities k(x,y)

m for label y. This is the most exact estimation of the probability
of the misclassification of elements similar to element x, but may be very
difficult to calculate. Consequently, two approximations will be considered
in the following:
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(a) Only the label i of the incorrect class that occurs most frequently and
the correct label c are considered.

(b) The output probabilities k(x,y)
m are used and a number of simulations of

the output of an ensemble of size m are run. The fraction of simulations
were the correct label c was not the most frequent label is the error prob-
ability e4(x). In the experiments of Section 4 the number of simulation
was set to 1000.

Note that under e3(x) and e4(x) the results of C1, . . . , Cm are only used for
the calculation of the probability k(x, y) that one classifier outputs label y
for training element x. This means that e(x) may be less than 1 even when
the actual ensemble misclassifies the element. The reason why the actual
results are not directly used is that we are not interested in the optimization
of the ensemble for the training set, but in the optimization for elements
similar to the ones in the training set. So by using the results only indirectly
we may avoid overfitting effects.

For a better understanding of the functions e1(x), e2(x), e3(x) and e4(x) con-
sider the following example: Assume four classifiers were produced for a classi-
fication problem with three classes X, Y and Z. The correct class of the test
pattern t is X and the output of the classifiers for t are X, Y , Y and Z. Func-
tion e1(t) is equal to 1, because the wrong label Y appears more often than the
correct label X. Function e2(t) is equal to 0.75, because one of the four labels in
the output is correct. For e3(t) and e4(t) the value of k must be calculated first.
Here, k(t, X) = k(t, Z) = 1

4 and k(t, Y ) = 1
2 . The value of e3(t) is the probability

that Y appears more often than X using the output probabilities of the labels
given by k. Here e3(t) = 0.81640.

2.2 Effort Based Boosting (EBB)

The main idea of this method is the following. The weights d(x) of the training
elements are regarded as resources. Those resources should be distributed to,
or shared among, the elements, for which a high value of d(x) has the largest
positive effect on the ensemble performance. Unlike in SPB when using e2(x),
e3(x) or e4(x), the results of the ensemble of already produced classifiers are
directly used to optimize the ensemble performance on the training set.

The effort ef(x) of a training element x is defined as the average number
of instances of x required to be present in the training set so that the trained
classifier makes a correct decision for x. We can estimate ef(x) as follows

ef(x) =
total number of instances of x in all training sets of all classifiers

number of correct decisions for x made by all classifiers
(1)

Note that, because of the above given interpretation of the weights d(x), the
average number of elements in a training set of size n is d(x) · n.

As mentioned before, the performance of the ensemble should be optimized.
So the resources should be distributed to the elements, for which a correct voting
result of the ensemble is achieved with minimum effort, i.e. with as few resources
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as possible. Quantity r(x) is defined as the average total number of required
resources, i.e. the number of training instances, so that the ensemble consisting
of the already produced classifiers and some new classifiers outputs the correct
result. Moreover, n(x) is the number of classifiers with correct result for x needed
to be added to the actual ensemble to get a correct voting result for x. From the
definitions introduced above we get r(x) = n(x) · ef(x). If n(x) is larger than
the number of classifiers which will be added, then it is impossible to achieve a
correct voting result for x and r(x) is set to ∞.

Consider the following example: The training set consists of the elements A
and B. The first classifier is trained with both A and B and tested on the training
set. A is classified correctly, but B isn’t. The second classifier is then trained with
two instances of B and when tested on the training set it classifies both A and
B correctly. The effort of A is the number of instances in the training sets of the
classifiers (which is equal to 1) divided by the number of classifiers with correct
result (which is equal to 2), so ef(A) = 1

2 . Similarly, we get ef(B) = 3
1 = 3.

Because the voting result for A is correct, n(A) = 0 and r(A) = 0. For B, we
need one more classifier which outputs the correct result to achieve a correct
voting result, so n(B) = 1 and r(B) = 3.

For setting the weights d(x) of the training elements all elements with r(x) >
0 are considered in ascending order of r(x) and then the weights are set to
ef(x) · α · 1

n until the sum of the weights reaches 1. Note that with this formula
the average number of instances in the training set of the new classifier for
elements selected by the algorithm is ef(x) · α. If the sum of weights gets larger
than 1 for a set of elements {x1, . . . , xn} with the same value of r then the
weight of all those elements is set equal to ccėf(x) ·α · 1

n where c it the constant
which leads to a sum of weights equal to 1. If the sum of the weights of the
elements with r(x) �= ∞ doesn’t reach the value 1, then the “rest” of the total
weight is equally distributed among the elements with r(x) = ∞. Note that the
elements with r(x) = 0, i.e. the elements which are classified correctly by the
actual ensemble, have weight 0. As mentioned before, unlike SPB, the focus of
this method is on the optimization of the actual ensemble.

The main idea of the algorithm is to train only on the elements of the original
training set for which a correct voting result may be achieved by the inclusion of
a few instances in the training sets of the classifiers. Because ef(x) is the number
of training instances of x needed on the average for a correct classification of x
by the new classifier, the training set should contain more elements than ef(x)
to ensure that the classifier correctly classifies x. This is the reason why the
parameter α is introduced. The larger the value of α, the more likely the elements
with d(x) > 0 are classified correctly by the created classifier. On the other hand
the smaller α is, the more elements have positive weights. The optimal value of
α is application dependent and must be determined in experiments.

2.3 Effort Based Boosting with Doubling of Training Set (EBBD)

In some preliminary experiments it was observed that EBB produces training
sets containing instances of only a small fraction of the original training set.
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This can possibly lead to a poor performance of the individual classifiers in the
application of handwritten word recognition. The reason for this is that the HMM
classifiers used for this test have a large number of of free parameters which are
poorly estimated if the training set consists of only a few different patterns. To
avoid this problem the following modification of EBB is proposed. The individual
classifiers are trained with the union of the training set produced by EBB and
the original training set. With this approach some of the training samples still
have several instances in the training set, and are emphasized therefore, but it
is ensured that all original training elements are used for the training.

2.4 Simple Probabilistic Boosting with Effort (SPBE)

The idea of this algorithm is to train on elements for which a correct voting
result may be easily achieved and for which, at the same time, the probability
of a misclassification of similar elements by the ensemble is high.

The only modification to SPB is a different procedure for the calculation of
the weight d(x):

d(x) ∝ e(x) · (1 +
α

ef(x)
) (2)

The effect of α is the following. The higher the value of α, the higher is the
weight for elements with low effort values, but the less weight is “distributed” to
elements with higher effort values. Similarly to EBB, there is a tradeoff between
the number of elements to be emphasized and the likelihood of the correct clas-
sification of an element when emphasizing it. Also here, the optimal value of α
is application dependent and must be experimentally determined. In this paper
we are only using a special case of SPBE where α is set to a very high value.
The formula for d(x) can then be simplified to d(x) ∝ e(x)

ef(x) .

3 Handwritten Text Recognizer

In the experiments described in Section 4, an HMM-based handwritten word
recognizer is used as base classifiers. The recognizers is similar to the one de-
scribed in [15]. We assume that each handwritten word input to the recognizers
has been normalized with respect to slant, skew, baseline location and height (for
details of the normalization procedures see [15]). A sliding window of width one
pixel is moved from left to right over the word and nine geometric features are
extracted at each position of the window. Thus an input word is converted into
a sequence of feature vectors in a 9-dimensional feature space. The geometric
features used in the system include the fraction of black pixels in the window,
the center of gravity, and the second order moment. These features characterize
the window from the global point of view. The other features give additional
information. They represent the position of the upper- and lowermost pixel, the
contour direction at the position of the upper- and lowermost pixel, the number
of black-to-white transitions in the window, and the fraction of black pixels be-
tween the upper- and lowermost black pixel. In [15] a more detailed description
of the feature extraction procedures can be found.
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For each uppercase and lowercase character, an HMM is build. For all HMMs
the linear topology is used, i.e. there are only two transitions per state, one to
itself and one to the next state. The character models are concatenated to word
models. There is exactly one model for each word from the underlying dictionary.
This approach makes it possible to share training data across different words.
That is, each word in the training set containing character x contributes to the
training of the model of x. Thus the words in the training set are more intensively
utilized than in the case where an individual model is build for each word as a
whole, and characters are not shared across different models.

The Baum-Welch algorithm is used for training of the system and the Viterbi
algorithm for recognition [17]. The output of the HMM classifiers is the word
with the highest rank among all word models together with its score value.

4 Experiments

For isolated character and digit recognition, a number of commonly used data-
bases exist. However, for the task considered in this paper, i.e. recognition of
handwritten words, there exists only one suitable database to the knowledge
of the authors, holding a sufficiently large number of words produced by dif-
ferent writers [14]. Consequently, a subset of this database was used for the
experiments. The training set contains 9861 and the test set 1066 words over
a vocabulary of size 2296. That is, a classification problem with 2296 different
classes is considered in the experiments. The test set was chosen in such a way
that none of its writers was represented in the training set. Hence all experiments
described in this paper are writer independent. The total number of writers who
contributed to the training and test set is 81. The prototype classifier described
in Section 3, trained on the full training set, has a recognition rate of 66.23 %.
74To compare the new methods to classical ensemble methods, also Bagging [3]
and AdaBoost.M1 [8] were tested.

The following classifier combination schemes were used:

1. Voting scheme (voting): Initially, only the top choice of each classifier is
considered. The word class that is most often on the first rank is the output
of the combined classifier. Ties are broken by means of the maximum rule,
which is only applied to the competing word classes.

2. Weighted voting (perf-v): Here we consider again the top class of each clas-
sifier. In contrast with regular voting, a weight is assigned to each classifier.
The weight is equal to the classifier’s performance (i.e. recognition rate) on
the training set. The output of the combined classifier is the word class that
received the largest sum of weights.

3. ga weighted voting (ga-v): Like weighted voting, but the optimal weights are
calculated by a genetic algorithm based on the results of the classifiers on
the training set.

All methods were tested three times and the averaged results of the exper-
iments are shown in Table 2. In each experiment 10 classifiers were produced.
The entries in column error/α denote the function used for error calculation or
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Table 2. Results of the experiments with the new boosting algorithms. The recognition
rate of the classifier trained on the whole training set is 66.23 %

algorithm error/α voting perf-v ga-v
Bagging - 67.51 (0.19) % 67.73 (0.09) % 67.89 (0.24) %
AdaBoost - 68.17 (0.31) % 68.67 (0.25) % 68.35 (0.38)%
SPB e1 68.45 (0.53) % 68.7 (0.46) % 68.67 (0.36) %
SPB e2 68.29 (0.41) % 68.23 (0.33) % 68.64 (0.77) %
SPB e3 68.04 (0.43) % 68.45 (0.38) % 68.2 (0.71) %
SPB e4 68.17 (0.52) % 68.17 (0.52) % 68.26 (0.61) %
EBB 1 69.11 (0.39) % 69.11 (0.54) % 69.29 (0.62) %
EBB 1.5 69.42 (1.07) % 69.45 (1.05) % 69.82 (1.52) %
EBBD 1.5 68.67 (0.26) % 68.73 (0.54) % 68.61 (0.73) %
EBBD 2 68.42 (1.12) % 68.54 (0.94) % 68.42 (0.91) %
SPBE e1 69.2 (1.27) % 69.01 (1.03) % 69.04 (1.07) %
SPBE e2 67.85 (0.71) % 67.7 (0.98) % 68.32 (1.17) %
SPBE e3 68.95 (0.73) % 68.76 (0.92) % 68.42 (0.67) %
SPBE e4 69.04 (0.41) % 69.36 (0.6) % 69.04 (0.8) %

the value of parameter α. The number in brackets is the standard deviation of
the recognition rate.

For almost all boosting algorithms and all combination schemes better results
than by Bagging were achieved (there is only one exception). This shows that
the Boosting algorithms really produce superior results. In the following the
new boosting algorithms are compared with AdaBoost. The SPB algorithms
produced comparable or inferior results for error functions e2, e3 and e4. Only
with error function e1 SPB is slightly better. EBB produced very good results,
especially for α = 1.5. When using EBB with double training set, i.e. the EBBD
algorithm, the results are only slightly better than AdaBoost. It seems that
the use of double training set doesn’t increase the stability of the recognition
rate of the ensemble much and leads to an inferior performance when compared
to EBB. The two error functions e1 and e4 seem to be suited for use with the
SPBE algorithm and lead to very good results. Also with error function e3 better
results than AdaBoost were achieved, yet when using e2 SPBE can’t compete
with AdaBoost.

To compare the new algorithms to AdaBoost more systematically the sign
test is used. In the sign test we compare corresponding results and count how
often the result of the new algorithm is better. The null hypothesis of the test
is that both algorithms have the same performance. So a binomial distribution
of the counter variable mentioned above is expected (with p = 0.5). The results
of SPB and Boosting seem to be similar. In 4 of 11 experimental settings the
new method obtained better results. This doesn’t allow us to reject the null
hypothesis. On the other hand the results of EBB, EBBD and SPBE seem to be
superior to the results of AdaBoost, because in 20 out of 24 experimental cases
a better result was achieved by the methods. Here the null hypothesis of similar
performance is rejected using a low significance level of 1 %.
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The different combination schemes produced comparable results. It has to be
finally noted that all algorithms proposed in this paper have a very high time
consumption. This limits the number of repetitions that can be performed.

5 Conclusions

For classification problems with significantly more than two classes only one
multi-class AdaBoost version, AdaBoost.M1, is easily applicable, AdaBoost.M1
incorporates an element weighting mechanism which is similar to the one of
the two-class AdaBoost. However, this mechanism is not suited for classifica-
tion problems with a large number of classes. In this paper three new boosting
methods, which are all based on AdaBoost, were introduced. Those methods
use heuristics for the weighting mechanism which are totally independent of
the number of classes. Consequently they are suitable for classification problems
with a large number of classes. The first method proposed in this paper sets the
weight of an element of the training set proportional to the probability of the
misclassification of similar elements. Different functions for the calculation of
this probability were introduced. The second method regards weight as resource
and distributes it in such a way that the performance of the final ensemble is
maximized. A third method combines these two approaches.

The new boosting algorithms were tested in a handwritten word recognition
task that involves almost 2,300 classes. The results of the first method produced
results comparable to AdaBoost, but the other two methods achieved superior
results in most cases. In our experiments, we observed a rather high variance of
the recognition rate. In future research we will address this problem by using
larger training sets and a higher number of classifiers. In addition we may also
execute more runs of the algorithms to get more stable results.
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Abstract. In this paper, we proposed a new multiple classifier system
(MCS) based on multiple description coding (MDC) models. Our pro-
posed method was inspired from the framework of transmitting data over
heterogeneous network, especially wireless network. In order to support
the idea of MDC in pattern classification, parallels between transmission
of concepts (hypothesis) and transmission of information through a noisy
channel are addressed. Furthermore, preliminary surveys on the biologi-
cal plausible of the MDC concepts are also included. One of the benefits of
our approach is that it allows us to formulate a generalized class of signal
processing based weak classification algorithms. This will be very appli-
cable for MCS in high dimensional classification problems, such as im-
age recognition. Performance results for automatic target recognition are
presented for synthetic aperture radar (SAR) images from the MSTAR
public release data set.

1 Introduction

In this paper, we propose a new multiple classifier systems (MCS) [1] by general-
izing a model of weak classifiers based on the concepts of transmitting data over
heterogeneous network, called MDC. Parallels between transmission of concepts
and transmission of information through noisy channel are discussed in order to
describe MDC applications in pattern classification.

As discussed in [2], decision of boosting based MCS, called Adaboost, could be
interpreted as an instance of threshold decoding for a T -repetition code under the
assumption of a binary discrete memoryless channel constructed by the ensemble
of binary weak classifiers. Based on the work in [2], we can further verify that
pattern classifying using overcomplete wavelet representations (OWR) for MDC
and the threshold decoding for a T -repetition code are also equivalent. As a
result, a diverse pool of classifiers can be generated from our MDC approach.

The remainder of this paper is organized as follows. Section 2 introduces a
model of transmission of concepts. In Section 3, we describe multiple description
coding and its biological plausible motivation. Section 4 gives a brief explanation
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of overcomplete wavelet representations and theirs extensions. We discuss our
proposed method in Section 5. The experimental results are presented on an
automatic target recognition task using MSTAR data set, and the discussion
concludes the paper.

2 Transmission of Concepts (Hypothesis)

Based on the fact that Kolmogorov entropy estimation and optimal encoding
are equivalent [3], let the function classes of concepts c belong to a target class
C : X → {0, 1} in a metric space with distance function ρ, E is the mapping
that map C into a subset B of bitstreams and the mapping D decodes B, B ∈ B,
and cB is the decoded concept based on the bitstreams. Then we can find an
encoding pair of concepts E, D with distortion ¡ ε, the ball B(cB , ε), B ∈ B,
give an ε cover of C such that

Hε(C) = log2 Nε(C), (1)

and
Hε(C) < R(C, E, D), (2)

where Hε(C) is the Kolmogorov ε-entropy of concepts, Nε(C) is the smallest in-
teger n for which there is such an ε-covering of concepts (C), R(C, E, D) denotes
the largest length of bitstreams that appear when E encodes the concepts, and
for each c the encoder E selects an integer l ∈ {1, ..., Nε(C)} such that B(cl, ε)
contains c and map c into the binary digits of l.

From Equation 2, the optimal encoding of concepts can be interpreted further
in the framework of communication transmission models, where the mapping E
can be models as a Discrete Memoryless Source (DMS) with output alphabet
X, |X| = Nε(C).

Basically, we can further conclude that pattern classifying using overcomplete
wavelet representations (OWR) for MDC models and the threshold decoding for
a T -repetition code are equivalent. However, we will skip the explanation of
such equivalency in this paper since it can be derived straightforwardly from the
equations in [2].

As a result, based on the parallels between transmission of concepts and
transmission of information through a noisy channel using MDC models, any
signal processing based algorithms that can be explained in the framework of
MDC can be applicable for MCS.

3 Multiple Description Coding Models

The problem of breaking an image into pieces and then being able to reconstruct
it from an arbitrary subset of these pieces have been long discussed, i.e., the
problem of source coding [4] and optical holography [5]. In source coding, the
proposition of jointly coding of many source descriptions is based on the original
questions posed by Gersho, Ozarow, Witsenhausen, Wolf, Wyner, and Ziv at the
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Shannon Theory Workshop in the September 1979 (see [6] and the references
therein). The question was that if an information source is described by two
separate descriptions, what are the concurrent limitations on qualities of these
descriptions taken separately and jointly? This problem would come to be known
as the multiple description problem.

Multiple Description Coding (MDC) is a source coding technique, in which
the source is encoded into multiple descriptions, which are transmitted over
different channels to the receiver. When all the descriptions are available at
the receiver (i.e. when all channels are received), a high quality reconstruction
of the source is possible. However, in the absence of some of the descriptions
at the receiver (when one or more channels are not received), the quality of
reconstruction should still be acceptable.

3.1 Biological Plausible Motivation

Our motivation on multiple description wavelet based pattern classification is to
ensure that the model used in our classification system should be resembling the
models that are evidently found in some biological organizations, i.e. biological
vision organizations and auditory models.

As argued in biological vision [7] that both retina and cortical data indicate
extensive oversampling (manifested by overlap of adjacent receptive fields), es-
pecially in the position dependence Gabor representation scheme. Furthermore,
results from vision research indicate that an image is represented in logarithmic
scale along the frequency axis, so called ”Gaborian Pyramid”, which is also a
basic type of wavelet representations. Similarly, in auditory model [8], [9], it is
argued that several models of the early processing in the mammalian auditory
system are developed under wavelet transforms. Note that irregular sampling has
been used for the latter case, which its representation is with respect to frames
(with high redundancy or oversampling). Similarly to the reconstruction qual-
ity improvement in source encoding using MDC, biological organizations also
use oversampling or high redundancy representations to improve classification
accuracy.

At the best of our knowledge, we have not seen other works using MDC in
pattern classification, except the approach using multiple descriptions of data in
the context of rule based classification system [10], and the plausible models of
vision and auditory systems mentioned above. Hence, with the inspiration from
the biological plausible motivation, we believe that MDC could be applied with
MCS in the applications of pattern classification.

4 Overcomplete Wavelet Representations (OWR)
and Their Extensions

In this section, we first describe OWR for MDC. Then, an extension to OWR
suitable for pattern classification tasks is presented.
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Fig. 1. One level of a 2-D overcomplete wavelet representation with four transforms

4.1 Overcomplete Wavelet Representations
for Multiple Description Coding [11]

The overcomplete wavelet representation (OWR) combines coefficients from sev-
eral critically subsampled discrete wavelet transforms (DWTs) computed for dif-
ferent circular shifts of the input image. The most straightforward approach is to
compute in parallel several critically subsampled transforms, each for a different
shift of the input image. We will treat it as a special case of the OWR and call it
the Parallel Wavelet Representation (PWR). An example of the PWR is shown
in Figure 1 for a redundancy ratio of four, which we will refer to each such set of
coefficients as one transform even if they were computed using several different
DWTs. We separately compute four one-level 2D DWTs for the input image
shifted by (0,0), (3,0), (0,3), and (3,3). The four transforms share only the input
signal. Generally, more descriptions can be generated by using different circular
shifts of the input image before computing DWTs.

4.2 Local Discriminant Basis [12]

Algorithm 1 The Local discriminant basis algorithm (LDB) [12]

Step A0: Decompose a given set of training patterns belonging to
each class into a full wavelet packet decomposition tree
upto proper resolution.

Step A1: In each node corresponding to a subspace of the input
pattern, calculate the accumulation of the square of the
of all expansion coefficients of a given class and then
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normalize its with total energy of the training patterns
belonging to a given class.

Step A2: Continue Step A0 and A1 for all of the classes of the
classification task in hand.

Step A3: In each node corresponding to a subspace of the pattern
input, calculate discriminant measure for all classes
using pairwise combinations of the distance norm between
two classes of the values calculated in Step A2.

Step A4: Starting from the bottom of the tree, mark all bottom
nodes as the best basis for the classification task in
hand.

Step A5: If the information cost of the parent node is higher than
that of the child node, then the parent node is marked.
On the other hand, if the child has higher cost, then the
parent node is not marked, but the total information cost
of the child is assigned to the parent.

Step A6: Repeat Step A5 until the top is reached. The best basis
is then obtained by collecting the topmost marked nodes.

Step A7: Retain K most discriminant subbands from the information
costs selected from Step A6.

5 Our Proposed Method

The following multiple description wavelet based pattern classification algorithm
performs classification voting on a set of multiple descriptions of data generated
from spatially partitioned images with different numbers of features. These fea-
tures are transformed by different overcomplete wavelet transforms (OWR).

Algorithm 2 The Multiple Description Wavelet Based Method

Step B0: Spatially partition the original input images into N sub-
images.

Step B1: In each subimage, use a specific overcomplete wavelet
(LDB) representations to create a set of features by performing

a linear transformation and retain a set of K new, infor-
mative features based on the LDB algorithm.

Step B2: Continue Step B1 using a different overcomplete wavelet
representations for M times to create M image
descriptions.

Step B3: Assemble a set of multiple descriptions (MD). Each MD is
composed of N subimages. Each subimage contains LDB feat-
ures generated using different OWR from Step B2.

Step B4: Classify each description using Fisher’s linear discrimi-
(LDA) nant analysis (LDA) based classification method.
Step B5: Vote all M descriptions to obtain the final classifica-
(MDC) tion.
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Fig. 2. Sample SAR images of military vehicles (a) BMP2 APCs, (b) BTR70 APCs,
and (c) T72 tanks

Through out the rest of this paper, MD-LDB-LDA will be used to represent
our proposed algorithm. This term is coined regarding to the operations in Steps
B5, B1, and B4, respectively. Specifically, LDB in Step B1 performs both func-
tions of feature extraction/selection with a purpose to reduce dimensionality of
the original input. In Step B3, a diverse set of MD are generated by varying
the amount of redundancy with the important of discriminant power. In this
paper, we use the almost same number of features for each subimages in our
experiments. In Step B4, each LDA based classifier with its corresponding MD
becomes a weak classifier for a committee of classifiers implemented in Step B5.

6 Experimental Results

We have compared our approach with seven baseline classifier systems on the
MSTAR public release data set. In the first system, feature extraction method
based on the modified differential box-counting (MDBC) [13] was used to esti-
mate the fractal dimension of the original images. These MDBC features were
then used to train and test feed-forward neural networks (NN). In the second sys-
tem, algorithms based upon a conditionally Gaussian signal models (CGSM) [14]
were used to jointly estimate both target type and target pose. We implemented
error correcting output coding (ECOC) [15] using original and LDB training
data sets as the third and forth baseline classifiers, respectively. Furthermore,
we implemented Adaboost with stochastic weighting [16] using original and LDB
training data sets as the fifth and sixth baseline classifiers, respectively. We used
7 bits linear block code to generate ECOC classifiers, where each experiment is
run for six times. Similarly, we evaluated each Adaboost experiment using 30
weak networks. Here, we trained both ECOC and Adaboost networks for 500 it-
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Table 1. MSTAR images comprising training set

Vehicle No. Serial No. Depression Images
BMP-2 1 9563 170 233

2 9566 231
3 c21 233

BTR70 1 c71 170 233
T-72 1 132 170 232

2 812 231
3 s7 228

Table 2. MSTAR images comprising testing set

Vehicle No. Serial No. Depression Images
BMP-2 1 9563 150 195

2 9566 196
3 c21 196

BTR70 1 c71 150 196
T-72 1 132 150 196

2 812 195
3 s7 191

Table 3. The CGSM Method: Recognition test of a three class problem for 80 x 80
images

BMP-2 BTR-70 T-72 Percent
BMP-2 580 0 7 98.81%
BTR-70 12 183 1 94.90%

T-72 0 0 582 100%

erations using one hidden-layer backpropagation network with various numbers
of hidden nodes. The reason for comparing with ECOC and Adaboost is that
our proposed method, ECOC and Adaboost are considered as Majority Voted
Learners (MaVL). Finally, our seventh classifier is implemented using Fisher’s
linear discriminant analysis (LDA) based classification on the selected LDB fea-
tures of the original images.

The MSTAR public release data set contains high resolution synthetic aper-
ture radar data collected by the DARPA/Wright laboratory Moving and Sta-
tionary Target Acquisition and Recognition (MSTAR) program. The data set
contains SAR images of three different types of military vehicles – BMP2 ar-
mored personal carriers (APCs), BTR70 APCs, and T72 tanks. The sample of
SAR images at different orientations are shown in Figure 2. The size of each
image is 128x128.

In our experiments, we used the first order Coiflet filters for the LDB algo-
rithm. Four different image sizes from 32x32 to 80x80 have been used in our
experiments. Image chips of different image sizes were reconstructed by extract-
ing a small rectangular region at the center of the MSTAR images. The reason
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Table 4. Our Proposed Method: Recognition test of a three class problem for 80 x 80
images using 7 descriptions

BMP-2 BTR-70 T-72 Percent
BMP-2 584 2 1 99.49%
BTR-70 1 194 1 98.98%

T-72 1 1 580 99.66%

Table 5. Comparison of difference methods in overall percentage of images correctly
recognized as a function of image size

Methods / Image Size 32x32 48x48 64x64 80x80
MDBC+NN 75.88 N/A N/A N/A

CGSM N/A N/A N/A 98.53
SVM-ECOC(orignal) 84.46 90.16 91.76 92.70
SVM-ECOC(LDB) 85.42 90.81 92.51 92.14
Adaboost(orignal) 88.24 93.35 93.48 93.68
Adaboost(LDB) 89.66 93.16 94.26 93.97

LDB-LDA 73.78 95.24 97.14 97.29
MDC-LDB-LDA 84.69 98.53 99.34 99.47
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Fig. 3. Percent of correct recognition as a function of number of descriptions used and
image size

for windowing target images is that the classification should be sensitive to a
region corresponding to the vehicle, not to background clutter or target shadow.
The larger image chip used, the more target, shadow, and background clutter
pixels are included. Inversely, portions of shadow and background are eliminated
and the target occupies a larger portion of image chip, when a smaller image
chip are used.

Tables 1 and 2 detail the training and testing set, where the depression angle
means the look angle by antenna beam at the side of the flying aircraft pointed to
target. Based on the different depression angles SAR images acquired at different



344 Widhyakorn Asdornwised and Somchai Jitapunkul

time, test sets can be used as a representative sample sets of the SAR images
of the targets for testing the recognition performance. Tables 3 and 4 detail
the recognition performance through confusion matrices for 80 x 80 images of
the CGSM and our approaches (MD-LDB-LDA), respectively. As presented in
Table 5, our proposed method gives the best overall performance among all
approaches. It should be noted that we evaluated our algorithm at various image
sizes compared to the available recognition accuracy given in [13] and [14]. By
implementing Steps B1 to B5 for M descriptions, the performance results in term
of percent of correct recognition as functions of number of descriptions used and
image size can be shown as in Figure 3. Evidently, the computation complexity
of our proposed method is much less than ECOC and Adaboost methods when
they are evaluated at the original image sizes. This is also being true when all
methods are evaluated using LDB. The computational complexity of computing
basis for N training targets is O(N.n.log(n)), and the cost of searching best
basis is O(n), where n is the number of pixels of target chip.

7 Discussion and Conclusion

In this paper, we try to bridge the gap between signal processing and pattern
classification by proposing a new algorithm, called multiple description wavelet
based pattern classification method. Our proposed technique is inspired by the
current successful techniques in both pattern classification and signal process-
ing concepts, e.g. divide and conquer approaches, combining classifiers, local
discriminant bases, and multiple description coding models etc. Based on our
experiment results, our proposed method gave the best performance among all
multiple classifier methods. Our future work will be on unifying our method to
the random subspace method [17], implementing an approach for jointly feature
extracting and classifying based on local discriminant basis.
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Abstract. The security of computer networks plays a strategic role in modern 
computer systems. In order to enforce high protection levels against threats, a 
number of software tools have been currently developed. Intrusion Detection 
Systems aim at detecting intruders who elude “first line” protection. In this pa-
per, a pattern recognition approach to network intrusion detection based on the 
fusion of multiple classifiers is proposed. In particular, a modular Multiple 
Classifier architecture is designed, where each module detects intrusions against 
one of the services offered by the protected network. Each Multiple Classifier 
System fuses the information coming from different feature representations of 
the patterns of network traffic. The potentialities of classifier fusion for the de-
velopment of effective intrusion detection systems are evaluated and discussed. 

1 Introduction 

Despite the effort devoted to protect computer networks, they are exposed to new 
attacks that are constantly developed. The main reason is the presence of unknown 
weaknesses or bugs, always contained in system and application software (McHugh et 
al., 2000; Proctor, 2001). Intrusion Detection Systems (IDS) are the software tools 
placed inside a computer network, looking for known or potential threats in network 
traffic and/or audit data recorded by hosts. 

Two approaches to intrusion detection are currently used. One is called misuse de-
tection, and is based on attack signatures, i.e., on a detailed description of the se-
quence of actions performed by the attacker. This approach allows the detection of 
intrusions perfectly matching the signatures. Their effectiveness is strictly related to 
the extent to which IDSs are updated with the signatures of the latest attacks devel-
oped. In principle, this problem could be solved by designing general signatures that 
capture the “root-cause” of an attack, thus allowing for the detection of all the attack 
variants designed to exploit the same weakness. Unfortunately, general signatures 
designed by security experts usually generate high volumes of “false alarms” (Proc-
tor, 2001), i.e., normal traffic events matching an attack signature. This is currently a 
challenge for the development of effective IDSs, since very small false alarm rates 
translate to a number of false alarms greater than the number of true alarms, as the 
volumes of normal traffic are some orders of magnitude greater than those related to 
the attacks (Axelsson, 2000). 

The second approach to intrusion detection is based on statistical knowledge about 
the normal activity of the computer system, i.e., a statistical profile of what consti-
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tutes legitimate traffic in the network. In this case, intrusions correspond to anoma-
lous network activity, i.e., to traffic whose statistical profile deviates significantly 
from the normal (McHugh et al., 2000; Proctor, 2001). This IDS model has been the 
first to develop on account of its theoretical ability to detect intrusions, regardless of 
the system type, the environment, the system vulnerabilities, and the type of intru-
sions. Unfortunately, the acquisition of profiles of “normal” activity is not an easy 
task, due to the high variability of network traffic over time.  

The above discussion points out that the trade-off between the ability to detect new 
attacks and the ability to generate a low rate of false alarms is the key point to develop 
an effective IDS. Therefore, the misuse (signature-based) detection model is currently 
the most widely used due to its ability to produce very low false alarm rates at the 
price of a very limited ability to detect new attacks. 

The difficulties in detecting novel attacks have led researchers to apply statistical 
pattern recognition approaches (Bonifacio et al., 1998; Cannady, 2000; Debar et al., 
1992; Ghosh and Schwartzbard, 1999; Giacinto et al., 2003; Lee and Heinbuch, 2001; 
Ryan et al., 1998; Yeung and Ding, 2003). The main motivation in using pattern rec-
ognition approaches to develop advanced IDSs is their generalization ability, which 
may support the recognition of previously unseen intrusions that have no previously 
described patterns. In particular, pattern recognition approaches should allow the 
detection of the so-called attack “variants”, i.e. attacks that produce the same effect of 
known attacks but with different signatures that are not recognised by signature-based 
IDSs.  

An extensive evaluation of pattern classification techniques was carried out on a 
sample data set of network traffic during the KDD'99 conference. The results pointed 
out the feasibility of the pattern recognition approach to intrusion detection (Elkan, 
2000). Nevertheless, a number of issues should be still solved before such systems 
can be used in operational environments (Allen et al., 2000). For network managers, 
one of the main drawbacks of such systems appears to be the high false alarm rate 
often produced.  

In this paper an experimental evaluation of the use of Multiple Classifier Systems 
(MCSs) for the detection of intrusions in computer networks is proposed. In particu-
lar, this is an extension of the work presented in (Giacinto et al., 2003), where the 
feasibility of the MCS approach to intrusion detection was assessed. While the ex-
perimental results of the previous paper were related to one network service, in this 
paper a modular MCS architecture is designed to take into account the number of 
services offered in a TCP/IP computer network.  

The paper is organised as follows. A formulation of the intrusion detection prob-
lem in the framework of MCSs is presented in Section 2. The modular architecture 
designed to take into account a number of network services is illustrated in section 3. 
Section 4 briefly outlines the function used to fuse the outputs of different classifiers. 
The experimental evaluation of the MCS architecture a data set available to the public 
is reported in Section 5. Conclusions are drawn in Section 6. 

2 Problem Formulation 

Intrusions in computer networks basically exploit weaknesses of the network trans-
mission protocol and weaknesses and bugs exhibited by system and application soft-
ware. The solution proposed hereafter is a network-based IDS (NIDS), as it allows 
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detecting both types of intrusions by processing the network traffic flow (Proctor, 
2001). 

From the MCSs point of view, the network intrusion detection problem can be 
formulated as follows (see Figure 1): given the information about network connec-
tions between pairs of hosts, assign each connection to one out of N data classes rep-
resenting normal traffic or different categories of intrusions (e.g., Denial of Service, 
access to root privileges, etc.). It is worth noting that various definitions of data 
classes are possible (McHugh et al., 2002; Proctor, 2001).  
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Fig. 1. Intrusion Detection formulated in the framework of MCSs 

The term “connection” refers to a sequence of data packets related to a particular 
service, e.g., the transfer of a web page via the http protocol. As the aim of a network 
intrusion detector is to detect connections related to malicious activities, each network 
connection can be defined as a “pattern” to be classified.  

Extraction of suitable features representing network connections is based on expert 
knowledge about the characteristics that distinguish attacks from normal connections. 
These features can be subdivided into two groups: features related to the data portion 
of packets (called payload) and features related to the network characteristics of the 
connection, extracted from the TCP/IP headers of packets (Northcutt and Novak, 
2001). The latter group of features can be further subdivided into two groups: intrinsic 
features, i.e., characteristics related to the current connection, and traffic features, 
related to a number of similar connections. Therefore, the following three feature sets 
can be used to classify each connection (Lee and Stolfo, 2000):  

• content features, i.e., features containing information about the data content of 
packets (“payload”) that could be relevant to discover an intrusion, e.g., errors re-
ported by the operating system, root access attempts, etc. 

• network related features 
− intrinsic features, i.e., general information related to the connection. They in-

clude the duration, type, protocol, flag, etc. of the connection; 
− traffic features, i.e., statistics related to past connections similar to the current 

one e.g., number of connections with the same destination host or connections 
related to the same service in a given time window or within a predefined num-
ber of past connections. 

This feature categorisation is general enough to take into account the high number 
of features that can be used to describe network traffic, while the features depend on 
the services, software, etc. used in the protected network. 

The MCS approach based on distinct feature representations is motivated by the 
observation that human experts design signatures that try to “combine” different at-
tack characteristics in order to attain low false alarm rates and high attack detection 
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rates according to their experience and intuition (Allen, 2000; Northcutt et al., 2001). 
Unfortunately, the manual development of such types of signatures is very difficult 
and tedious. The fusion of multiple classifiers can automate such an approach. In 
addition, the generalization capabilities of pattern recognition algorithms can allow 
for the detection of novel attacks that signatures designed by human experts usually 
do not detect. Finally, the MCS approach should produce a low rate of false alarms, as 
the authors showed in another application field (Giacinto et al., 2000). 

3 An MCS Modular Architecture for Intrusion Detection  

The traffic flow over a TCP/IP computer network is made up of sequences of packets 
related to different services. Each service is characterised by peculiar patterns of traf-
fic, e.g., the traffic generated by the http service is different from that generated by the 
smtp service. In addition, as different services involve different software programs, 
attacks to different services are characterised by different patterns of traffic. Thus it 
follows that the patterns of traffic related to different services should be described by 
different feature sets.  
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Fig. 2. Network connections related to different services are processed by mutually exclusive 
modules. 

In order to take into account the peculiarities of each service, we propose a modu-
lar architecture, where a dedicated MCS is designed for each service. In this paper we 
propose to divide the network services into six groups. Each group is made up of a 
number of services with similar functions (Figure 2). A “miscellaneous” group is also 
used to take into account services that are rarely used in the computer network at 
hand. It is worth noting that the proposed division depends hardly on the computer 
network to be protected, as different networks may provide different services. As an 
example, the traffic flow depends highly on the prevalent type of the users of the 
network services (i.e., home users, corporate users, etc.). As the modular architecture 
shown in Figure 2 is related to the dataset described in Section 5, it can be regarded as 
an example of the design of a modular MCS for IDS.  
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For each service, an MCS made up of three classifiers is designed. Each classifier 
is related to one of the feature subsets outlined in the previous section. For each ser-
vice, a feature selection process is performed first to select the more suitable content, 
traffic and intrinsic features (see Section 2). Then, for each feature subset (i.e., con-
tent, intrinsic and traffic), a number of classifiers are designed and the one that at-
tained the best performances is selected. Finally, the fusion rule that better exploits 
the complementarity of the three selected classifiers is chosen among a number of 
candidate rules (see Section 4).  

4 Decision Fusion Functions 

As a first “user’s guide” to choose the decision function, the expected degree of diver-
sity among classifiers should be taken into account (Roli and Fumera, 2001). It can be 
seen easily that the three feature sets presented in Section 2 are associated to unre-
lated connection characteristics. For example, for a given set of values of the intrinsic 
features (e.g., the number of bytes transmitted), there is no relationship with the val-
ues assumed by the content features (e.g., an attempt to log in the system as user 
“root”). According to the current achievements of the multiple classifiers theory (Roli 
and Fumera, 2002), it can be expected that classifiers trained on such different feature 
types provide outputs exhibiting a certain degree of uncorrelation. This observation 
allowed us to experiment with simple, “fixed” fusion rules, such as the majority vot-
ing rule and the average of classifier outputs, which are based on the assumption that 
different classifiers make uncorrelated errors. (It should be remarked that such fixed 
rules also assume that classifiers exhibit similar accuracies and pair-wise output corre-
lations) (Xu et al., 1992).  

However, as “fixed” fusion rules are not able to handle the different accuracies and 
pair-wise correlations that can be exhibited by the classifier ensemble effectively 
(Roli and Fumera, 2002), we also considered the Naive-Bayes “trainable” fusion rule 
(Xu et al., 1992). The decision of each classifier is weighted according to the confu-
sion matrix on the training set.  

In addition, it should be remarked that uncorrelation among features does not al-
ways guarantee uncorrelation of classifiers’ outputs (Roli and Fumera, 2002). In some 
cases classifiers may exhibit strong degrees of positive and negative correlations. For 
example, some attacks can be detected effectively only by one classifier of the en-
semble, or by the combination of a subset of classifiers. To handle these cases, we 
have considered an additional “trainable” fusion technique: the “decision template” 
fusion rule (Kuncheva et al., 2001), based on the set of outputs of the classifier en-
semble on the training set. This fusion method also allows effectively handling differ-
ent accuracies and pair-wise correlations exhibited by individual classifiers. 

5 Experimental Results 

Experiments were carried out on a subset of the database created by DARPA in the 
framework of the 1998 Intrusion Detection Evaluation Program (http://www.ll.mit 
.edu/ IST/ ideval). We used the subset that was pre-processed by the Columbia Uni-
versity and distributed as part of the UCI KDD Archive (http://kdd.ics.uci.edu/ 
databases/kddcup99/kddcup99.html). The available database is made up of a large 
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number of network connections related to normal and malicious traffic. Each connec-
tion is represented with a 41-dimensional feature vector according to the set of fea-
tures illustrated in section 2. In particular, 9 features were of the intrinsic type, 13 
features were of the content type, and the remaining 19 features were of the traffic 
type. 

Connections are also labelled as belonging to one out of five classes, i.e., normal 
traffic, Denial of Service (DoS) attacks, Remote to Local (R2L) attacks, User to Root 
(U2R) attacks, and Probing attacks. Each attack class is made up of different attack 
variants, i.e., attacks designed to attain the same effect by exploiting different vulner-
abilities of the computer network.  

The training set was made up of 491837 patterns related to different attacks be-
longing to one of the four attack categories. As the number of patterns related to the 
“Smurf” and “Neptune” attacks (DoS type) was very large compared to the number of 
attacks related to other attacks, we generated a new training set with “balanced” 
classes by “pruning” the patterns related to these attacks. This procedure was moti-
vated by the experimental evidence that a training set with 1% of randomly chosen 
patterns of the two above attacks had the same generalisation capability than the en-
tire training set. This propriety allowed to us to use a training set made up of 107670 
patterns. 

The test set was made up of 311029 patterns, where 19091 patterns were related to 
attack types not included in the training set. These patterns allow testing the ability of 
the pattern recognition approach to detect novel attack types. 

Classification results are reported in terms of the overall classification error, the 
sum of the false alarm and the missed alarm rates, and the average classification cost 
computed according to the cost matrix shown in Table 1. (The cost is computed by 
multiplying each entry of the confusion matrix with the corresponding entry in the 
cost matrix and dividing by the total number of test samples (Elkan, 2000)).  

Table 1. Cost matrix used to evaluate the confusion matrix related to each classifier 

  Assigned class 
  Normal U2R R2L Probing DoS 

Normal 0 2 2 1 2 
U2R 3 0 2 2 2 
R2L 4 2 0 2 2 
Probing 1 2 2 0 2 

T
ru

ec
la

ss
 

DoS 2 2 2 1 0 

It is worth noting that the false alarm and missed alarm rates do not take into ac-
count class confusion among attack classes. The false alarm rate measures the fraction 
of alarms produced by the classifier that are related to normal traffic patterns. On the 
other hand, the missed alarm rate measures the fraction of attack traffic patterns that 
are assigned to the “normal” class. Typically, an effective IDS should provide very 
small rates of false and missed alarms. In particular, as the number of normal connec-
tions is some degrees of magnitude higher than that of the attacks, small rates of false 
alarms can translate to a number of alarms unacceptable for operational environments 
(Axelsson, 2000).  

The experiments have been carried out by designing a large number of classifiers 
for each task. In particular, neural networks (MLP and RBF), k-NN, Gaussian, Mix-
ture of Gaussians, and decision trees have been used. For each classifier, different 
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values of the design parameters have been used in order to assess the best perform-
ances on the test set. As the performances of the classifiers can be evaluated accord-
ing to the overall error rate, the classification cost, and the sum of false and missed 
alarms, different classifiers may be selected according to the considered performance 
measure. The experiments carried out clearly showed that no individual classifier was 
able to provide the minimum values for all the performance measures, but different 
classifiers should be selected according to the performance measure to be minimised. 

The first experiment aimed to train a single classifier on the whole data set and to 
assess the best performances in terms of overall error rate. Table 2 shows the results 
of this experiment. The best results have been attained by an MLP neural network 
trained with the standard backprop algorithm. The error rate, the classification cost, 
and the sum of the false and missed alarms rates are higher than the best results at-
tained during the KDD99 contest (the best results have been attained by a mixture of 
Bagging and Boosting). However, according to the results of the contest reported in 
(Elkan, 2000), the single MLP would have been ranked between the fifth and sixth 
results. 

Table 2. Performances on the test set of the classifier that attained the minimum overall error. 
The performances of an MCS made up of three classifiers, each trained on distinct feature sets 
are also shown for comparison.  

Classifier Overall error Cost false + missed alarm rates 
MLP 7.97% 0.2424 6.79% 
MCS 7.59% 0.2254 6.34% 

Best KDD99 Result 7.29% 0.2331 6.70% 

Table 2 also shows the performances attained by an MCS made up of classifiers 
trained on distinct feature sets. Each classifier is trained with patterns from all the 
services included in the training set. The reported results are related to the combina-
tion by majority voting. This result clearly shows that the fusion of information com-
ing from different sources provides lower error than an individual classifier trained on 
the entire feature set. In addition, the MCS fusion scheme provides a classification 
cost lower than the best KDD99 result. It is worth remarking that this is a more in-
dicative performance measure for this application as it is designed to weight the se-
verity of errors. Finally, the sum of the false and missed alarms produced by an MCS 
fusion scheme is lower than that provided by the individual MLP and the best KDD99 
result. Thus an MCS based on distinct feature representation is suitable for an effec-
tive IDS. 

The second experiment was aimed at assessing the performances of the modular 
MCS architecture proposed in Section 3. For each service, a feature selection process 
has been performed first. A forward selection algorithm has been used with the leave-
one-out option. The number of features selected for each of the three subsets is shown 
in Table 3. It is worth noting that for the ICMP and the “Private and Other” services 
the content features are not useful for classification. This is motivated by the fact that 
the ICMP packets have no data portion, while it is reasonable that the data portion of 
the packets related to the “Private and Other” services doesn’t help to discriminate 
between normal and attack patterns. It is also worth noting that almost all the traffic 
features are always useful in the classification process. This result can be explained 
by observing that a large number of attacks are made up of a sequence of connections, 
each of which does not represent an attack per se. The traffic features take into ac-



A Modular Multiple Classifier System for the Detection of Intrusions      353 

count this aspect by coding a number of statistics related to past connections in order 
to capture malicious sequences of connection. 

Table 3. List of selected features for each service 

 Feature Subsets 
Service Intrinsic Content  Traffic  
Http 6 6 19 
Ftp 5 9 19 
Mail 5 9 19 
ICMP 3 - 13 
Private&Other 6 - 18 
Misc 7 11 19 

 
Table 4 shows the classification results of the modular MCS architecture illustrated 

in Section 3. For each service, and for each feature subset, a number of classifiers 
have been trained and the one that attained the minimum overall error has been cho-
sen. Then, the fusion techniques outlined in Section 4 have been applied for each 
service, and those that attained the minimum overall error has been chosen. In other 
words, the reported result represent the highest performance achieved on the test set 
by optimizing the design of the classifiers and the choice of the fusion rule. It is easy 
to see that the proposed method provided better performances than the best one pre-
sented during the KDD99 contest. In particular the proposed MCS architecture out-
performed the best KDD99 results in terms of the classification cost, which provides a 
more effective performance measure than the overall error rate. 

Table 4. Performances on the test set of the modular MCS architecture. 

Classifier Overall error Cost false + missed alarm rates 
Modular MCS (min overall error) 6.82% 0.2074 5.74% 

Modular MCS (min false + miss. alarm rate) 7.48% 0.1688 2.54% 
Best KDD99 Result 7.29% 0.2331 6.70% 

In addition Table 4 also shows the results of the MCS architecture obtained by 
choosing the classifiers and the fusion rules that minimized the sum of the false and 
missed alarm rates. It can be easily seen that both the classification cost and the false 
and missed alarm rates decrease dramatically with respect to the best KDD99 results, 
at the price of a slightly higher error rate. However, it has already been noticed that 
the classification cost and the false and missed alarm rates are the more significant 
performance parameter to assess the effectiveness of an IDS. Thus it follows that the 
proposed MCS architecture provides a significant step towards the use of pattern 
recognition tools for the intrusion detection problem. 

Table 5 shows the results related to the http service, as an example of the behavior 
of the MCSs related to different services. For comparison purposes, Table 5 also 
shows the results of the individual classifier that attained the minimum overall error 
on the entire feature set, after the feature selection procedure. The overall error and 
the classification cost attained by the considered fusion rules are always lower than 
those provided by the individual classifier trained using all the available features. The 
majority voting rule and the decision templates also provided low rate of false and 
missed alarms. It is easy to see that the majority-voting rule provides the best per-
formances. It can be concluded that the independence assumption can be deemed 
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realistic for the classifier trained on the three feature subsets, as far as the http service 
is concerned. It is worth noting that the majority voting provided the best results for 
the ftp, the ICMP and the “private & other” services, while the Naive Bayes worked 
better for the mail services, and the decision templates for the “Misc” group of ser-
vices. The detailed results have not been reported here for the sake of brevity. 

Table 5. Performances related to the http service. The classifier that attained the minimum 
overall error on the entire feature set is also shown. 

 Classifier Overall error Cost false + missed alarm rates 
Majority 3.41% 0.039 0.54% 

Naive-Bayes 4.22% 0.081 3.87% Fusion 
Decision Templates 4.32% 0.083 0.09% 

Entire Feature Set MLP 4.74% 0.093 0.97% 

6 Conclusions 

In this paper, we have proposed a modular multiple classifier architecture based on 
distinct feature representation, and experimented a number of different classifiers and 
fusion rules. The reported results showed that the proposed MCS approach provides a 
good trade-off between generalization abilities and false alarm generation. In particu-
lar, as far as the KDD99 data set is concerned, the proposed MCS architecture pro-
vided better performances than those provided by the winner of the KDD99 contest in 
terms of the classification cost, and the sum of false and missed alarm rates. 

Among the fusion rules evaluated, the majority voting rule provided the best re-
sults in four out of six MCS modules, as the classifier trained on distinct feature rep-
resentation can be deemed to be independent. 

As one of the main criticisms raised from network security experts against previ-
ously proposed pattern recognition methods in intrusion detection was related to the 
high false alarm rates that such methods usually produce (Allen, 2000), we believe 
that our work can contribute to designing future pattern-recognition-based IDSs that 
should satisfy the operational requirements, and, consequently, increase the degree of 
acceptance of network security experts for the pattern recognition approach to intru-
sion detection. This main conclusion of our work is clearly supported by the reported 
results, which show that fusion of multiple classifiers allows achieving a good trade-
off between generalization abilities and false alarm generation. 
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Abstract. In this paper we investigate the properties of novel systems
for handwritten character recognition which are based on input space
transformations to exploit the advantages of multiple classifier struc-
tures. These systems provide an effective solution to the problem of
utilising the power of n-tuple based classifiers while, simultaneously, ad-
dressing successfully the issues of the trade-off between the memory re-
quirements and the accuracy achieved. Utilizing the flexibility offered by
multi-classifier schemes we can subsequently exploit this complementar-
ity of different transformations of the original feature space while at the
same time decompose it to simpler input spaces, thus reducing the re-
sources requirements of the sn-tuple classifiers used. Our analysis of the
observed behaviour based on Mutual Information estimators between
the original and the transformed input spaces showed a direct corre-
spondence of the values of this information measure and the accuracy
obtained. This suggests Mutual Information as a useful tool for the anal-
ysis and design of multi-classifier systems. The paper concludes with a
number of comparisons with results on the same data set achieved by a
diverse set of classifiers. Our findings clearly demonstrate the significant
gains that can be obtained, simultaneously in performance and memory
space reduction, by the proposed systems.

1 Introduction

The study of Multiple Classifier Systems has now grown to an established re-
search area accumulating a significant body of work on the analysis of the proce-
dures contributing to the design of increasingly more successful schemes. Within
this body of research, the importance of the input spaces on which the individ-
ual classification devices used in a multi-classifier system are trained has been
widely recognised. However, these efforts have been mainly focusing either on
methods for the selection of subsets of the original feature space (e.g. the random
subspace method [6]), or on techniques to partition the set of training examples
(e.g. boosting [5] and bagging [1]). Our previous work on the design of high
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performance handwriting recognition systems suggested that input space trans-
formations of the originally available set of measurements can also significantly
contribute to the creation of a successful classification system [8,9].

The motivation for the investigation of the potential importance of input
space transformations arises from the study of a particular problem in handwrit-
ten character recognition, which is still one of the most challenging problems in
pattern classification. Among the large number of algorithms that have been de-
veloped to tackle this difficult task, some of the simplest yet most successful are
the so-called ‘n-tuple’ based classifiers. Unfortunately, there is usually a trade-off
between high performance and either increased computational load or increased
memory requirements. The Scanning n-tuple classifier (SNT) [13] is a typical
example of a case where superior recognition rates are attained at the expense
of significant storage requirements, especially in applications with samples of
realistic size. On the other hand, the Frequency Weighted Scheme (FWS) [3] is
the opposite example with low memory requirements accompanied by moderate
performance. Hence we propose a novel system which can exploit the representa-
tional power of sn-tuple based classifiers while addressing successfully the issue
of containing storage requirements.

Typically the sn-tuple classifier uses the so-called Freeman chain code which
describes the contour of the object of interest, as its input space. The memory
requirements of the sn-tuple classifier are mainly defined by the representational
complexity (i.e. number of symbols in the code). Fortunately, there exist trans-
formations of this input space able to achieve significant reductions of the repre-
sentational complexity [8]. Another difficulty is the possible loss of information
resulting from applying these transformations. This can be overcome if, after
training classifiers on the transformed simpler input spaces, we create a scheme
based on the ideas of multiple classifier fusion in which the constituent members
are simplified, ‘low-requirement’ versions of the sn-tuple classifier. Although the
individual performances of these classifiers can be poor, it is demonstrated by our
findings, that significant gains can be obtained, simultaneously, in performance
and storage space reduction, by this method.

Although our previous proposals have been shown to be effective, the fact
that every transformation of the initial feature space can cause some loss of
information which is reflected in the final performance, is worth special con-
sideration. The information loss due to one transformation can be potentially
counteracted by complementary information captured through a different trans-
formation technique. Utilizing the flexibility offered by multi-classifier schemes
we can subsequently exploit this complementarity of different transformations of
the original feature space while at the same time decompose it to simpler input
spaces, thus reducing the resources requirements of the sn-tuple classifiers used.
The conditions under which such combinations are effective and advantageous
have not yet been investigated systematically, and this is addressed here. We
have, already, at our disposal three transformation methods, two of which have
a common background while the third is based on totally different principles. In
this initial set of experiments we also use an FWS scheme which uses the raw
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binary character images as input space and, as noted has low memory overheads.
In our preliminary analysis of the resulting multi-classifier schemes we consid-
ered mutual information between the original and the transformed input spaces
as a natural measure of possible information loss and analyze performance based
on statistical estimators of this measure.

In the following sections we initially give a brief description of two classifi-
cation devices and the three input space transformations we propose. Then we
present the multiple classifier system in which the group of classifiers trained
on the transformed spaces will be constituent components. To demonstrate the
statistical properties of our schemes, we discuss results obtained over a series
of 10-fold cross-validation experiments and the estimated mutual information
statistic. Finally, we present a number of comparisons with results on the same
data set achieved by a diverse set of classifiers reported in the literature.

2 Description of the Proposed System

2.1 The Classification Devices Used

Frequency Weighed ntuple Scheme (FWS): In a conventional n-tuple clas-
sifier, the n-tuples are formed by selecting multiple sets of n distinct locations
from the pattern space. Each n-tuple thus sees an n-bit feature derived from
the pattern. For classification, a pattern is assigned to that class for which the
number of matching features found in the training set is maximum. The training
process, therefore, requires remembering the occurrences of different features as
seen by individual n-tuples. This is usually achieved by setting a ‘flag’ bit in
a large memory array [3]. The FWS is the simplest enhancement of the basic
n-tuple classification system. In this, instead of setting the flag to record the
occurrence of a certain feature in the training set, the relative frequencies are
recorded. The sum of these frequencies corresponding to a particular test image
determine its class label. The FWS forms different simple discriminators accord-
ing to different n-tuple configurations the outputs of which are finally fused by
a maximum selector combination rule. In that sense FWS can be considered
collectively to form another group of multiple classifiers trained on a different
transformation of the original input space which is the raw binary image of the
characters.

Scanning n-tuple Classifier (sn-tuple): The Scanning n-tuple Classifier is
an n-tuple based classifier. It has been introduced by Lucas et al.[13] and is
shown to have achieved very high recognition rates while retaining many of the
benefits of the simple n-tuple algorithm. In an sn-tuple system, each sn-tuple
defines a set of relative offsets between its input points which then scans over
a 1-D representation of the character image. This uni-dimensional model of the
character image is obtained by tracing the contour edges of the image and rep-
resenting the path by Freeman chain-codes [4]. In the case of multiple contours,
all strings are mapped to a single string by concatenation after discarding the
positional information. As different characters produce contour strings of widely
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varying lengths, all these chains are proportionately expanded to a predefined
fixed length.

2.2 Transformations of the Contour Chain-Code String

The first two transformation strategies have already been reported by the au-
thors [7,8,9,17], but are summarized as follows:

Ordered Decomposition Technique: Both in this and the next transforma-
tion methods, the Freeman direction codes are represented in binary. (It is also
possible to use other forms of binary notation, for example, Gray coding, etc.,
to express the direction codes prior to decomposition and classifier performance
is sometimes dependent on this choice. See [7] for details). Since there are 8
possible distinct direction codes, 3-bit binary numbers are sufficient to repre-
sent them. For Ordered decomposition (also known as bit plane decomposition,
the chain-code string is decomposed into 3 separate strings (called Layers) such
that Layer-i is composed only of the ith bits of the corresponding direction code.

Random Decomposition: In contrast to the Ordered decomposition, in the
Random Decomposition technique (which was inspired by the Random Sub-
space Method [6], as well as the chromosome generation process in Genetic Al-
gorithms [9]), bits for decomposed layers are chosen arbitrarily from the Freeman
direction-codes. Since the same bits must always be chosen from a given contour
position, an array of randomly selected numbers from the set {0,1,2} is gener-
ated identifying the bit to be sampled from the corresponding chain element.
An arbitrary number of templates can be generated, hence the random transfor-
mation approach can create many different binary layers, while for the ordered
scheme only as many layers as the number of bits representing each symbol in
original chain code can be generated.

Directional Filtering Transformation: The Directional Quantization is, in
fact, a filter detecting the presence, as well as the location, of a particular direc-
tion code in a given contour chain. Since there are 8 possible Freeman directions,
only 8 directional layers can be created. If Cf denote a contour chain using Free-
man codes dk such that, Cf = d1d2 . . . dk . . . dN where dk ∈ {0, 1, . . . , 7}, and
N is the length of chain. If i is the direction of interest, then after filtering,
Ci

d = b1b2 . . . bk . . . bN , where bk = 1 if dk = i, otherwise bk = 0.
For example, the Freeman chain-coded fragment ‘...566566566710...’ will be

transformed to ‘...100100100000...’ if the direction of interest is direction-5, or
to ‘...011011011000...’ for direction-6. These corresponds to input data for the
decomposed layers 5 and 6 respectively.

2.3 Measuring Mutual Information

The estimation of Mutual Information between two sets of features is based on
entropy metrics and information theoretic considerations, as described in [14].
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Fig. 1. A Schematic of the Proposed Systems

The Mutual Information values we present are expressed in bits since they are
calculated using base-2 logarithms. The choice of Mutual Information as measure
appropriate to examine the properties of our transformed feature or input spaces
is additionally supported by the recent development of methods which use this
as a criterion to select effective nonlinear transforms of raw features in pattern
recognition problems [18].

2.4 Proposed Multi-classifier Architecture

The proposed recognition system is illustrated in Figure 1. It is a parallel combi-
nation of many groups of sn-tuple classifier implementations. Unlike the conven-
tional sn-tuple [13], the classifiers used in the proposed system are all trained on
the transformed input spaces obtained from the Freeman chain-code. In our ex-
periments, we attempted all possible combinations of these groups/components
with or without the FWS classifier. The best performing structure proved to be
the one actually illustrated in Figure 1 which include FWS along with all three
different transformations groups of classifiers. Finally, the decision fusion stage
combines the outputs of these groups of individual classifiers and generates a
final class label for the test image.

3 Experiments and Discussion of Results

A database of pre-segmented handwritten character images has been used for
the experiments [11]. This database consists only of digits and uppercase let-
ters with no distinctions made between ‘0’/‘O’ and ‘1’/‘I’ character pairs. There
are 300 binary images for each character class, each of resolution 24×16 pix-
els. This dataset is randomly partitioned into two disjoint sets for training and
testing. For the experiments reported here, 150 images per character class were
used for training. Experiments were conducted in two task domains, the first
involving only the digits and the second significantly more difficult involving all
34 alphanumeric characters. For multi-classifier combination, five fusion schemes
were investigated. These are sum, median, min, max, and simple majority voting.
The choice of simple, fixed rules were made for higher interpretability of the pro-
duced results. Details of these rules can be found in [12]. All the tables presented
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Table 1. Recognition performance for the individual classifiers (error rates in %)

Task Transformation Layer No.
Domain Type 1 2 3 4 5 6 7 8 9 10

Ordered (O) 23.89 21.28 22.45 – – – – – – –
Numeric Random (R) 25.31 27.39 27.09 27.79 26.21 25.97 27.23 27.60 26.21 27.44

Directional (D) 30.48 39.81 27.68 49.95 27.47 43.49 23.92 45.15 – –
Alpha- Ordered (O) 44.92 40.68 42.09 – – – – – – –
numeric Random (R) 43.05 43.54 42.33 44.29 41.91 41.93 44.32 45.12 43.07 45.04

Directional (D) 56.71 67.90 46.50 68.70 51.95 66.58 41.80 64.64 – –

Table 2. Fusion of the sn-tuple classifier trained on the transformed spaces

Fusion rules Classification Error Rates
applied Numerals Alphanumerics

Ordered Random Directional Ordered Random Directional
Sum 11.41% 17.28% 10.93% 23.69% 30.45% 22.10%

Median 13.07% 17.44% 12.43% 28.30% 31.04% 26.89%
Majority Vote 15.73% 17.09% 13.95% 34.97% 31.47% 31.21%

include performance statistics averaged over the 10-fold cross validation experi-
ments performed on the unseen test sets from the above database,consisting of
75 images per class1.

Table 1 shows the mean error rates achieved by the individual classifiers
trained on the different input data (layers) produced by the decomposition for
each one of the three transformation methods we described. Note that the orig-
inal sn-tuple (trained on untransformed input space) achieved 4.6% and 12.4%
error rates for the two task domains. There are two important observations to
be made: (a) Both in the 10 class (digits) and the 34-class (alphanumeric) cases,
significant performance differences can be observed among the classifiers trained
on different layers only for the directional method. It seems that layers 1,3,5,7
corresponding to the main directions (i.e., directions along the Cartesian axes)
are more informative and hence more successful in discriminating the shapes of
different characters. (b) we see that directional filtering is the worst performing
among the three decomposition schemes as far as individual layer performances
are concerned. However, Table 2 shows that, for all the fusion rules tested, the
combination of the classifiers trained on the layers resulting from directional fil-
tering exhibit significantly better performance than the other two transformation
methods in both tasks.

Table 3 presents error rates corresponding to all possible combinations of the
groups of classifiers (based on the sum-rule) trained on the layers obtained by
the three input space transformation methods as well as the FWS, as an exam-
ple of a classifier using a distinctly diverse input space (i.e., raw images). For
ease of comparison, we also included the original sn-tuple and the FWS results
1 75 patterns per class were used for the evaluation phase of the GA algorithm and

consequently these samples were not used in testing the proposed algorithms to
retain comparability of the results.
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Fig. 2. Mutual Information (in bits) for pairs of the original Freeman chain code data
set and each one of the sets corresponding to the decomposed ‘layers’ produced using
the three transformation methods (Pair indexes are explained in the text)

in the first two rows. Before proceeding to discuss further the results in this
Table, it is important to observe that since, as shown in Table 1, the individ-
ual classifiers of the directional layering are the worst performers, one should
reasonably expect that if they do not encapsulate information complementary
to that of the classifiers obtained from the other two decomposition schemes,
their combination should not result in any performance improvement. However,
all combinations presented in Table 3 exhibit significant improvements not only
with respect to individual classifiers but also with respect to the combinations
in Table 2 and the original FWS and sn-tuple. This observation, we believe,
supports the existence of complementarity in the information captured by the
three decomposition methods presented.

Figure 2 shows the estimated Mutual Information values (in bits) for pairs
of the original Freeman chain code input data set and each one of the data
sets corresponding to the decomposed ’layers’ produced using the three trans-
formation methods defined previously. Pairs 1-8 correspond to the directional
technique, pairs 9-11 to the ordered decomposition and pairs 12-16 to the ran-
dom transformation method. It is not difficult to observe the following: (a) There
is a direct correspondence between the qualitative characteristics of the Mutual
Information values and the accuracies of the individual classifiers for each of
the transformation schemes presented in Table 1. For instance, the diversity in
accuracies among the classifiers/layers in the directional scheme is almost iden-
tically reflected in the diversity of the Mutual Information values corresponding
to these same layers. (b) As was expected, the classifiers obtained by the Or-
dered technique which have the best individual performances correspond also
to input spaces which have the highest Mutual Information with the original
Freeman chain code input space. (c) Finally, from a careful examination of Ta-
ble 2 in conjunction with Figure 2, we can observe that transformation methods
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Table 3. Mean error rates of the proposed combinations using the ‘mean’ rule

Row Layers Classification Error Rates
No. Fused Numerals Alphanumerics
1 Original Sn-tuple 4.59% 12.42%
2 FWS 10.00% 22.28%
3 SNT-D + SNT-R 4.08% 10.96%
4 SNT-D + SNT-O 3.28% 9.93%
5 SNT-O + SNT-R 12.69% 24.74%
6 SNT-D + SNT-O + SNT-R 2.96% 8.96%
7 FWS + SNT-O 2.56% 8.73%
8 FWS + SNT-R 2.91% 10.09%
9 FWS + SNT-D 4.96% 13.65%
10 FWS + SNT-O + SNT-R 3.04% 9.27%
11 FWS + SNT-O + SNT-D 1.73% 6.84%
12 FWS + SNT-D + SNT-R 2.08% 7.33%
13 FWS + SNT-O + SNT-R + SNT-D 1.28% 5.65%

which produce layers (input sets) with approximately uniform distribution of the
Mutual Information level values among the members of the group (such as the
Ordered and Random methods) are not as successful, when the group members
are combined, as those resulting in a more diverse distribution of the Mutual
Information values among the transformed input spaces obtained. Furthermore,
the combination of the two groups based on the former type of transformed in-
puts can be seen in Table 3 (row 5) to be the less successful of all possible group
combinations included in the Table. The same can be observed for the combi-
nation of these two groups with the alternative classifier we used, i.e. the FWS
(see row 10 of the same Table). These observations hold despite the fact that the
three input spaces based on the Ordered transformation have the highest values
of Mutual Information and hence the lowest loss of information with respect
to the original chain code. It seems, again, that diversity, as expressed by the
Mutual Information values’ distribution (such as the one observed in Directional
layering), has precedence in the determining the combination accuracy.

Finally in Table 4, additionally to the error rates of the proposed architec-
ture, error rates achieved by four other classifiers are shown. The MLP is the
standard multi-layer perceptron [10] trained using Back-propagation learning.
The reported MLP had 40 hidden nodes and used zonal pixel density as the
input feature. The MPC is a Maximum-likelihood-based [15] statistical classifier
which explores possible cluster formation with respect to a distance measure.
The particular implementation reported here used the Mahalanobis distance
metric calculated on geometric moments (up to 7th order) of the binary image
as features. The MWC [2] is an n-tuple based system where features are ex-
tracted from a sub-image isolated by a scanning window. The reported results
are based on an MWC using a 21×13 pixel window and 12-tuples. The GA is a
parallel multiple classifier system optimized using genetic algorithm techniques,
originally introduced in [16]. It is readily evident from Table 4 that the proposed
layout is capable of producing very high performance. Even when compared to



364 K. Sirlantzis, S. Hoque, and M.C. Fairhurst

Table 4. Comparison with Different Classifiers

Classifiers Classification Error Rates
Numerals Alphanumerics

Proposed
system

1.28% 5.65%

MPC 15.00% 21.29%
MLP 7.20% 18.22%
MWC 5.84% 14.59%
GA 3.40% 8.62%

the GA which uses a trainable fusion scheme, the proposed system performed
very favourably although it is using a very simple fixed (i.e., non-trainable) fu-
sion mechanism. The proposed architecture outperformed the GA system in both
classification tasks.

4 Conclusion

The main purpose of this paper was to investigate the properties of novel systems
for handwritten character recognition which use input space transformations to
exploit the advantages made available by the multiple classifier structures. We
have chosen as an illustrative application domain the particular problems of high
memory requirements in exchange for higher accuracy arising in the use of the sn-
tuple classifiers. Our experiments demonstrated that input space transformations
in this particular exercise (although we believe our finding are more generally
applicable and will investigate this) form a useful tool for the design and creation
of recognition systems with highly desirable characteristics and performance.
Further analysis of the behaviour of the proposed multi-classifier structures based
on Mutual Information estimators between the original and the transformed
input spaces showed a direct correspondence of the values of this information
measure and the accuracy obtained from the examined combination schemes.
This suggests Mutual Information as a useful tool for the design and analysis of
multi-classifier systems to address specific problems in realistic applications.

One of the additional merits of the proposed architecture is in the savings
of physical memory space. The conventional sn-tuple implementation demands
the presence of a large physical memory (in the order of 8n, where n is the
tuple size) whereas, for sn-tuple classifiers using the transformed feature space,
this requirement is in the order of 2n. Thus, in spite of using 21 distinct sn-tuple
classifiers, the total memory requirement is slightly more than 2% of the physical
memory needed by a single sn-tuple system using the original chain code. The
last point of concern may be the classification speed. However, the main part
of computational load in an sn-tuple classifier comes from the extraction of
the contour chain code from the off-line image while the load for the actual
classification task is very small. In all our proposed schemes, the chain code
needs to be extracted only once (as in conventional sn-tuple classification). The
additional computation imposed by the input space transformations is minimal,
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and hence classification by the individual sn-tuple classifiers is very fast and the
overall computational speed is comparable to that of a conventional sn-tuple
classifier.
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Abstract. Technology has been playing a major role in facilitating the
capture, storage and communication of multimedia data, resulting in a
large amount of video material being archived. To ensure its usability,
the problem of automatic annotation of videos has been attracting the
attention of much researches. This paper describes one aspect of the
development of a novel system which will provide a semantic annotation
of sports video. The system relies upon the concept of “cues” which
attach semantic meaning to low-level features computed on the video
and audio. We will discuss the problem of classifying shots, based on the
cues they contain, into the sports they belong to. We adopt the multiple
classifier system (MCS) approach to improve classification performance.
Experimental results on sports video materials provided by the BBC
demonstrate the benefits of the MCS approach in relation to this difficult
classification problem.

1 Introduction

There is a vast amount of sports footage being recorded and stored every day.
Ideally, all this sports video should be annotated, and the meta-data generated
on it should be stored in a database along with the video data. Such a system
would allow an operator to retrieve any shot or important event within a shot
at a later date. Also, the level of annotation provided by the system should be
adequate to facilitate simple text-based queries. Such a system has many uses,
such as in the production of television sport programmes and documentaries.

Due to the large amount of material being generated, manual annotation is
both impractical and very expensive. However, automatic annotation is a very
demanding and extremely challenging computer vision task as it involves high-
level scene interpretation. It is unlikely that an efficient, fully automated video
annotation system will be realised in the near future.

This paper describes one aspect of the development of a novel system which
will provide a semantic annotation of sports video. This annotation process seg-
ments the sports video into semantic categories (e.g. type of sport) and permits
the user to formulate text-based queries to retrieve events that are significant
to that particular sport (e.g. goal, foul). The system will aid an operator in the
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generation of high-level annotation for incoming sports video. The basic building
blocks of the system are low-level audio and video analysis tools, which we term
cue-detectors. Examples of cue-detectors include: grass, swimming pool lanes,
ocean, sprint frequency, referee whistle and crowd cheering.

In this paper we discuss the classification of shots into sports categories they
belong to using the cues that the shot contains. Four learning algorithms are
used to build the classification models. We discuss improving the classification
performance by building classifier ensembles using two state-of-the-art methods:
bagging and boosting. We compare the performance of the individual classifiers
as well as the performance of the ensembles created.

The paper is organised as follows. In Section 2 we briefly describe the cue
detector methods used to create the necessary cues in this study. The problem
of classifying shots into the sports category is addressed in Section 3. In Section
4 we overview two approaches for building ensembles of classifiers, Bagging and
Boosting. The results of experiments designed to demonstrate the system per-
formance and the improvement in performance achieved by adopting ensemble
methods are presented in Section 5. The paper is concluded in Section 6.

2 Cue Detectors

The objective in the automatic annotation of video material is to provide index-
ing material that describes as usefully as possible the material itself. In much
of the previous work in this area (for example [4]), the annotation consisted of
the output of various feature detectors. By itself, this information bears no se-
mantic connection to the actual scene content — it is simply the output of some
image processing algorithms. In this project we are taking the process one stage
further. By means of a set of training processes, we aim to generate an associ-
ation between the feature detector outputs and the occurrence of actual scene
features. Thus for example we might train the system to associate the output
of a texture feature detector with crowds of people in the scene. We can then
use this mechanism to generate confidence values for the presence of a crowd in
a scene, based on the scene texture. We denote the output of this process as a
“cue”. These cues can then be combined to generate higher-level information,
e.g. the type of sport being played.

We have developed many different cue detection methods. In this section we
briefly discuss three visual cue generation methods. Each method can be used
to form a number of different cue-detectors provided that suitable training data
is available. These methods are:

– neural network
– multimodal neighbourhood signature
– texture codes

and they are briefly described in the following subsections.
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2.1 Neural Network

Each cue-detector is a neural network trained on colour and texture descriptors
computed at a pixel level on image regions containing the cue of interest (see
[6]) and on image regions which are known not to contain the cue. The resulting
trained network is then able to distinguish between the features of cue and non-
cue pixels. A high output represents the case when the feature vector of the pixel
belongs to the same distribution as the cue and vice-versa.

To check for the presence of a cue in a test image, the same colour and
texture features are computed for each test image pixel and the feature vector is
passed to the neural network. If many high outputs are observed then this gives
an indication of how likely it is that the given cue is present in the image. Cues
suitable for this method include ClayTenniseSurface and AthleticsTrack.

2.2 Multimodal Neighbourhood Signature

In the Multimodal Neighbourhood Signature approach (described in detail in
[5]), object colour structure is represented by a set of invariant features computed
from image neighbourhoods with a multimodal colour density function. The
method is image-based – the representation is computed from a set of examples
of the object of interest, a cue in this context.

In the implemented method, MNS are sets of invariant colour pairs corre-
sponding to pairs of coordinates of the located density function modes from
each neighbourhood. The MNS signatures of all the example images are then
merged into a composite one by superimposing the features (colour pairs). Con-
sidering each colour pair as an independent object descriptor (a detector), its
discriminative ability is measured on a pre-selected training set consisting of
positive and negative example images. A simple measure, the absolute difference
of true and false positive percentages is computed. Finally, the n most discrimi-
native detectors are selected to represent the object of interest. For the reported
experiments n was set to 3.

For testing, we view each detector as a point in the detector space. A hyper-
sphere with radius h is defined around each point. Given test image of the object,
measurements are likely to lie inside the detector hyperspheres. A binary n-tuple
is computed for each test image, each binary digit assigned 1 if at least one test
measurement was within the corresponding detector sphere, 0 otherwise. One
of 2n possible n-tuples are the measurements output from the matching stage.
The relative frequency of each possible n-tuple over the positive and negative
cue examples of the training set define an estimate of the probability of each
measurement given the cue and not given the cue respectively. These 2 numbers
are output to the decision making module.

2.3 Texture Codes

The texture-based cue-detector consists of two components: a training phase, in
which a model for the cue is created using ground truth, and the cue extractor
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(see [3]). In the training stage, template regions from the key-frames are selected
for each cue. Several templates are needed for each cue to account for appearance
variations. Textural descriptors are extracted from the templates using a texture
analysis module based on Gabor filters. These descriptors, with the number of
occurrences, form the model for the cue.

In the testing mode, the whole image is presented to the texture analysis
module. Then, by comparing the result with the model, a coarse detection com-
ponent selects the three templates which are most likely to be visually similar
to an area of the image being annotated. The similarity is evaluated using the
histogram intersection. We increase the computational efficiency by hashing the
meta-data; this also enables us to compute the similarity measure only for tem-
plates which share descriptors with the input image. A localisation component
finally identifies the areas of the image which the selected templates match most
closely, and the image location which yields the best match confidence is re-
tained. The highest confidence, with its location, are the output for the cue.

3 Sport Shots Classification

In this section we discuss classifying shots into the sport categories using the
cue values extracted by the cue-detectors. Let us suppose that we have a set
of m trained cue-detectors. This set of detectors is built using the neural net
(NN), texture code (TC) and/or multi-modal neighbourhood signatures (MNS)
methods described previously in Section 2. The cues have been chosen so that
they are representative of objects occurring within the set of n sports being
investigated. The cue-detectors operate on a key-frame image and generate two
pdf values per cue which are then, assuming equals prior probabilities, used to
compute the posterior probability P (C|x) as:

P (C|x) =
p(x|C)

p(x|C) + p(x|C̄)
(1)

where x denotes the measurement vector used by the cue-detector. Thus, each
shot is represented by a vector S = (C1, C2, ..., Cj, ..., Cm) where Cj is the mean
value of the posterior probabilities computed by the jth cue-detector on the key
frames that belong to the shot S.

In this paper, we selected four different learning algorithms to build the
models for solving the classification problem in hand. An implementation of the
C4.5 algorithm [7] for building decision trees, neural networks, naive Bayes and
k-nearest neighbour (k-NN) algorithms were trained using a set of training shots.
The performance of each classifier is discussed in Section 5.

4 Ensemble Methods

Much research has shown that the classification performance of classifiers con-
structed using multiple classifiers system approaches is superior to that of indi-
vidual classifiers. In this section we will summarise two state-of-the-art methods
widely used in constructing classifier ensembles: bagging and boosting.
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4.1 Bagging

In this method, proposed by Breiman [1], the training algorithm is used to
construct T individual classifiers using T training sets (bootstrap) each of which
is drawn with replacement from the original training set. The classifiers are then
aggregated by voting to form a final classifier. The bagging algorithm can be
summarised as follows:

Algorithm 1: Bagging

1. construct a set of instances I for training purposes
2. For t = 1 to T do:

– Create bootstraps It from I.
– Use the learning algorithm to build a classifier CLt from It.

3. Classify new instance by majority vote of the T trained classifiers.

4.2 Boosting

In this paper we are investigating a version of boosting (AdaBoost.M1) proposed
by Freund and Schapire [2]. Boosting attaches a weight to each instance in the
training set. The higher the weight the more attention the instance will receive
from the learning algorithm. The weights get updated at each trial in a way that
reflects the performance at that trial. After T trials, the classifiers constructed
are combined as in bagging except that the vote casted by individual classifier is
weighted according to its accuracy. The algorithm can be summarised as follows:

Algorithm 2: AdaBoost.M1

1. Construct a set I1 of m instances for training purposes
2. For each instance i in I1, assign weight wi = 1/m

3. For t = 1 to T do:
– Use the learning algorithm to build a classifier CLt from It.
– Calculate error εt =

∑
i∈E wi, where E is the set of misclassified samples.

– If εt = 0 or εt ≥ 0.5 then stop and set T = t − 1
– Compute βt = εt/(1 − εt)
– Create It+1 from It by multiplying wi for each i ∈ set of correctly classified
samples by βt and normalise
– Assign weight log(1/βt) to CLt

4. Classify new instance by the weighted majority vote of the T trained classi-
fiers.
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Table 1. Sports investigated

Boxing S1

Cycling S2

Gymnastics S3

Hockey S4

Interview S5

Judo S6

Medal Ceremony S7

Shooting S8

Swimming S9

Taekwondo S10

Tennis S11

Track Events S12

Weight-lifting S13

Yachting S14

5 Experimental Results

Experiments were conducted on a database comprising video material from the
1992 Barcelona Olympic games. The material includes twelve Olympic sport
disciplines, medal ceremonies and interviews (Table 1). The experiments have
been performed using the WEKA data mining suite [10].

There are 2253 shots in the data base. Two configurations were considered.
In the first configuration, 30% of the data base was used for training purposes,
leaving the remaining 70% to serve as a test set. In the second configuration we
increased the data available for training to include 50% of the data base to study
the effects of providing more training data on the performance of each classifier
as well as of the ensembles. In both configurations the experiments were repeated
10 times and the average performance was reported. The number of iterations
for bagging and boosting T was set to 20. Although choosing T greater than
20 might increase the accuracy gain, it was shown [8] that choosing T to be
between 10 and 25 can achieve a significant improvement over a single classifier.
We did an experiment to see the effect of T on bagging and boosting using
decision trees. We noticed that out of 100 iterations the lowest misclassification
rate was recorded on the 48th iteration for bagging and the 82nd iteration for
boosting. For both methods however, we noticed that to significantly improve
the performance of a decision tree the number of iterations need to be greater
than 10.

The results of the experiments are summarised in Table 2 and Table 3. The
associated standard deviations suggest that even improvements by a percentage
point are statistically significant as the standard error of the sampling distri-
bution of means is 3 (i.e.

√
no. of experiments − 1) times smaller than the

reported standard deviations.
From the first configuration results we can see that, as a single classifier, neu-

ral network performance was the best. Naive Bayes classifier, on the other hand,
delivered the worst results. When we used bagging, decision trees recorded the
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Table 2. Configuration 1: Correct classification rates (Standard deviation)

Single Classifier Bagging Boosting
naive Bayes 40.74 (2.97) 47.11 (3.00) 43.12 (3.58)
k-NN 57.37 (2.19) 60.98 (1.86) 53.92 (2.15)
Decision Trees 54.57 (1.61) 65.00 (0.80) 67.38 (0.97)
Neural Network 59.40 (1.80) 66.08 (1.12) 67.14 (1.39)

Table 3. Configuration 2: Correct classification rates (Standard deviation)

Single Classifier Bagging Boosting
naive Bayes 36.86 (1.98) 42.94 (1.67) 39.91 (2.97)
k-NN 58.23 (2.19) 63.92 (1.14) 54.38 (2.85)
Decision Trees 56.58 (1.96) 67.50 (0.88) 70.33 (1.22)
Neural Network 58.50 (1.89) 68.53 (1.35) 69.39 (1.12)

highest improvement on classification rate (10.43%). The same behaviour was
observed when we experimented with boosting, the decision trees classification
rate improving by (12.81%). Neural network classification was also improved by
bagging and boosting. In both cases boosting performed better than bagging.
However, an ensemble of naive Bayes classifiers or k-NN classifiers built by bag-
ging proved to perform better than boosting. This is consistent with the fact
that, for the given dimensionality defined by the number of cues (37) and the
number of classes, we are dealing with a small sample size problem. Decision
trees, which implicitly group classes to super classes at the higher levels of the
tree, effectively increase the number of training samples per class and are there-
fore more likely to benefit from boosting. In the case of neural networks, these
classifiers are inherently unstable due to slow learning rates and either method
of data set manipulation will result in performance improvements. We did not
expect the k-NN classifier to improve by boosting as the boosting process tends
to increase the overlap of the estimated posteriori class probabilities which will
lead to degraded performance. This has been confirmed by the results in both
configurations.

The results of the second configuration experiments, shown in Table 3, de-
monstrate that both neural network and k-NN achieved the best results of the
single classifiers. The performance of the naive Bayes classifier did not improve
by increasing the number of instances for training purposes but actually dete-
riorated. When we experimented with bagging and boosting, we noticed that it
exhibited the same behaviour as in the first configuration.

An experiment was conducted to combine the four base-level classifiers in-
stead of bagging or boosting each of them individually. The Meta Decision Trees
(MDTs), introduced by Todorovski and Dzeroski [9], for combining multiple
experts was used in the experiment. MDTs share the same structure with de-
cision trees. The decision nodes specify tests to be carried out on individual
attributes. Leaf nodes predict which base-level classifier to use for classifying an
instance. For the first configuration, using MDTs achieved a classification rate
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Table 4. Confusion matrix for sports classification of decision trees ensemble using
boosting. 50% of the shots in the data base were used for training. Error = 29.64%

S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14

S1 23 0 0 0 3 1 4 2 0 4 0 2 2 1
S2 1 6 0 1 0 0 8 0 3 0 1 8 0 0
S3 0 0 18 0 3 0 8 0 1 0 0 4 0 0
S4 0 1 1 79 1 0 22 1 2 0 0 7 3 0
S5 1 0 0 0 47 1 8 1 0 0 0 3 2 0
S6 0 2 0 0 2 35 9 1 0 4 0 0 0 1
S7 5 1 1 5 7 3 169 4 0 1 2 7 11 2
S8 1 1 1 3 2 0 10 14 0 2 2 2 1 0
S9 0 1 1 0 0 0 12 0 135 1 0 3 2 8
S10 3 0 0 1 0 1 6 0 2 28 0 1 0 0
S11 0 0 0 3 0 0 10 3 0 0 32 4 5 0
S12 0 1 1 3 0 0 13 0 3 0 1 132 1 4
S13 1 1 1 5 4 0 13 0 3 0 0 0 30 2
S14 0 0 0 0 0 0 1 0 4 0 0 1 0 45

of (59.23%). In the second configuration, the classification rate obtained was
(59.25%). In both configurations, bagging and boosting k-NN, decision trees and
neural network classifiers for the problem in hand achieved better results than
using MDTs for combining the different classifiers.

Table 4 presents the confusion matrix of one of the experiments conducted
using a boosted decision tree. We notice that the classification performance on
some sports was good (i.e. swimming, yachting and track events). However, the
results for some sports (i.e. cycling, shooting, weight lifting and gymnastics) were
disappointing. For cycling, weight-lifting and gymnastics, this can be explained
by the fact that we do not extract cues that are sufficiently characteristic of them.
From the list of cues in Table 5 we can see that weight-lifting and gymnastics
are not represented, and cycling is represented with two cues. For shooting, from
the shots database we found that, out of 74 shots representing shooting, only 13
contain a view of the cue Shooting Target which was the only shooting cue.

6 Conclusion

In this paper we have described a process for the automatic sports classifica-
tions within the ASSAVID system. We demonstrated that the system, which
relies upon the concept of “cues” that attach semantic meaning to low-level
features, is working well, especially if we discount the errors injected by the usu-
ally ambiguous content of medal ceremony which often includes the cues of the
respective disciplines. We demonstrated as well that adopting the multiple clas-
sifiers system approach of bagging and boosting can significantly improve the
classification performance in this application. The results also provides a feed-
back on the capacity of the existing cues to represent the various sport categories.
This feedback will be taken into account in future studies.
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Table 5. Cues

MNS Cues NeuralNet Cues TexureCodes Cues
AthleticsTrack AthleticsTrack AthleticsTrack
ClayTennisSurface BoxingRing BoxingRing
HockeyGround ClayTennisSurface ClayTennisSurface
IndoorCrowd HockeyGround CloseUp
JudoMat IndoorCrowd HockeyGround
Ocean Net-JudoMat IndoorCrowd
OutdoorCrowd Ocean JudoMat
ShootingTarget OutdoorCrowd Ocean
SwimmingPool ShootingTarget OutdoorCrowd
TaekwondoMat SwimmingLanes ShootingTarget

SwimmingPool SwimmingLanes
TaekwondoMat SwimmingPool
WoodCycleTrack TaekwondoMat

WoodCycleTrack
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Abstract. Ensemble classifiers tend to outperform their component
base classifiers when the training data are subject to variability. This
intuitively makes ensemble classifiers useful for application to the prob-
lem of aircraft fault detection. Automated fault detection is an increas-
ingly important problem in aircraft maintenance and operation. Stan-
dard methods of fault detection assume the availability of data produced
during all possible faulty operation modes or a clearly-defined means to
determine whether the data represent proper operation. In the domain
of fault detection in aircraft, the first assumption is unreasonable and
the second is difficult to determine. Instead we propose a method where
the mismatch between the actual flight maneuver being performed and
the maneuver predicted by a classifier is a strong indicator that a fault
is present. To develop this method, we use flight data collected under
a controlled test environment, subject to many sources of variability. In
this paper, we experimentally demonstrate the suitability of ensembles
to this problem.

1 Introduction

Ensembles have been shown to improve the generalization performance of many
types of classifiers in many real world pattern recognition problems (e.g., [3]).
The improvement tends to increase as the variability among the classifiers in
the ensemble increases [10]. This property of ensembles intuitively makes them
useful in understanding aircraft data, which is subject to considerable variability.
In this paper, we discuss the results of applying ensemble methods to aircraft
data for fault detection.

A critical aspect of operating and maintaining aircraft is detecting prob-
lems in their operation in flight. This allows maintenance and flight crews to fix
problems before they become severe and lead to significant aircraft damage or
a crash. Fault detection systems are becoming a standard requirement in most
aircraft [1,8]. However, most systems produce too many false alarms, mainly due
to an inability to compare real behavior with modeled behavior, making their
reliability questionable in practice [7]. Other systems assume the availability of
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Table 1. Conceptual open loop model illustrating assumed causal relationships.

Flight −→ Aircraft −→ Physical −→ Internal −→ Measured
Maneuver (M) Attitude (A) Input (I) Response (R) Output (O)
•Fwd. Flight •Radar Alt. •Engine Torque •[Tooth •Vibration
•Side Flight •Airspeed •Engine Speed Bending] - x axis
•Fwd. Climb •Climb Rate •[Mast Lifting] •[Backlash] - y axis
•Fwd. Descent •Heading •[Mast Bending] •[Friction] - z axis
•Hover •Bank •[other] •[Heat] •[Temp]
•Hover Turn •Pitch •[other] •[Noise]
•Coord. Turn •Side Slip •[DAMAGE] •[other]
•[other] •[other]

data produced during all possible faulty operation modes [1,4,8]. Because of the
highly safety-critical nature of the aircraft domain application, most fault detec-
tion systems must function well even though fault data are non-existent and the
set of possible faults is unknown. Models are often used to predict the effect of
damage and failures on otherwise healthy (baseline) data. However, while mod-
els are a necessary first start, the modeled system response often does not take
operational variability into account, resulting in high false-alarm rates [5,7].

In this paper, we use in-flight aircraft data that were collected as part of a
research effort to understand the sources of variability present in the actual flight
environment, with the purpose of reducing the high rates of false alarms [5,9].
That work described aircraft operation conceptually according to the open-loop
causal model shown in Table 1. We assume that the maneuver being performed
(M) influences the observable aircraft attitudes (A), which in turn influence the
set of possibly observable physical inputs (I) to the transmission. The physical
inputs influence the transmission in a variety of ways that are not typically
observable (R); however, they influence outputs that can be observed (O).

Our approach to fault detection in aircraft depends fundamentally on the
assumption that the nature of the relationships between the elements M, A, I,
R, and O described above change when a fault materializes. As mentioned earlier,
the many approaches that try to model only the set of possible outputs (O) and
indicate the presence of a fault when the actual outputs do not match the model
do not account for operational variability. Also, the output space is often too
complicated to allow faithful modeling and measuring differences between the
model and actual outputs. This latter difficulty remains even if one attempts
to model the output as a function of the flight maneuver or other influence due
to noise, wind, and other conditions. Approaches to fault diagnosis (e.g., [12])
attempt to predict either normal operation or one of a designated set of faults.
As stated earlier, this is not possible in the aircraft domain because the set of
possible faults is unknown and fault data are non-existent. In this work, we create
a system diagrammed in Figure 1. We create classifiers that predict the flight
maneuver (M) as a function of other available data such as the outputs (O).
The data that we use contain the actual maneuver, but in general, this may be
calculated using pilot input and/or attitude data. We propose that mismatches
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Fault
Determiner

Maneuver
Classifier

Inputs (vibration,
bus data, etc.)

Fault/No Fault?

predicted maneuver

actual maneuverGround Truth

Fig. 1. Online Fault Detection System Block Diagram.

between the predicted maneuver and the actual maneuver being performed is a
strong indicator for the presence of a fault.

In order for our method to have a low false-alarm rate, we need a maneuver
classifier with the highest performance possible. In addition to using Multilayer
Perceptrons (MLPs) and Radial Basis Function (RBF) networks, we use ensem-
bles [2,10] of MLPs and RBF networks. We have also identified sets of maneuvers
(e.g., three different hover maneuvers) that are similar enough to one another
that misclassifications within these groups are unlikely to imply the presence of
faults. Additionally, we smooth over the predictions for small windows of time
in order to mitigate the effects of noise.

In the following, section 2 discusses the aircraft under study and the data
generated from them. We discuss the ensemble methods that we used and the
associated data preparation that we performed in section 3. We discuss the
experimental results in section 4. We summarize the results of this paper and
discuss ongoing and future work in section 5.

2 Aircraft Data

The data used in this work were collected from two helicopters: an AH1 Cobra
and OH58c Kiowa [5]. The data were collected by having two pilots each fly two
designated sequences of steady-state maneuvers according to a predetermined
test matrix [5]. It uses a modified Latin-square design to counterbalance changes
in wind conditions, ambient temperature, and fuel depletion. Each of the four
flights consisted of an initial period on the ground with the helicopter blades at
flat pitch, followed by a low hover, a sequence of maneuvers drawn from the 12
primary maneuvers (e.g., high-speed forward flight), a low hover, and finally a
return to ground. Each maneuver was scheduled to last 34 seconds in order to
allow a sufficient number of cycles of the main rotor and planetary gear assembly
to apply the signal decomposition techniques used in the previous studies [5].

Summary matrices were created from the raw data by averaging the data
produced during each revolution of the planetary gear. The summarized data
consists of 31475 revolutions of data for the AH1 and 34144 revolutions of data
for the OH58c. Each row, representing one revolution, indicates the maneuver
being performed during that revolution and the following 30 quantities: Rev-
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Fig. 2. OH58 Maneuver A (Forward
Flight Low Speed) Pilot-Separated.

Fig. 3. OH58 Maneuver A (Forward
Flight Low Speed) Flight-Separated.

olutions per minute of the planetary gear, torque (mean, standard deviation,
skew, and kurtosis), and vibration data from six accelerometers (root-mean-
square, skew, kurtosis, and a binary variable indicating whether signal clipping
occurred). For the AH1, also available were the mean and standard deviation
values for the following attitude data from a 1553 bus: altitude, speed, rate of
climb, heading, bank angle, pitch, and slip.

3 Methodology

Sample torque and RPM data from one maneuver separated by pilot and by
flights are shown in Figures 2 and 3, respectively. The highly-variable nature of
the data and differences due to different pilots and different times of day when the
aircraft were flown, are clearly visible and make this a challenging classification
problem. We chose multilayer perceptrons (MLPs) with one hidden layer and
radial basis function (RBF) networks as base classifiers. We also constructed
ensembles of each type of classifier and ensembles consisting of half MLPs and
half RBF networks, because ensembles have been shown to improve upon the
performances of their base classifiers, particularly when the correlations among
them can be kept low [10,11]. In particular, we use averaging ensembles (the
output of the ensemble is the average of the outputs of the base classifiers)
because of its combination of simplicity and high performance relative to many
more sophisticated methods [2].

We created data sets for each of the two aircraft by combining its 176 sum-
mary matrices. This resulted in 31475 patterns (revolutions) for the AH1 and
34144 for the OH58. Both types of classifiers were trained using a randomly-
selected two-thirds of the data (21000 examples for the AH1, 23000 for the
OH58) and were tested on the remainder for the first set of experiments. Each
aircraft’s complete set of available inputs (described in section 2) was used.

We calculated the confusion matrix of every classifier we created. Entry (i, j)
of the confusion matrix of a classifier states the number of times that an exam-
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Table 2. Sample confusion matrix for OH58 (MLP).

True Predicted Class
Class 1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 693 0 7 6 79 0 0 0 0 0 0 0 0 0
2 0 679 0 0 0 0 0 0 0 0 0 0 47 0
3 55 1 568 64 31 6 0 11 9 1 11 7 0 3
4 26 0 43 691 15 0 0 3 0 0 0 2 0 1
5 196 0 68 41 412 0 0 0 0 0 2 16 0 0
6 0 0 0 0 0 719 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 1079 0 0 0 0 0 0 0
8 0 9 22 16 0 0 0 748 177 97 11 6 3 0
9 0 1 1 6 0 0 0 172 381 162 4 7 6 0
10 0 4 1 6 0 0 0 186 170 376 0 8 13 0
11 4 0 15 4 3 0 0 2 1 0 494 217 0 0
12 3 0 7 6 4 0 0 2 1 0 200 531 0 0
13 0 63 0 0 0 0 0 4 1 0 0 0 712 0
14 0 0 0 0 0 0 0 0 0 0 0 0 0 685

ple of class i is classified as class j. The confusion matrices (see Table 2 for an
example of a confusion matrix—entry (1, 1) is in the upper left corner), indicate
that particular maneuvers were continually confused with one another. In par-
ticular, the three hover maneuvers (8-Hover, 9-Hover Turn Left, and 10-Hover
Turn Right) were frequently confused with one another and the two coordinated
turns (11-Coordinated Turn Left and 12-Coordinated Turn Right) were also fre-
quently confused (the counts associated with these errors are shown in bold
in Table 2.) The maneuvers within these groups are similar enough that mis-
classifications within these groups are unlikely to imply the presence of faults.
Therefore, for the second set of experiments, we recalculated the classification ac-
curacies allowing for these misclassifications. In section 4, we refer to the results
of these experiments as “Post-Consolidated” because the class consolidation was
performed after the learning.

For our third set of experiments, we consolidated these two sets of maneuvers
in the data before running the experiments. That is, we combined the hover
maneuvers into one class and the coordinated turns into one class, yielding a
total of 11 possible predictions instead of the original 14. In section 4 we refer to
these as “Pre-Consolidated” results since the consolidation was done before the
learning. We expected the performance to be best for this third set of experiments
because, informally, the classifiers do not have to waste resources distinguishing
among the two sets of similar maneuvers.

Finally, we used the knowledge that a helicopter needs some time to change
maneuvers. That is, two sequentially close patterns are unlikely to come from
different maneuvers. To obtain results that use this “prior” knowledge, we tested
the classifiers from the previous experiments on sequences of revolutions by av-
eraging the classifiers’ outputs on a window of examples surrounding the current
one. In one set of experiments, we averaged over windows of size 17 (8 revolu-
tions before the current one, the current one, and 8 revolutions after the current
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Table 3. OH58c Single Revolution Test Set Results.

Base N Single Corr Post-Run Corr Pre-Run Corr
Type Rev Consolidated Consolidated

1 79.789 ± 0.072 – 92.709 ± 0.055 – 93.566 ± 0.060 –
MLP 4 81.997 ± 0.065 0.4193 93.820 ± 0.044 0.4118 94.422 ± 0.038 0.4443

10 82.441 ± 0.045 0.4193 94.015 ± 0.028 0.4133 94.672 ± 0.032 0.4395
100 82.771 ± 0.016 0.4199 94.133 ± 0.011 0.4139 94.672 ± 0.032 0.4374
1 75.451 ± 0.103 – 89.305 ± 0.080 – 90.460 ± 0.169 –

RBF 4 75.817 ± 0.048 0.7164 89.485 ± 0.047 0.7046 90.912 ± 0.056 0.5877
10 75.871 ± 0.040 0.7185 89.498 ± 0.034 0.7058 90.987 ± 0.032 0.6009
50 75.908 ± 0.016 0.7162 89.506 ± 0.011 0.7058 91.018 ± 0.014 0.6028
2 80.190 ± 0.079 0.3687 92.834 ± 0.065 0.3176 93.777 ± 0.046 0.2905

MLP/ 4 80.946 ± 0.059 0.4352 93.189 ± 0.042 0.3997 94.097 ± 0.048 0.3788
RBF 10 81.406 ± 0.043 0.4574 93.403 ± 0.039 0.4273 94.348 ± 0.025 0.3941

100 81.543 ± 0.020 0.4681 93.463 ± 0.017 0.4392 94.457 ± 0.011 0.4056

one) which corresponds to about three seconds of real time. Because the initial
training and test sets were randomly chosen from the original data sequence,
this averaging could not be performed on the test set alone. Instead it was per-
formed on the full data set for both helicopters. In order to isolate the benefits of
window averaging, we also compute the errors of the single-revolution classifiers
on this full dataset1.

4 Experimental Results

In this section we describe the experimental results that we have obtained so
far. We first discuss results on the OH58 helicopter. In Table 3, the column
marked “Single Rev” shows the accuracies of individual networks and ensem-
bles of various sizes on the summary matrices randomly split into training and
test sets. We only present results for some of the ensembles we constructed due
to space limitations and because the ensembles exhibited relatively small gains
beyond 10 base models. MLPs and ensembles of MLPs outperform RBFs and
ensembles of RBFs consistently. The ensembles of MLPs improve upon single
MLPs to a greater extent than ensembles of RBF networks do upon single net-
works, indicating that the MLPs are more diverse than the RBF networks. This
is corroborated by the fourth column (marked “Corr”)2 which shows that the av-
1 We performed this windowed averaging as though the entire data were collected

over a single flight. However, it was in fact collected in stages, meaning that there
are no transitions between maneuvers. We show these results to demonstrate the
applicability of this method to sequential data obtained in actual flight after training
the network on “static” single revolution patterns.

2 Each correlation in this paper is the average of the correlations of every pair of base
classifiers in the ensemble. We calculate the correlation of a pair of classifiers as the
number of test patterns that the two classifiers agree on but misclassify, divided by
the number of patterns that at least one classifier misclassifies. Note that this is not
the posterior-based correlation used in [10,11].
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Table 4. OH58c Full Data Set Results.

Base N Window Corr Window 17 Corr Window 17 Corr
Type of 17 Post-Consolidated Pre-Consolidated

1 89.905 ± 0.121 – 96.579 ± 0.066 – 97.586 ± 0.078 –
MLP 4 90.922 ± 0.074 0.5014 96.799 ± 0.026 0.6145 97.635 ± 0.041 0.6258

10 91.128 ± 0.064 0.5013 96.820 ± 0.018 0.6255 97.729 ± 0.031 0.6067
100 91.307 ± 0.015 0.5052 97.063 ± 0.140 0.6290 97.695 ± 0.006 0.6086
1 82.564 ± 0.154 – 92.831 ± 0.103 – 94.611 ± 0.124 –

RBF 4 82.634 ± 0.059 0.7509 92.882 ± 0.047 0.7755 94.548 ± 0.063 0.5870
10 82.618 ± 0.055 0.7543 92.895 ± 0.043 0.7758 94.517 ± 0.029 0.6001
50 82.644 ± 0.019 0.7505 92.901 ± 0.013 0.7747 94.524 ± 0.012 0.6072
2 88.674 ± 0.108 0.3652 95.910 ± 0.059 0.3596 97.155 ± 0.045 0.3419

MLP/ 4 88.895 ± 0.078 0.4520 95.902 ± 0.040 0.4791 97.145 ± 0.067 0.4383
RBF 10 89.140 ± 0.057 0.4788 95.980 ± 0.033 0.5143 97.226 ± 0.032 0.4576

100 89.320 ± 0.025 0.4937 96.003 ± 0.012 0.5335 97.204 ± 0.009 0.4706
Base N Single Corr Single Rev Corr Single Rev Corr
Type Rev Post Consolidated Pre-Consolidated

1 82.097 ± 0.072 – 93.539 ± 0.058 – 94.495 ± 0.064 –
MLP 4 84.304 ± 0.049 0.4069 94.622 ± 0.039 0.4019 95.321 ± 0.035 0.4443

10 84.750 ± 0.043 0.4075 94.805 ± 0.028 0.4029 95.540 ± 0.029 0.4372
100 85.048 ± 0.012 0.4081 94.922 ± 0.011 0.4036 95.595 ± 0.008 0.4355
1 76.406 ± 0.099 – 89.680 ± 0.077 – 90.788 ± 0.147 –

RBF 4 76.799 ± 0.040 0.7164 89.872 ± 0.039 0.7142 91.187 ± 0.045 0.6027
10 76.836 ± 0.033 0.7186 89.902 ± 0.027 0.7162 91.244 ± 0.027 0.6157
50 76.910 ± 0.011 0.7162 89.948 ± 0.007 0.7143 91.271 ± 0.013 0.6182
2 82.146 ± 0.075 0.3613 93.523 ± 0.061 0.3172 94.587 ± 0.049 0.2883

MLP/ 4 82.877 ± 0.053 0.4293 93.854 ± 0.041 0.4022 94.876 ± 0.051 0.3783
RBF 10 83.332 ± 0.036 0.4516 94.066 ± 0.029 0.4291 95.089 ± 0.024 0.3948

100 83.505 ± 0.015 0.4618 94.142 ± 0.015 0.4406 95.163 ± 0.014 0.4076

erage correlations among the base models are much higher for ensembles of RBF
networks than ensembles of MLPs. Mixed ensembles perform worse than pure-
MLP ensembles and better than pure-RBF ensembles for all numbers of base
models. The standard errors of the mean performances decrease with increas-
ing numbers of base models as is normally the case with ensembles. The column
marked “Post-Run Consolidated” shows the single revolution results after allow-
ing for confusions among the hover maneuvers and among the coordinated turns,
consolidating them into single classes. As expected, the performances improved
dramatically. The column “Pre-Run Consolidated” shows the single revolution
results on the summary matrices in which the hovers and coordinated turns
were consolidated before learning as described in section 3. The performances
here were consistently the highest as we had hypothesized. In all these experi-
ments, the improvement due to adding base models to the ensemble increases as
the average correlation decreases, as expected.

The top half of Table 4 shows the results of performing the windowed averag-
ing described in the previous section in the column marked “Window of 17.” The
columns “Window 17 Post-Consolidated” and “Window 17 Pre-Consolidated”
give the results allowing for the confusions mentioned earlier. The bottom half
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Table 5. AH1 Results.

Base N Single Corr Single Corr Window of Corr
Type Rev Test Rev Full 17

1 96.752 ± 0.059 – 96.933 ± 0.060 – 98.344 ± 0.059 –
MLP 4 97.284 ± 0.031 0.4155 97.555 ± 0.025 0.3966 98.757 ± 0.031 0.4052

10 97.448 ± 0.027 0.4130 97.683 ± 0.013 0.3973 98.779 ± 0.021 0.4105
100 97.542 ± 0.006 0.4128 97.762 ± 0.008 0.3981 98.861 ± 0.006 0.4055
1 95.669 ± 0.059 – 95.743 ± 0.067 – 96.662 ± 0.102

RBF 4 95.946 ± 0.029 0.6462 96.063 ± 0.032 0.6369 96.988 ± 0.042 0.6668
10 95.911 ± 0.023 0.6561 96.042 ± 0.026 0.6456 96.968 ± 0.028 0.6764
50 95.946 ± 0.009 0.6538 96.067 ± 0.005 0.6321 97.003 ± 0.008 0.6735
2 97.040 ± 0.054 0.3120 97.231 ± 0.055 0.2933 98.256 ± 0.064 0.2313

MLP/ 4 97.318 ± 0.025 0.3698 97.502 ± 0.028 0.3539 98.482 ± 0.034 0.3148
RBF 10 97.429 ± 0.018 0.4040 97.570 ± 0.018 0.3899 98.475 ± 0.028 0.3577

100 97.521 ± 0.011 0.4160 97.659 ± 0.008 0.3978 98.553 ± 0.005 0.3739

of the table gives the full set errors of the single-revolution classifiers. We can
clearly see the benefits of windowed averaging, which serves to smooth out some
of the noise in the data.

Table 5 gives all the AH1 results. The column marked “Single Rev” shows the
results with the AH1 summary matrices randomly split into training and test
sets. The next column has the results of the same single-revolution classifiers
on the full data set (training and test combined). The final column gives the
results of the windowed averaging method. We do not present the results of the
second and third set of experiments (with maneuver consolidation) because they
ranged from 99.404% to 100%. The AH1 results are substantially better than
the OH58 results. We expected this because the AH1 is a heavier helicopter, so
it is less affected by conditions that introduce noise such as high winds. With
the AH1 pure-MLP ensembles always outperform mixed ensembles when using
windowed averaging. However, in the single-revolution case, the mixed ensembles
outperform the pure ensembles for small numbers of base models but perform
worse than the MLP ensembles for larger numbers of base models. This is also
true with maneuvers consolidated; however, all these performances are very high.
Once again, we can see that ensembles of MLPs outperform single MLPs to a
greater extent than ensembles of RBFs outperform single RBFs, so the RBFs
are not as different from one another. The average correlations among the base
models are consistent with this. Because of this, it does not help to add large
numbers of RBF networks to an MLP ensemble. The standard errors of the mean
performances tend to decrease with increasing numbers of base models just as
with the OH58.

On the AH1, the hover maneuvers were frequently confused just as they were
on the OH58, but the coordinated turns were not confused. Taking this con-
fusion into account boosted performance significantly. The windowed averaging
approach did not always yield improvement when allowing for the maneuver con-
fusions, but helped when classifying across the full set of maneuvers. However,
in all cases when windowed averaging did not help, the classifier performance
was at least 99.6%, so there was very little room for improvement.



Classification of Aircraft Maneuvers for Fault Detection 383

Table 6. AH1 Bus and Non-Bus Results.

Inputs Single Single Rev Window Window of
Rev Consolidated of 17 17 Consolidated

All 96.752 ± 0.059 99.843 ± 0.032 98.344 ± 0.059 99.737 ± 0.028
Bus 90.380 ± 0.110 95.871 ± 0.091 91.209 ± 0.126 96.027 ± 0.086

Non-Bus 87.884 ± 0.228 93.731 ± 0.171 92.913 ± 0.355 96.110 ± 0.236
P (agree) 79.523 ± 0.247 90.063 ± 0.202 85.609 ± 0.320 93.393 ± 0.247

5 Discussion

In this paper, we presented an approach to fault detection that contains a subsys-
tem to classify an operating aircraft into one of several states, with the idea that
mismatches between the predicted and actual state is a strong indicator that a
fault is present. The classifier predicts the maneuver given vibration data and
other available data and compares that prediction with the known maneuver.
Through experiments with two helicopters, we demonstrated that the classifier
predicts the maneuver with good reliability, especially when using ensemble clas-
sifiers. These results show great promise in predicting the true maneuver with
high certainty, enabling effective fault detection. Future work will involve apply-
ing this approach to “free-flight data”, where the maneuvers are not static or
steady-state, and transitions between maneuvers are recorded.

We are currently constructing classifiers using different subsets of the avail-
able data as inputs. For example, for the AH1, we have constructed some classi-
fiers that use only the bus data as input and others that use only the vibration
data. We hypothesize that disagreement among these classifiers that use differ-
ent sources of information may indicate the presence of a fault. For example,
if the vibration data-based classifier predicts that the aircraft is flying forward
at high speed but the bus data-based classifier predicts that the aircraft is on
the ground, then the probability of a fault is high. Table 6 shows the results
of training 20 single MLPs on these data using the same network topology as
for the other MLPs trained on all the AH1 data. They performed much worse
than the single MLPs trained with all the inputs presented at once. The last line
in the table indicates the percentage of maneuvers for which the two types of
classifiers agreed. We would like these agreement probabilities to be much higher
because none of our data contains faults. However, simpler uses of the bus data
may lead to better performance. For example, if a vibration data-based classifier
predicts forward flight, but the bus data indicate that the altitude is zero, then
the probability of a fault is high. We did not need a classifier that uses all the
bus data to draw this conclusion. We merely needed to know that a zero altitude
is inconsistent with a forward flight. We plan to study the bus data in detail so
that we may construct simple classifiers representing knowledge of the type just
mentioned and use them to find inconsistencies such as what we just described.
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Abstract. We propose a generic multiple classifier system based solely on pair-
wise classifiers to classify web pages. Web page classification is getting huge 
attention now because of its use in enhancing the accuracy of search engines 
and in summarizing web content for small-screen handheld devices. We have 
used a Support Vector Machine (SVM) as our core pair-wise classifier. The 
proposed system has produced very encouraging results on the problem web 
page classification. The proposed solution is totally generic and should be ap-
plicable in solving a wide range of multiple class pattern recognition problems.  

1 Introduction 

Web page classification is attracting huge interest in recent years. As the number of 
web pages is increasing exponentially with time, finding information is becoming 
more and more difficult. Search engines are becoming very important in this scenario. 
It is also known that 90% of traffic to commercial web sites comes from search en-
gine referrals. Most search engines use a brute force method of indexing "all" web 
pages, and the match, in most cases, is either directly related to the extracted key-
words or the hyperlink mapping. Classification of web pages into a set of predefined 
categories gives the search engines additional accuracy by making sure that number 
of false positives is decreased. In addition, it is known that most users (~80%) give up 
after the first two pages of the results returned by the search engines. So limiting the 
number of false positives by conducting the search within a sub-class of documents 
does not only improve the user experience, but also boosts commerce by not losing a 
prospective buyer.  

Another important application area is the automated reformatting of web pages for 
different types of display devices. With the advent of many types of small screen 
devices, such as cell phones, pagers, PDAs, wearable computers etc., and most, if not 
all, of these devices being used for accessing the web wirelessly, it is very important 
to re-author content of live web pages on-the-fly into a format best suited for the de-
vice. Since finding a generic solution for re-authoring all possible types of web pages 
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is a very daunting task, a pre-classification stage categorizing web pages into set of 
classes and then use specific algorithms for each of those classes is a very attractive 
solution. Web page classification is, therefore, a very important step in this process. 

In addition, the subjectivity of the web classification adds to the complexity of the 
problem. It is almost impossible to arrive at a classification that is going to solve the 
requirements of all applications. Hence a web classification strategy that is easily 
trainable with different types of class definitions is very important. And since catego-
rizing billions of web pages is not possible by humans, finding an automated solution 
for this problem is also very important.  

The rest of the paper is organized as follows. Section 2 sets the background of pair-
wise classifiers within the framework of a multiple classifier system (MCS) paradigm 
for web page classification. Section 3 presents a concise summary of previous re-
search on web page classification and pair-wise classifiers; specifically on their use in 
multiple-layer hierarchical MCSs. Section 4 introduces the proposed generic pair-
wise MCS. Section 5 introduces an illustrative pair-wise classifier, a Support Vector 
Machine (SVM), used exclusively for the rest of the paper. Section 6 presents some 
results and finally, in Section 7, some conclusions are drawn and future work is dis-
cussed. 

2 Pair-Wise Classifiers and MCSs 

Pair-wise classifiers are specifically designed and employed to separate two classes. 
Aside from the theoretical interest and applications in feature level separation, these 
classifiers have now become important tools in the framework of MCSs. In many 
cases, MCSs take the form of hierarchical classifiers, where classification is achieved 
not in a single layer, but in multiple layers. More often than not, many of these hierar-
chical multiple level classifiers have a mechanism of deferring difficult classification 
between closely resembling classes ("conflicting classes") to specific classifiers in 
separate layers. The pair-wise classifiers are then exclusively used for "conflict reso-
lution" purposes. In this paper, we propose a generic self-configurable MCS com-
posed entirely of an ensemble of pair-wise classifiers and apply it in classifying web 
pages. 

3 Previous Research 

As previously discussed, web page classification is getting a lot of attention in recent 
times and the number of research papers appearing in the relevant scientific literature 
is a proof of that. The precursor to web page classification, text categorization, has 
been studied for years [1]. Soonthornphisaj and Kijsirikul [2] have extended some of 
these ideas to iteratively cross-train two naive Bayes classifiers for web page classifi-
cation. Yu et al.[3,4] have reported a heterogeneous learner for web page classifica-
tion where no negative data is required. Wong and Fu[5] have reported an incremental 
clustering approach for web page classification. Mlandeni� [6] reported an approach 
for turning Yahoo! into a web page classifier by using n-grams instead of single 
words (unigrams). Many of these algorithms assume the web as an unstructured "bag 
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of words". However, other researchers have treated web pages as structured and often 
hierarchical representation of multi-modal information. Kovacevic et al.[7,8] have 
used web page structures based on spatial coordinates of objects, such as left bars, 
right bars etc., to classify web pages. Glover et al.[9] have extended this approach by 
ranking words and phrases in the citing documents according to expected entropy 
loss. Others, such as Sirvatham and Kumar[10], have used additional information 
about embedded images in addition to the textual information to classify web pages. 
Significant contributions are also made by other researchers [11-15]. 

Pair-wise classification is also not a new phenomenon. Separating two classes us-
ing an optimal decision boundary has always been the core problem of pattern recog-
nition. A technique for finding areas of maximum dissimilarity between the statistical 
models of two closely resembling classes was introduced by Rahman and Fair-
hurst[16]. In [17], Rahman and Fairhurst have presented a pair-wise conflict resolu-
tion framework within an MCS. Argentiero et al.[18] have analyzed an automated 
technique for effective decision tree design, which relies only on a priori statistics. 
They utilize canonical transforms and Bayes look-up decision rules and also produce 
a procedure for computing the global probability of correct classification.  

Pair-wise classifiers have been used extensively as "conflict resolvers" in MCSs. In 
the most generic representation, a single or an ensemble of classifiers take primary 
classification decision at the first layer. Based on previous experience, or by using an 
"evaluating training set", classes most likely to be confused with each other are identi-
fied and dedicated pair-wise classifiers are used in the second stage to solve these 
problems. Research on these concepts have been reported by Anisimovich et al.[19], 
Jonghyun et al.[20], Zhou et al.[21], Rahman and Fairhurst[22], and Tung and 
Lee[23], to name a few. 

Researchers are also actively exploring use of SVMs in MCSs. Specifically Wang 
et al.[24], Vuurpijl and Schomaker[25], Schwenker and Palm[26] and Frossyniotis 
and Stafylopatis[27] have extensively used SVMs in various configurations of MCSs 
over the last three years.  

4 A Generic Pair-Wise MCS 

We propose a generic pair-wise MCS for pattern classification. The philosophy of this 
MCS is that each classifier in this configuration is a pair-wise classifier. Assuming we 
are dealing with an N class classification problem, the first stage of the configuration 
has N pair-wise classifiers, one for each class (Fig. 1). Each of these classifiers is 
trained with positive samples for that particular class and negative samples of all the 
other classes. Classification for a pattern is accepted only when there is a single posi-
tive response from a class-specific classifier. Other cases are not accepted and are sent 
for further evaluation to an ensemble of classifiers (A in Fig. 1) in the second layer. 
On the other hand, all patterns that are classified as belonging to the negative classes 
are sent to a different ensemble of classifiers (B in Fig. 1), also in the second layer. 

Fig. 2 shows that each of the patterns sent for further evaluation because of multi-
ple conflicting classifications is fed to an ensemble of dedicated pair-wise classifiers. 
In this case, the number of classifiers used in the configuration is directly related to 
the number multiple conflicting classification in the first layer. For example, if a pat-
tern is classified as belonging to classes i and j simultaneously, there will a single 
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classifier at this stage performing pair-wise classification between i and j. So assum-
ing M pair-wise conflicts, M(M-1)/2 classifiers will be part of the ensemble. Once 
classified, the classification recommended by most classifiers is accepted as the final 
decision. If, at this stage, there is conflict on the top choice (e.g. the same number of 
votes for classes i and j), then the normalized confidence scores of the classification 
by the individual classifiers are used for conflict resolution. 

On the other hand, the patterns classified as negative samples (B in Fig. 1) are sent 
to another ensemble of classifiers. In this case, N(N-1)/2 pair-wise classifiers are used 
for pair-wise classification, since patterns for all possible classes can be present in this 
mixture. Fig. 3 shows how this is achieved. In terms of decision mechanism, this is 
identical to Fig. 2, the only difference being that number of classifiers in the ensemble 
is different. In practical implementation, the ensemble shown in Fig. 2 is a sub-set of 
the ensemble shown in Fig. 3, and in our implementation, we simply activated the 
required classifiers depending on the requirement of the particular decision require-
ment. 

5 A Pair-Wise Classifier: Support Vector Machine (SVM) 

The previous section has introduced a generic pair-wise MCS. In this paper, SVM has 
been chosen as the core pair-wise classifier. SVM is being extensively studied in 
recent years because of its ability to create very accurate decision boundary in multi-
dimensional feature spaces. The following is a generalized description of the principal 
concepts in an SVM based largely on [28]. A function f:RN {±1} is estimated from 
the training data, i.e. for N-dimensional patterns xi and class labels yi, (x1, y1),..,(xl , yl ) 
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� RN X { (+/-)1}, such that f will correctly classify new examples (x,y) - that is, f(x) = 
y for examples (x,y), which were generated from the same underlying probability 
distribution P(x,y) as the training data. If no restriction is put on the class of functions 
that f is chosen from, a function that does well on the training data may not generalize 
well to unseen examples. Assuming no prior knowledge about f, the values on the 
training patterns carry no information whatsoever about values on novel patterns. 
Therefore learning is not possible, and minimizing the training error does not neces-
sarily imply a small test error. Statistical learning theory, or VC (Vapnik-
Chervonenkis) theory, shows that it is crucial to restrict the class of functions that the 
learning machine can implement to one with a capacity that is suitable for the amount 
of available training data. 

To design solid learning algorithms, a class of functions is required whose capacity 
can be computed. Support Vector classifiers are based on the class of hyperplanes 
(w.x) + b = 0, w∈ RN, b ∈ R corresponding to decision functions f(x) = sign((w.x) + 
b). It is possible to show that the optimal hyperplane, defined as the one with the 
maximal margin of separation between the two classes, has the lowest capacity. It can 
be uniquely constructed by solving a constrained quadratic optimization problem 
whose solution w has an expansion w �i vixi in terms of a subset of training patterns 
that lie on the margin. These training patterns, called support vectors (SV), carry all 
relevant information about the classification problem. One crucial property of the 
algorithm is that both the quadratic programming problem and the final decision func-
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tion depend only on dot products between patterns. This makes it easier to generalize 
this solution to the nonlinear case. SV machines map the data into some other dot 
product space (called the feature space) F via a nonlinear map :RN F, and perform 
the above linear algorithm in F, which only requires the evaluation of dot products 
k(x, y)=(  (x).  (y)). If F is high dimensional, the right-hand side of this equation is 
very expensive to compute. In some cases, however, there is a simple kernel k that 
can be evaluated efficiently. 

For instance, the polynomial kernel k(x, y)=(x.y)d can be shown to correspond to a 
map F into the space spanned by all products of exactly d dimensions of RN. For d=2 
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a quadratic programming problem. In input space, the hyperplane corresponds to a 
nonlinear decision function whose form is determined by the kernel. 

We have adopted an implementation of SVMlight, which is an implementation of 
Vapnik’s Support Vector Machine [29]. The optimization algorithm used in SVMlight is 
described in [30]. The algorithm has scalable memory requirements and can handle 
problems with many thousands of support vectors efficiently. All SVMs discussed in 
this paper assumes a Dot Product function implementation. 

6 Experimental Results 

At BCL Technologies, we have created and reported a web database [31]. Recently 
there have been some changes to that database. Currently we have 400 samples in that 
database. Three-fourth is used for training and one one-fourth is used for testing. The 
classes are (a) Reference pages (pages primarily of links and referrals, sites such as 
Yahoo!), (b) Story pages (pages primarily of textual content, sites such as CNN), and 
(c) Form pages (pages with large interactive forms, sites that deal with banking and 
transactions). 

The features calculated for the SVM included ratio of text to links, largest chunk of 
text, maximum size of text per column, ratio of largest continuous chunk of text to 
links, ratio of text to embedded links, ratio between contiguous text and contiguous 
links, ratio of contiguous chunk of text to total text, number of images, images with 
and without links, average contiguous text and link between images, ratio of non-
repeating links to repeating links, boldness, underlines, highlighting, headline or other 
tags, links in navigation columns, number of active form-related tags, ratio of forms 
to links, ratio of forms to text and ratio of text chunks that are preceded by a link. As 
can be easily seen, this is a comprehensive feature set describing not only the textual, 
image and link geometry, but also the structure of the web page in terms of contigu-
ous blocks of text or images or forms.  

The proposed pair-wise MCS achieved an overall accuracy of 87.88%. Individually 
81.81% forms, 87.88% of the reference pages and 93.94% of the story pages were 
correctly classified. In order to check the flow of decisions within the MCS frame-
work, it was noted that there were conflicts from the first layer of the ensemble in 8% 
of the cases. The second layer ensemble corrected 25% of the wrong classifications 
delivered by the first layer ensemble. In the other 75% cases, the second layer ensem-
ble supported the (either correct or wrong) decision of the first layer ensemble. And 
what is more important, in no cases a correct decision was discarded. 

The pair-wise MCS as reported here makes a somewhat arbitrary decision of plac-
ing the ensemble of pair-wise classifiers resolving one-to-many conflicts before re-
solving one-to-one conflicts. The first layer pair-wise classifiers are trained to recog-
nize one class (positively trained) over all others (negatively trained), and in the 
second layer, pair-wise classifiers separate one class from its conflict class, both posi-
tively trained. We wanted to see what happens if we reversed that placement. The 
accuracy of this configuration was 86.87%, lower than that achieved with the first 
configuration. In this case, the second layer was activated in 4% of the cases, in 25% 
of the cases the incorrect decisions were corrected, in 25% of the cases correct deci-
sions were discarded in favor of incorrect decisions and in 50% of the cases, first 
layer decisions were supported. This shows that the original configuration is much 



392      Hassan Alam, Fuad Rahman, and Yuliya Tarnikova 

more stable, especially in terms of the false positive and false negative conflict resolu-
tion. 

We also tried switching off one of the layers to see the effect of the conflict resolu-
tion. When the second layer was turned off, the accuracy was 86.86% and when the 
first layer was turned off the accuracy dropped to 85.86%. This is obviously sup-
ported by the results evaluated earlier in terms of decision flow through the pair-wise 
MCS. 

7 Conclusions 

We have presented a new generic solution to the web classification problem. A ge-
neric pair-wise multiple classifier system was presented and discussed in this respect. 
It has been shown that this MCS configuration made up of individual pair-wise classi-
fiers is able to provide very high accuracy in a very difficult problem domain. It is 
also shown how decision flow through the system can be tracked and how individual 
layers of this two-layer ensemble can be separately controlled.  

Given the complexity of the web page classification problem, and the novelty of 
using only pair-wise classifiers in creating an easily trainable MCS, some comments 
need to be made concerning the database on which the experiments were conducted. 
Although it is possible to draw certain conclusions by testing on a dataset of this 
magnitude, it is required to have access to a larger statistically representative database 
to make definite conclusions about the overall effectiveness of the proposed pair-wise 
MCS. In addition to that, we have reported a three-class problem, and a finer granu-
larity of the classification is also desirable. Creating a database of web pages is very 
easy; a web-crawler can easily collect thousands of web pages overnight. The prob-
lem is the manual annotation, classification and verification of that database. Recently 
there have been reports on efforts [32] to establish a globally accessible large bench-
mark web database. In future, we will continue to enlarge our own database and col-
laborate with others in establishing a larger benchmark database to further test the 
proposed system. 

On the other hand, there are significant advantages of the proposed system. It is 
easily trainable, it can theoretically handle very high granularity in the patterns, it is 
able to accommodate feature vectors of significant size, and the solution is generic. 
Although presented within the context of a web page classification problem, the pair-
wise MCS should be applicable to any pattern recognition problem. Currently we are 
using the same ensemble in face recognition and hand-written character recognition. 
Preliminary results suggest a very stable system with very high accuracy. We are also 
planning to use this system as a pre-processing stage to a natural language web page 
summarization system. 
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Abstract. Frequently changing applications require combination sys-
tems with flexible architectures: depending on the recognition problem
at hand, different sets of recognizers may be selected or different algo-
rithms for ranking alternatives may be preferred. This paper presents an
adaptive combination framework for OCR result strings and describes
methods of finding suitable parametrizations automatically. Given an
image of a text-line, string results are obtained from geometrical de-
composition followed by character recognition. The combination strategy
described tries to improve both steps by synchronizing input strings ac-
cording to geometric criteria before applying classical voting algorithms
(like Majority Vote or Borda Count) on the character level. The best
string candidate is determined by an incomplete graph search. Quantita-
tive results showing the difference between various voting strategies are
presented for a two-recognizer system.

1 Introduction

While theoretical investigations concentrate on questions like

– How to measure classifier diversity? [KuWh02,RoGi01,RuGa02],
– How to construct a set of diverse classifiers starting from a limited training

sample? [Diet00,Ho01]
– Given several ranked lists of alternatives - how to find a better ranking?

[AlKi99,ErSc00,SiHo02,TaBr00],

practical applications of multi-expert techniques impose completely different
problems.

In the OCR context, a typical question is the following:
Given a set of commercial OCR systems (most of them black boxes) - which
combination strategy produces satisfying results for very general input data?
Due to the variety of problems, there is little hope that even some carefully
chosen recognizers complement one another perfectly. One possibility to balance
missing diversity is to analyze the recognizers on many different test sets and to
consider their so found strengths and weaknesses during the combination process
(e.g. by using situation-specific weights). Often, this leads to intricate combina-
tion code. Keeping recognizer-specific information in a separate data base - as
it is done in section 2.2 - all recognizers look the same from the perspective

T. Windeatt and F. Roli (Eds.): MCS 2003, LNCS 2709, pp. 395–404, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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of combination algorithms. The integration of a new recognizer becomes much
easier by that.

Another important aspect is recognition time which grows about linearly
with the number of recognizers involved in the combination process. A sensible
strategy is to call the ‘best’ recognizer first and to abandon further calls if its
result seems reliable enough (as can be seen e.g. from confidence values).

Apart from questions of system control, this paper describes a strategy for
combining OCR results obtained from text-line images. Here text-line denotes an
arbitrary sequence of characters, digits, blanks and punctuation marks - hand-
written or printed. As a consequence, text-line recognition is not a mere classifi-
cation problem, but a two-step process: line geometries have to be decomposed
into single character geometries, before character recognition algorithms can be
applied. OCR systems vary in their segmentation strategies as well as in their
classification strategies. Often, no single recognizer produces the correct result.
But the correct string may be combined from parts of the results, e.g. taking
the first three characters from result A, the next four characters from result C
and the rest from result B. Consequently, classical voting algorithms (like Borda
Count or Majority Vote) cannot be applied directly to improve result strings.
They may be applied on the character level, however, provided some common
character geometries can be found in the different strings. Detecting these is the
job of the geometrical synchronization procedure described in section 2.3. Its
output is a graph, with nodes corresponding to characters, edges to segmenta-
tion decisions. Consequently, finding the n best strings is reduced to a classical
graph search problem, where different quality measures may be used.

2 Description of the Adaptive Combination Framework

2.1 Overview

Starting from a fully functional, but highly specialized and therefore rather rigid
two-reader system, the adaptive combination framework was designed to get a
clear separation between recognizer-specific, application-specific and algorithm-
specific program code. Considering the mutual interactions between the compo-
nents lead to the structure sketched in fig. 1.

Mainly, the framework consists of four blocks of algorithms and several data
bases, governed by a central control unit.

Given an input image and possibly some additional parameters (like ‘font’,
‘country’ or ‘image quality’), the present recognition setting is identified with
some setting from the (manually composed) ”data base of recognition settings”.
Missing parameters are estimated by suitable algorithms. With help of the as-
signment table, the most suitable expert team is called, where expert means a
recognizer with fixed recognition parameters, including a weighted character set
(cf. section 2.2).

Using the expert concept, combining different OCR systems becomes equiv-
alent to combining different parametrizations of the same OCR system (e.g. the
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Fig. 1. Structure of the adaptive combination framework

‘handwriting’ version with the ‘machinetype’ version). Such strategies may prove
helpful in cases of bad quality print.

Time being more important than accuracy in some applications, the control
unit may stop calling experts as soon as the quality measure of the temporary
combination result exceeds a given threshold. Correspondingly, the most promis-
ing expert should be called first. To preserve quality, string results were excluded
from combination, if their confidence values were much lower than those of their
competitors.

Given some input strings, a so called result graph (cf. section 2.2) is built
using the geometrical synchronization algorithm (cf. section 2.3). Consulting a
suitable voting algorithm on character level (cf. section 2.3), the best string
candidate can be found by standard graph search algorithms (cf. e.g. [Flam95]).
Various string quality measures may be used.

2.2 Data Structures

Result Graph: The most natural data structure for administering string alter-
natives seems to be a graph. From the two possibilities of modelling characters -
by edges or by nodes - the latter one is chosen. More precisely, a result graph is
an acyclic, connected, directed graph with two special nodes marking start and
end of text-line. Each inner node corresponds to a character geometry and con-
tains the results of all experts which support that geometry. It does not matter,
whether the experts produce unique results (decision level) or ranked lists of al-
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ternatives with/without confidence values (measurement/rank level) [XuKr92].
Each node may be associated with a new alternative ranking by calling one
of the voting algorithms from section 2.3. Graph edges represent segmentation
decisions.

Result graphs may represent synchronization results as well as segmentation
alternatives obtained by a single expert. In the latter case, all nodes contain
exactly one list of alternatives. A uniquely segmented text-line image corresponds
to a linear result graph, in which each node has exactly one successor. Such linear
graphs are the input of the synchronization algorithm.

Expert Teams: As mentioned in section 2.1, the adaptive combination system
differentiates between recognizers and experts. A recognizer may be considered
as an arbitrary OCR system. From such, several experts can be constructed by
prescribing various sets of system parameters (e.g. ‘use handprint algorithms’
or ‘use a special image preprocessing method’). An ordered set of experts is
called an expert team. To each team there corresponds a weighted character set
containing all characters known to the team members, together with weights
describing each experts reliability. Referring to this (manually composed) table,
the voting algorithms of section 2.3 may give more trust to an ‘A’ coming from
expert 1 than to an ‘A’ coming from expert 2, while ‘Z’s may preferably be
taken from expert 2. Even experts specialized in different countries and therefore
different national characters (e.g. ‘à’ and ‘ë’ in France, or ‘ö’ and ‘ß’ in Germany)
may be combined with help of the weighted character set.

To keep things clear, there are two data bases: one contains all possible
experts, the other all possible expert teams. Further, there is a data base of
recognition settings (with entries such as ‘dot matrix’ or ‘thick lines’), each
setting corresponding to an expert team. The correspondence between teams
and settings can be seen from a heuristically generated assignment table.

2.3 Algorithms

Character Voting: There are various strategies to vote results on the character
level, i.e. to attain a new, better ranked list of alternatives from some rankings
given. While any strategy may be used for results on the measurement level,
rankings without confidence values are usually treated by variants of the Borda
Count [ErSc00] algorithm. Majority Vote suits every setting, even the case of
unique decisions. In case of mixed data, the least informative result determines
the voting strategy to be used. Statistical methods using recognition results as
features for an additional training step are not considered in the following.

The combination system under consideration contains a library of voting al-
gorithms, including Majority Vote (MV), Borda Count (BC) and sum, maximum
and product rule for confidence values (CVA, CVMax, CVMult) [AlKi99]. MV is
actually a Weighted Majority Vote method, with character-specific weights given
by the character set described in 2.2. Besides the classical, average-rank-based
Borda Count method, a median-rank-based version was tested (BCM). Assigning
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first alternatives an additional reward in CVA, while higher alternatives retain
their original confidence values, lead to the strategy CVBA.

The library of voting algorithms may easily be extended. The common inter-
face of all voting algorithms is the following:

Input:

– an arbitrary number of (possibly 1-element) ranked lists of alternatives

– a weighted character set (cf. section 2.2)

Output:

– a ranked list of alternatives with confidence values (independent of the type
of the input data).

Majority vote leads to a (rough) confidence value on the scale [0, MaxConfV al]
using the formula

ConfV al(x) =
Number of V otes for x

Number of Experts
∗ MaxConfV al, (1)

which takes only three values (MaxConfV al, MaxConfV al/2, 0) for a two-
expert system. Considering not more than MaxAlt alternatives, a confidence
value for Borda Count results may be computed as follows:

ConfV al(x) =
Inverse Rank Sum of x

(MaxAlt − 1) ∗ Number of Experts
∗ MaxConfV al, (2)

where

Inverse Rank Sum of x =
∑

Experts i

(MaxAlt − Ranki(x)),

and Ranki(x) denotes the rank assigned to x by the i-th expert.
The voting strategy may be specified by the combination parameters or may

be determined automatically by checking the type of input data (using as much
information as possible). The weighted character set allows to confirm or to
weaken single character decisions using knowledge about individual talents of
the experts (cf. section 2.2). Missing such detailed information, the only entries
in the character set are usually ones and zeros (standing for ‘character known /
unknown by the expert’). If a result contains a character marked as ‘unknown’
in the weighted character set, the character set may ‘learn’ this character with
hindsight by setting the corresponding entry to one.

Voting algorithms like those described above are only applicable to ‘true
classification problems’, i.e. to problems of the type: Given a finite set of classes
(e.g. A-Z,0-9), which is the class of the sample at hand? Text-line recognition
does not fit into this scheme: except for applications based on a finite dictionary,
the probability for two result strings confirming each other is rather low. Voting
algorithms may be applied on character level after synchronization. A possible
algorithm is described in the following section.
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Geometrical Synchronization integrates a result string into a given reference
graph using a kind of restricted breadth-first graph search based on character
geometries. The algorithm requires characters sorted by their horizontal posi-
tions. Ambiguities (as they may result from overlapping handwritten characters)
should be resolved during preprocessing (cf. section 2.4). Result strings without
character geometries may be treated by interpolation techniques as described in
[Klin97] or synchronized according to character labels.

Finding the n Best Strings corresponds to the well-known problem: Find the
n ‘cheapest’ paths between node ‘start’ and node ‘end’ in the (weighted) result
graph. (Cf. e.g. [Flam95].) To reduce computing time, an incomplete graph search
is performed, i.e. only the n best partial paths are kept in each step. The quality
of a path (resp. string) depends on the weights of its nodes (resp. characters)
and edges (resp. segmentation decisions). More precisely, the weight of a result
graph node corresponds to the confidence value of the best character alternative
resulting from voting the lists of alternatives contained in that node. Voting
algorithms are activated only during string search (cf. fig.1).
There are various strategies for estimating the (length-independent) quality of a
path starting from node weights and edge weights (weighted average, minimum,
maximum...). Some of them are implemented in the library of quality measures.
For many OCR applications considering ‘minimal node weight’ leads to the most
satisfying results.

2.4 Integration of New Readers
The adaptive combination framework was primarily designed to be used with an
arbitrary number of arbitrary OCR systems. Especially, the integration of new
recognizers should not cause severe problems. To achieve this, an abstract ‘reco-
gnizer’-class was implemented which owns a virtual method ‘recognize’ accepting
the following input data: text-line image, recognition parameters (like ‘country’,
‘font’ etc.) and - optionally - image preprocesing parameters. The latter were
included to combine strings resulting from different images. This may be useful in
case of bad quality images such as facsimiles or blueprints, where line-thickening
or -thinning may be applied. Each OCR system corresponds to a derived class of
the recognizer class. The associated ‘recognize’-method provides the necessary
transformations between the different data structures of the OCR system and
the combination framework, including the scaling of geometries and confidence
values. Furthermore, it checks the consistency of character order and activates
the recognition ability of the respective OCR system. The implementation of
the data transformations for input parameters and result data structures is the
main work that has to be done for integrating a new recognizer. The structure
of the combination framework offers a systematic approach.

2.5 Control
The adaptive combination framework is designed as an all-purpose string recog-
nizer. Likewise it may be used as a testing environment for various combination
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strategies. Depending on the application at hand, some of the combination pa-
rameters are determined automatically while others may be user-specified. An-
alyzing, e.g., the mean size of connected components or the pixel density, one
gets an estimate of the image quality. Using the assignment table, one may find
an expert with a suitable preprocessing method which improves image quality
and therefore recognition results.
During combination, the control unit monitors the quality of temporary results
to stop further processes as soon as possible. The various data bases (contain-
ing experts, teams, settings and their connections, as well as weighted character
sets) are generated heuristically at the moment.

3 Comparison with Literature

Probably due to the high costs expected for implementing and running al-
gorithms on the string level, OCR results were almost exclusively combined
on character level in literature. Som papers concerning string techniques are
[Klin97,MaBu01,WaBr02,YeCh02]. All of those seem to use graph-based meth-
ods for synchronization purposes, but none of them describes any control mech-
anism: independent of the nature of input data or the quality of temporary re-
sults, all experts are called unconditionally. Most authors restrict to word input,
avoiding the combination of different line partitions. In our work, word separa-
tors (like blanks or commas) are treated as special characters, whose existence
may be proved or disproved by voting algorithms.

4 Experiments

Various experiments were performed with different parametrizations of two com-
mercial OCR systems. Both systems rely on (independent implementations) of
a pairwise hyperplane classification strategy and use different training sets and
features. Recognition results were obtained at the measurement level (confidence
values reflecting inverse hyperplane distances) and included geometry data for
each character. To get a better impression of the true effect of the combination
strategies, postprocessing steps (like n-grams or dictionary algorithms) were sup-
pressed during measurements.

Testing material originated from five real-life German handwriting appli-
cations (two alphanumeric, three numeral) and two machineprint applications
(both alphanumeric). Single test sets consisted of 10.000 to 50.000 characters
contained in 800 to 3600 lines. The experts were trained on completely differ-
ent data bases. Measurements were made at a low reject threshold of 10, where
confidence values ranged on a scale of 0 (=bad) to 255 (=optimal).

The first experiment analyzed the influence of the different voting strategies
at character level (cf. 2.3) on the string combination result. Results are presented
in table 1 and may be interpreted as follows: in each column, the first number
denotes the fraction of misclassified characters, while the second number denotes
the fraction of rejected characters (in percent). Experiment names correspond
to those introduced in section 2.3.
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Table 1. Substituted / rejected characters (%) for different voting strategies

Strategy Handwriting 1 Handwriting 2 Machine 1 Machine 2
Expert 1 20.73 / 0.78 11.85 / 0.68 9.17 / 0.59 5.76 / 1.82
Expert 2 25.99 / 0.51 22.48 / 2.23 11.29 / 0.26 7.15 / 0.89
MV 21.24 / 0.06 12.73 / 0.20 9.58 / 0.05 6.43 / 0.31
BC 20.82 / 0.06 12.41 / 0.20 9.15 / 0.05 6.23 / 0.31
BCM 21.28 / 0.07 12.57 / 0.08 9.57 / 0.05 6.41 / 0.32
CVA 19.12 / 2.74 13.33 / 0.55 9.27 / 0.13 5.65 / 0.42
CVBA 18.45 / 2.06 13.19 / 0.32 9.20 / 0.06 5.82 / 0.23
CVMax 19.26 / 2.50 13.33 / 0.55 9.32 / 0.13 5.65 / 0.42
CVMult 17.36 / 6.99 11.01 / 11.34 8.73 / 1.51 4.10 / 3.62

Strategy Numerics 1 Numerics 2 Numerics 3
Expert 1 0.37 / 0.11 0.85 / 0.34 1.62 / 0.33
Expert 2 0.95 / 0.03 1.22 / 0.02 2.89 / 0.11
MV 0.40 / 0.00 1.04 / 0.03 1.62 / 0.02
BC 0.39 / 0.00 0.97 / 0.03 1.56 / 0.02
BCM 0.39 / 0.00 1.03 / 0.03 1.62 / 0.02
CVA 0.30 / 0.12 0.65 / 0.25 1.39 / 0.05
CVBA 0.31 / 0.08 0.67 / 0.20 1.38 / 0.02
CVMax 0.31 / 0.12 0.65 / 0.24 1.38 / 0.05
CVMult 0.31 / 0.24 0.60 / 0.53 1.24 / 0.82

CVMult turns out to be too overcautious through all the test sets: only labels
suggested by both experts can survive. This leads to an inacceptably high reject
rate. All other voting strategies showed recognition rates comparable to or higher
than the recognition rate of the better single expert. Improvements were achieved
by either reducing reject rate (MV,BC,BCM) or substitution rate (CVA, CVBA,
CVMax). The low reject rates of MV and BC(M) may be explained by the
discrete confidence scales produced by formulas as (1) or (2). Expert 1 remained
superior to all combination strategies on test set Handwriting 2. Here, expert 2
seems to be no adequate partner. Improvements were achieved by confidence-
based voting strategies on the less difficult Machine and Numerics test sets. In
most cases, CVBA seems to be optimal.

Strategies for saving computation time were tested in experiment 2: Further
expert calls were abandoned as soon as the quality of the temporary string result
exceeded a given threshold (150 resp. 200 on a scale [0,255]). Measures of string
quality under consideration were: average and minimal confidence value of the
best character alternatives in the string.

While minimum strategy guaranteed higher recognition rates using the same
thresholds over all test sets and voting strategies, average criterion achieved
higher time reduction (up to 33%) producing more rejects. The effect of time-
saving strategies strongly depends on the test set under consideration. For dif-
ficult material (e.g. handwriting, alphanumerics) and a two-expert-system, the
additional quality check may balance the time-savings achieved by avoiding a
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second expert call. Of course, the effect of time-saving strategies grows with the
number of experts in the expert team, relativizing the cost of global pre- and
postprocessing steps.

The third experiment concerned the dependency of recognition results on
expert order (in case of conditional combination). Calling expert 2 before expert
1 using the minimum criterion with threshold 200 lead to a time-saving (up to
6%) on most test sets. Regarding recognition quality, slight improvements were
observed as well as substitution rates growing with a factor 2.5, depending on
the test set. This shows once more the importance of an adaptive choice of the
combination strategy.

5 Conclusions

An adaptive framework for the combination of OCR result strings has been pre-
sented. Quantitative results have been shown for a two-reader system using vari-
ous voting strategies on the character level. Different time-saving strategies have
been tested. Further work will be done to enlarge the data base of recognition
settings and to automatize the training process. For example, weighted charac-
ter sets should be generated automatically, based on representative recognition
statistics. Since confidence values for segmentation decisions are rarely provided
by OCR systems, alternative strategies (based e.g. on character geometries) have
to be tested.
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